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Summary. Let 4, X, U be Banach algebras and A be a Banach U-bimodule also X be a Banach
A — U-module. In this paper we study the relation between module amenability, weak module
amenability and module approximate amenability of Banach algebra A @1 X and that of
Banach algebras A,X. Where T: A X A — X is a bounded bi-linear mapping with specific
conditions.

1 INTRODUCTION

The notation of amenability of Banach algebras was introduced by B.Johnson in [9]. A
Banach algebra A is amenable if every bounded derivation from A into any dual Banach A-
bimodule is inner, equivalently if H(4, X*) = {0} for any Banach A-bimodule X, where H (4,
X™) is the first Hochschild co- homology group of A with coefficient in X*. Also, a Banach
algebra A is weakly amenable if H(4, A*) = {0}. Bade, Curtis and Dales introduced the notion
of weak amenability on Banach algebras in [5]. They considered this concept only for
commutative Banach algebras. After a while, Johnson defined the weak amenability for
arbitrary Banach algebras [8].

For a morphism T: B — A from a Banach algebra B to a commutative Banach algebra A.
The notion of module amenability of Banach algebras was introduced by Amini in [1]. Amini
and Ebrahimi Bagha in [3] studied the concept of weak module amenability. In [10] the notation
of module approximate amenability and contractibility as modules over of another Ba- nach
algebra was introduced for the notion of Banach algebras.

M. Sangani-Monfared in [11] defined a product on A X B and obtained the Banach algebra
A Xg B using a character 8 € a(B) , for Banach algebras in a fairly general setting.

Later, S.J. Bhatt and P.A. Dabhi in [6] defined a product on A X B and obtained a Banach
algebra A X1 B for a morphism T : B — A from a Banach algebra B to a commutative Banach
algebra A.

The first and the second authors generalized all these constructions, and de- fined the module
Lau product A X, B for Banach algebras A and B such that 4 is a Banach B-bimodule. They
studied the ideal amenability of A X, B in [4].

T.Yazdan panah in [12] studied the concept of expanded modular of Banach algebra denoted
by A @1 X. He showed that A @ X is amenable if and only if A is amenable and X = {0}. In
this paper, we define a new Banach algebra different from of all above Banach algebras, named
A @1 X in section 2. Then, some required basic properties of the following part are studied. In
section 3, as the main section of paper, we study the relationship between module amenability
of A @7 X and module amenability of A and X. We show that If T(4, 0) = X and A% = A,
then the module amenability of A implies module amenability of A @+ X. Furthermore, it’s
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conversly obtained that the module amenability of A @+ X implies module amenability of A
and moreover if T (4, 0) = X, then X also is module amenable. In sectiones 4 and 5 respectively
we study the relationship between weak mod- ule amenability (based as definition in [1] and
[2]) and module approximte amenability of A @+ X and weak module amenability and module
approximte amenability of 4, X.

2 DEFINITIONS AND BASIC PROPERTIES

Throughout this paper it’s assumed that U be a Banach algebra, A be a Banach U-bimodule
and X be a Banach A-U-bimodule. Module actions are assumed as follow too:

AXU - 4;(a, a)—aca,UXA- A4;(, a)— a-a.
XXU-X;(x, a)—xAa,UXX - X;(a, x) — aVx.
XX A-X;(x, a)—xoca,AXX - X;(a, X)—a-x.

Consider the bounded bilinear map T : A X A — X, which has the following properties:
a-T(a,a,,0) =T(aay,0)0a, T(a,a,, 0) =T(aq,0)T(a,,0),
T(a-a, aVx) =a-T(a, x),T(ae°a, xAa)=T(a, X)-a,
Il T(a, O) I=llall foralla,a;,a, € A,x € X,a € .
Module extension A @ X, with the product
(a, x)(aq, x1) = (aaq, a-x1 +x0a; +T(aaq,0))
and the norm || (a, x) lI=Il a Il +Il x |l is a Banach algebra denoted by A @+ X.

