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Summary. The theory of almost periodic functions and almost automorphic functions in
Banach spaces is a rapidly growing field of research. Concerning applications to the abstract
partial differential equations in Banach spaces, one of the fundamental questions is the
invariance of almost periodicity and almost automorphy under the action of convolution
products. In the paper under review, we analyze the invariance of Doss almost periodicity
and Besicovitch-Doss almost periodicity under the actions of convolution products. We thus
continue our recent research studies by investigating the case in which the solution
operator family under our consideration has special growth rates at zero and infinity. The
results obtained in this paper can be incorporated in the qualitative analysis of solutions to
abstract (degenerate) inhomogeneous fractional differential equations in Banach spaces.

1 INTRODUCTION

Let (X,II-1) and (Y, - Il), be two non-trivial complex Banach spaces, and let L(X,Y) be
the space consisting of all linear continuous operators from X into Y; L(X)=L(X,X).
By Il v, we denote the norm in L(X,Y).

The results obtained in [10], concerning the invariance of Besicovitch-Doss almost
periodicity under the actions of convolution products, are applicable in the case that the
solution operator family (R(t)).., < L(X,Y) satisfies the estimate

j: @+8) IR(E) Il iy, dt < 0. (1.1)

This, in particular, holds if there exists a finite constant M > 0 such that the following holds:
IR(t) Il v, < Me™t”, t > 0 for some finite constants ¢ >0, 8  (0,1].

Therefore, the results from [10] can be applied to a large class of abstract (degenerate) inho-
mogeneous differential equations of first order in Banach spaces.

On the other hand, in the theory of abstract (degenerate) fractional differential equations in
Banach spaces, the estimate
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p-1
IRE) Il (x v,<M 57 t > 0 for some finite constants y >1, # € (0,1],M >0 (1.2)
’ +
plays a crucial role. In the case that -y > -1, which naturally appears in applications, the

estimate (1.1) does not hold so that the results of [10] cannot be applied; see [6], [9]-[11]
and references cited therein for more details about the subject.

The main purpose of this paper is to analyze the invariance of Doss p -almost per-
iodicity and Besicovitch-Doss p -almost periodicity under the actions of infinite convolu-
tion product

G)=t> [ RE-9)g(9)ds teR (1.3)
and finite convolution product
H(t) = j; R(t—9)[g(s)+q(s)]ds, t >0 (1.4)

where 1< p < oo, (R(t)),., satisfies the estimate (1.1), g(-) is Doss p -almost periodic or
Besicovitch-Doss p -almost periodic, and q(-) is vanishing in time, in a certain sense.

The organization of paper is briefly described as follows. After giving some necessary
facts about fractional calculus and types of fractional derivatives used in the paper, we ana-
lyze Doss almost periodic f unctions and Besicovitch-Doss almost periodic functions in
Subsection 1.1. Our main contributions are given in Section 2 (Theorem 2.1, Theorem 2.4
and Proposition 2.2, Proposition 2.5); in Subsection 2.1, we present some applications of
our abstract theoretical results established.

Fractional calculus and fractional differential equations are rapidly growing fields of
research, due to their invaluable importance in modeling real world phenomena appearing in
many fields of science and engineering, such as astrophysics, electronics, diffusion, chemi-
stry, biology, aerodynamics and thermodynamics. For more details, see [7]-[9] and referen-
ces cited therein. In this paper, we use the Weyl-Liouville fractional derivatives and Caputo

fractional derivatives. The Weyl-Liouville fractional derivative D/, u(t) of order y € (0,1) is

defined for those continuous functions u:R — X such that t — It g, ,(t—s)u(s)ds, te Ris
a well-defined continuously differentiable mapping, by

D7 u(t) ::% [0, @-9)u@)s, tek
For further information about Weyl-Liouville fractional derivatives, we refer the reader to

[12].
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If >0and m=[«], then the Caputo fractional derivative D{u(t)is defined for those

m-1
functions ue C™*([0,0): X) such that g, *(u—>_u,g,,,) € C"([0,): X), by
k=0

D;Zu(t) [gm a (U Zukgku)]

dt™

For further information about Caputo fractional derivatives, we refer the reader to [9]. Here,
g, () :=t""/T(), where I'() denotes the Euler Gamma function (£ > 0).

Set (+0)* ;=400 for any number a > 0. We will use the following elementary lemma:

Lemma 1.1. Suppose that 1< p<oo and ¢:R —[0,%0) is a non-negative function. Then we
have

lim sup[(p(s)“”] = [Iim sup go(s)]l’p.

S—>+00 S—>+00

Proof. Clearly, with the common consent introduced above, we have

lim sup[(p(s)”p] = I|m sup[(p(y)”"] = I|m [supgo(y)]”p

S—>+0

= [ I|m sup go(y)]”p = [Ilmsup go(s)]”p

S—>+0

1.1 Doss almost periodic functions and Besicovitch-Doss almost periodic functions

Let 1< p<w,andlet I =Ror | =[0,).Let us recall that the set D c 1 is relatively dense
iff for each ¢ > 0 there exists | > 0such that any subinterval of | of length | contains at least
one element of set D. Following A. S. Besicovitch [2], for every function f e L} (R: X), we
set

loc

= nmsup[—j I (s) IPds]°;
t—+0

if f el ([0,0):X), then we set

e, _Ilmsup[ ju f(s) IPds]®.

t—>+00

It is well known that Il isa seminorm on the space MP(l: X) consisting of those

MP

L (I - X) -functions f () for which I f Il , <oo. Put

Kp(l X)) ={f e M (l:X):lf IIM,,:O}
and

Mo (12 X)=MP(1: X) K (1 X).
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The seminorm II- 1l on MP (I : X)induces the norm Il Il , on MP®(l : X), under which

M P (1 : X) becomes a Banach space.
A function f eL_(I:X) issaid to be Besicovitch p-almost periodic iff there exists a
sequence of X-valued trigonometric polynomials converging to f (-)in (M*(1: X),lI- o)

By BP(l: X) we denote the vector space consisting of all Besicovitch p -almost periodic
functions 1 — X.

We will use the following lemma (see [10, Proposition 2.4] for the case that | =[0,) and
the analysis of R. Doss [3, p. 478] for the case that | =R ):

Lemmal.2. Let 1< p<o,andlet qe L] (I:X).Then llq(t+-) Il forall tel.

loc MP :" q "/le

loc

Definition 2.3, Proposition 2.4, Corollary 2.5] for the case that | =[0,) ).

A function qe L} (I : X) issaid to be Besicovitch p -vanishing iff lig I ,=0 (see [10,

Following the fundamental researches of R. Doss [3]-[4], established for scalar-valued
functions, we have recently introduced the following notion in [10]:

Definition 1.3. Let 1< p<