Definition 2.1 The bounded map D: A — X* with D(a + b) = D(a) + D(b),D(ab) = a -
D(b)+ D(a) b foralla,b€ A, andD(a-a)=a-D(a),D(a-a) =D(a) -a(a €U, a€
A) , is called module derivation.

Note that X* is also Banach module over A and U with compatible actions under the
canonical actionsof Aand W, a-(a-f) =(a-a)-f,(a€ A, a €U, f €X"), and the same
for right action. Here the canonical actions of A and W on X* are defined by (a - f)(x) = f(x A
a),(a-f)(x)=f(xeca),(a €U, a€A, f€X", x €X)and it’s the same for right actions.
As in [1] we call A4- module X which have a compatible U-action as above, a A — U modules,
above assertion is to say that if X is an A — U- module, then so is X*. Also we use the notation
Zy(A, X7) for the set of all module derivations D: A — X*, and Ny (4, X™) for those which are
inner and Hy (4, X™) for the quotient group.

Proposition 2.2 A @ X is a Banach U- bimodule.
Proof. Consider the module actions as follow:
UXADPr X)) - ADr X;a-(a, x)=(a-a, aVx) , and ADrX)XxU->
ADr X;(a, x)ea=(aca, a Ax).Itiseasy to check the satification of the properties. m
Proposition 2.3 IfY is an A-U-module, then Y @ {0} is a Banach A @1 X — U-bimodule.
Proof. Assume that the module actions on Y, are as follows:

UXY->Y;(a, y ) maAay, Y XU->Y;(y, &) yea. And AXY ->Y;(q,
y)—a-y,YXA->Y;(y, a) — y.a. Define the module actions as: (Y @ {O}) x U ->Y D
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{0k, O)ea=((yea 0),UXY D{0})>YB{0} ae(y, 0)=(aAry, 0) . And
ADr X)X ¥ S{0}) »Y D {0} (a, x).(y, 0) = (a.y, 0),(Y D{0}) x (A Dr X) -
Y @ {0}; (y, 0)o(a, x) =(y. a, O).We only need to show that the actions are compatible.
Da. ((a, x).(y, 0)) =a. (a.y, 0)
=(aa(a.y), 0)=(a-a) y, 0)
=({(a-a, aVx)-(y, 0) = (a-(a, x)).(y, 0) .

2)((@, x)-(y, 0))ea =(a-y 0)ea
=((@-y)ea, 0))=(a-(y*a) 0)
=@ x) O e+ a0)=(>@x) (0 *a.

3)(a. O, 0))-(a x) =(xAry 0)-(a x)
=((@ay). a 0)=(aa(y. a) 0)
=a. (y.a 0)=a (v, 0)°(a x))
]

Proposition 2.4 Let M @ N be a Banach A @1 X — U-bimodule, then M is a Banach A —
U-bimodule.

Proof. Consider the map Qy : M @ N - M; (m, n) — m and define the module actions
assMXxXU->M;(m, n)—m-a=Qy((m, 0)ea), UXM > M;(a, m)r> aom =
Qu(a-(m, 0 M XA - M;(m, a)— m.a=Qy((m, 0)ec(a, 0))and A X M - 4; (a,
m)—aem=Qy((a 0)-(m,0)) =

Proposition 2.5 Let M be a Banach A — U-module and N be a Banach X — U-bimodule,
M @ N is a Banach A @+ X — U-bimodule.

Proof. Given module actions on M €@ N as follows:

MAON)XU->MBPN;(m,n)-ra=m.a nVa), UX(MPBN)>MEBN,;, «a-
mn=(@em adam),(MPN)XAP; X)) >MBN);(m, n)-(a, x) =(m «a,
n.Tla 0 (AP X)X MG N)->MPN;(a, x)e(m,n)=(a  m, T(a, 0) ®n)

[ ]

Proposition 2.6 Foreach (f, g) EM* @ N*,(a, x) EAD+ X,(m, n) €M P N we

have (f, g) - (a, x) = (f -a, g-T(a, 0)) and (a, x).(f, 9) = (a.f, T(a, 0).9).

Proof.
((f, 9)-(a, x), (m, n)) =((f, 9), (a, x)*(m, n))
=((f, 9), (a>m, T(a, 0) © n))
=(f, aem)+(g, T(a, 0) @n)
=(f.a, m)+(g.T(a, 0), n)
=((f.a, g.T(a, 0 (m, n)))
- Proposition 2.7 If N is a Banach X — - bimodule, then is a Banach A — W-bimodule.

Proof. The module actions are defined as follow:
AXN->N;an=T(a 0)®@nand NXA—->N;nea=nT(a ©@). =
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3 MODULE AMENABILITY

Lemma3.1 D € Zy(A®Dr X, M* @D N*) ifand only if there are D, € Zy (A, M*),D3 €

Zy(X, N*),R € Zy(A, N*) and linear map D, : X - M* such that

1) D(a, x) = (D1(a) + Dy(x), R(a) + D3(x)) ,

) Dyaex)=a-Dy(x),

3) Dy(x 0 a) = Dp(x) - a,

4)R(bd) = R(b)-T(d, 0)+T(b, 0)-R(d) =R(b).d +b.R(d),

5) Do(T(ab, 0)) =0,

6) D3(a.x) =T(a, 0).D3(x),

7) D3(x e a) = D3(x).T(a, 0),

8) D;(T(ab, 0)) = 0.

Proof. Suppose that D € Zy (A @+ X, M* @ N*) then there are d, : A @ X - M*,
d, : A@r X - N*suchthat D = (d4, d,), Set

Dy:A - M*;D,(a) = dy(a, 0),

DZ:X - N*, Dz(x) == dl(O, x),

D3:X - N*;D3(x) =d,(0, x),R:A - N*; R(a) = d,(a, 0).

Now
D(a, x)=(d;, d)((aa 0)+(0, x) =(d;, dia 0)+(dy,
d;)(0,  x)
= (di(a, 0), dz(a, 0)) + ((d1(0, x), d2(0, x))
= (di1(a, 0) +d;(0, x)) + (d2(a, 0) +d»(0, x))
N = (D1(a) + D (x), R(a) + D3(x)), (1)
oW

D((a, x)(m, x')) =D(am, a-x'"+xom+T(am, 0))
= (D;(am) + D,(a - x") + D,(x e m) + D,(T(am, 0)),R(am) + D3(a.x")
+D3(x o m) + D3(T (am, 0))), ()
since D is module derivation so

D((a, x)(m, x")) = D(a, x) - (m, x") + (a, x)-D(m, x"
= (Dy(a) + Do(x), R(a) + D3(x))-(m, x")
+(a, x).(D1(m) + Dy(x), R(m) + D3(x"))
= ((Di(a) -m+ Dy(x)) -m+a-D,(x") + D,(x).m, R(a) - T(m, 0)
+T(a, 0).R(m) + D3(x).T(m, 0) + T(a, 0).D5(x")). 3)

In 3,2 Take x = x’ = 0 to get D; € Zy (4, M*),(5), (4) and (8). Take a = 0 to get (3) and
(6). Take m = 0 to get (2), (7). And in a similar way we can get other parameters. Conversely

1S in a same way. |

Corollary 3.2 Let X = {0} and D, D, and R be as in perivious lemma, then D = & 4y if
and only if Dy = 8 and g = 8. Where §,(a) = gT(a, 0) —T(a, 0) - g.

42



M. Ghorbani, D. E. Bagha

Proof. Since X = {0} and D(a, x) = (D;(a) + D,(x), R(a) + D(x)) so D(a, 0) =
(D1(a), R(a)) .1fD = 4 then
D(a, 0) =6;4(a, 0)
= 9)-(a 0)—(a, 0)-(f, 9)
=(f'a' g'T(a' 0))_(a'f' T(a' O)g) _
=(ra-a-f, g-T(a 0)=T(a, 0)-g) = (&(a), 64(a)) .

SoD; =6rand R = Eg_ Conversely
D(a, 0) =(Di(a), R(a)
= (6r(a), 64(a))
=(f-a-a-f, g-T(a 0)=T(a, 0)-9)
=(f! g)-(a, 0)-(@, O)(f} g)
=6¢.g(a, 0) .

Theorem 3.3 The module amenability of A @ X implies module amenability of A.
Moreover if T(A, 0) = X, then X is also module amenable.

Proof. Assume that M, N are Banach A — U-bimodule and Banach X — U-bimodule
respectively. Let D;: A - M* and D,: X = N* be module derivations. By Proposition 2.5, M @
N is a Banach A @; X —U- bimodule. Define D' : A@r X > M* @ N*;D'(a, x) =
(D1(a),D,(T(a,0)). Now

D'((a, x)(m, x)) =D" (am, a.x'+ xom + T(am, 0))

= (D1(am), D,(T (am, 0)))

= (Dy(a).m + a.D;(m), D,(T(a, 0)).T(m, 0) + T(a, 0).D,(T(m, 0)))
= (D1(a), D»(T(a, 0))).(m, x) + (a, x).(D1(m), D,(T(m, 0)))

= D'(a, x).(m, x") + (a, x).D'(m, x)).

Also

D'(a - (a, x)) =D'(a-a, aVx)
= ((D1(a - a), D(T(a - a, 0)))
= ((@-D1(a), a-Dy(T(a, 0)))
=(a-D'(a, x) .

And

D'((a, x) + (m, x) =D'((a+m, x+x"))
= (D1(a +m), Dy(T(a+m), 0))
= (D1(a) + D1(m), D,(T(a, 0)) + D,(T(m, 0))
= (D1(a), Do(T(a, 0)) + (D;(m), D,(T(m, 0))
= D'(a, x) + D'(m, x").

So D' is amodule derivation. Sice A @1 X is module amenable, there exists (f, g) € M* P
N* such that D" = & 5. Thus

D'(a, x) =6;g(a, X)
=(f' g)-(a, x)—(a, X)‘(f, g)
=({ratg-T(a 0))—(a-f, T(a, 0)-9)
=(fra-a-f, g-T(a 0)=T(a, 0)-g) .
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Consequently Dy(a) = f-a—a-f ie. Dy =6 and D,(T(a, 0)) = 64(T(a,0)). Since
T(A, 0) =X, Dy(x) =§4(x) forallx € X. m

Theorem 3.4 The module amenability of A implies module amenability of A @ {0}.

Proof. Let M @ N be a Banch A @ X — U-bimodule and D:A @ X > M* @ N* be a
module derivation. By lemma 3.1, there are Dy, D,, D; and R such that D(a, x) = (D;(a) +
D,(x), R(a) + D3(x)) . Since here X ={0} so D(a, 0) = (D;(a), R(a)) . Module
amenability of A implies there exist f € M* such that D; = & and since N* is an A-U- bimodule
and R is module derivation, there exist g € N* such that R = §,. Thus D = §(5 o). B

Theorem 3.5 IfT(A, 0) = X and A? = A, then the module amenability of A implies
module amenability of A @ X.

Proof. Let M @ N be a Banch A @ X — U-bimodule and D:A @ X > M* @ N* be a
module derivation. By lemma 3.1, there are D;, D,, D3 and R such that D(a, x) = (D;(a) +
D,(x), R(a) + D3(x)) . Since here T(4, 0) = X and A2 = A so D(a, x) = (D;(a), R(a)) .
Module amenability of A implies there exist f € M* such that D; = &5 and since N* is an A —
U-bimodule and R is module derivation, there exist g € N* such that R = §,. Thus D = §¢,g).
]

Example 3.6 Let N be the set of positive integers. Consider S = (N, V) with the
maximum operation mV n = max{m, n}, then S is a amenable countable, abelian inverse
semigroup with the identity 1. Clearly Eg¢ = S. This semigroup is denoted by N,,.[*(N,)) is
unital with unit 8;. Since N,, is amenable and I*(N,)) is unital so I*(N,)) is module amenable
(as an I1(N,) — [*(N))-bimodule. Define T:11(S) x [1(S) » 11(S) ; T(6,, 8y) =
{Sx, 6,=0

1 1 .
Oxvy, 6y # 0. Then I*(N,) @1 " (Ny) is module amenable.

4 WEAK MODULE AMENABILITY

The Banach algebra 4 is called weak module amenable (as an U-bimodule), if Hy (4, X) =
{0}, where X is a commutative U-submodule of A*([2]).

Theorem 4.1 The weak module amenability of A @1 X implies weak module amenability
of A. In addition if T(A, 0) = X then X is also weak module amenable.

Proof. Assume that M, N are commutative U-submodule of A* and X*, respectively. we can
show that M @ N is a commutative U-submodule of (A @4 X)*. Let D; € Zy (A, M) and D, €
Zy(X, N) .Define D : AP+ X > M@ N;D(a, x) =(D,(a),D,(T(a,0))), it is easy to see
that D € Zy(A @ tX,M @ N) . Since A D7 X is weak module amenable there is (f, g) €
M @ N such that D = §f 4y and
(D1(a), Do(T(a,  0))) =D(a,  x)

= 6@ x)
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=(f! g)-(a, x)—(a, X)(f, g)
=(fra-a-f, g-T(a 0)=T(a, 0)-g)
= (5;(a), 8,(T(a, 0)))

Hence A, X are weak module amenable. m

Theorem 4.2 The weak module amenability of A implies the weak module amenability of
A Dy {0}

Proof. Suppose that M @ N is a commutative Banach U-submodule of (4 & 7{0})*, and
D eZy(AD {0}, M @ N) . Then M and N are commutative U-submodule of A*. Since D €
Zy(A D {0}, M @ N) , by lemma 3.1 there are D; € Zy (A, M), and R € Zy(A, N) , such
that D(a, 0) = (D;(a), R(a)) . Since A is weak module amenable so there are m € M and
n € N such that D; = §,,,R = §,,, where §,,(a) =a-n—nea=T(a, 0) ©®n—n.T(a, 0)

Now
D(a, x) =(Di(0), R(a))
= (Om(a), dp(a))
=(a-m—aem, T(a, 0) ®@n—n. T(a, 0))
=(a, 0)-(m, n) — (m, n)°(a, 0)
= S(m,n)(a; 0) .

Theorem 4.3 IfT(A, 0) = X and A?> = A, then the weak module amenability of A implies
the weak module amenability of A @1 X.
Proof. The proof is as above theorem. m

Example 4.4 Let S = N, be as in Example 3.6, since [1(S) is [1(S) — 11(S) — module and
11(S) is weak module amenable. Let T: 11(S) x I1(S) = 11(S) have the properties as above
theorems, then 11(S) @ 11(S) is weak module amenable.

5 MODULE APPROXIMATE AMENABILITY

Let A be as above, then A is module approximately amenable (as an U- bimodule), if for any
commutative Banach A — U-bimodule X, each module derivation D: A — X* is approximately
inner.

A derivation D: A — X is said to be approximately inner if there exists a net (x;); € X such
that D(a) = lim;(a - x; — x; - a),a € A([10]) .

Lemma 5.1 Let Dy, R, D3 and D, are such as in the Lemma 3.1, and D(a, b) = (D;(a) +
D,(b), R(a) + D5(b)). If T(A, 0) = X and A*> = A then: D is approximately inner if and
only if D; and R are approximately inner.

Proof. Assume that M is a commutative A — U-bimodule and also N is com- mutative X —
U-bimodule, then M @ N is a commutative A @+ X — U-bimodule. Let D be approximately
inner so there is (f;, g;); € M™ @ N* such that
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D(a, x) =T(da, 0)
=1im((a, x) - (fuo 9 — (i, 91) - (@, X))
=lim((a-fi, T(a, 0)-g)) = (fi- @, g:-T(a, 0)))
=lim(a-fi—fi-a T(a 0)-g; = gi-T(a, 0)),

i.e. D(a) =lim;(a: f; — f; -a) and R(a) = lim;(T(a, 0) - g; — g; - T(a, 0)).
Conversely, let D;(a) =limig(a- f; — fi-a) and R(a) = lim;c;(T(a, 0)-g;—g; -
T(a,0))
Since the index sets (I, <), (J, <) are ordered sets, sotheset A=1X] ={(i, j) : i€,
J €]} is ordered as follows
GH<W HeEst, j<).
For A = (i, j) € Asetty = (fi, g;) . Let € > 0 be given. Since D;(a) = lim;(a - f; — f; -
a) and R(a) = lim;(T(a, 0) - g; — g, - T(a,0)) there are i € I, j, € J such that
1) Foralli 2 ig, | Dy(a) = (a- fi = fi- @) IS 3.
2) Forall j > ji,, | R(a) — (T(a, 0)-g; — g, T(a, 0)) II< §
Now set 45 = (ig, jo) » then for all 1 > A, since D(a, T(a', 0)) = (D;(a), R(a)) , we
have
Il D(a' X) - ((Cl, X) =ty (a! X)) I =l D(CL, X) - ((a' X) : (fu
gp—Uu  gp-(@ I
=l D(a, x)—(a-fi—fi-a, T(a, 0)-g; —g;-T(a, 0)) I
=l (D1(a), R(@)) —(a-fi—fi-a T(a, 0)-g;—g; T(a 0) I
=l ((D1(a) = (a- fi = fir&)),R(a) = (T(a, 0)-g; —g; T(a,0))) I
<IDiy(@)—(a-fi—fi-a) I+l R(a) — (T(a, 0)-g; —g;-T(a, 0)) I
<eE€.
Hence D(a, x) =limy((a, x) - t; — t;(a, x where x = T(a’, 0) i.e. D is approximately
inner. m

Theorem 5.2 If A @ ©X is module approximately amenable then A is module
approximately amenable. Furthermore, if T (A, 0) = X also X is module approximately
amenable.

Proof. In an argument as in the proof of Theorem 3.3 and the application, the usage of above
lemma. m

Theorem 5.3 IfT(A.0) = X and A? = A then the module approximate amenability of A
implies the module approximate amenability of A D1 X.

Proof. Let M @ N be a commutative A @4 X — U-bimodule and D € Zy(A @ tX,M* D
N*) . There are D; € Zy (A, M*),D; € Zy(X, N*),R € Zy(A, N*) and D, : X — N” such that
D(a, x) = (Dy(a) + D,(x), R(a) + D(x)) and since T(4, 0) = X and A2 = A we have D(a,
x) = (D1(a), R(a)) . Since A,X are module approximate amenable, so D; and R are
approximatly inner. Thus by the above lemma, D is approximately inner. m
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Example 5.4 Let S be an amenable inverse semigroup such that the set of idempotents Eg
be equal to S and 11 (S) has approximately unit. Since S is amenable, 11 (S) is module
approximately amenable, [10]. Also 11(S) is [1(S) — 11(S)-bimodule, thus 1*(S) @1 11(S) is
module approximately amenable. Where T: 11(S) x 11(S) — 11(S) is defined by
0y 6,=0

T (6, 63/) = {5xy1 5y =+ 0.

6 CONCLUSIONS

The module amenability of A @+ X implies module amenability of A and The module
amenability of A implies module amenability of A @1 {0}. Also If T(4, 0) = X and A = A,
then the module amenability of A implies module amenability of A @y X.
meanwhile, The weak module amenability of A @4 X implies weak module amenability of A.
On the contrary, if T(4, 0) = X and A? = A, then the weak module amenability of A implies
the weak module amenability of A @+ X.

Considering approximately, if A @ 7X is module approximately amenable then A is module
approximately amenable. On the contrary, if T(4, 0) = X and A% = A then the module
approximate amenability of A implies the module approximate amenability of @ X.
For example, we have S be an amenable inverse semigroup such that the set of idempotents
Es be equal to S and I1(S) has approximately unit. Since S is amenable, [1(S) is module
approximately amenable.
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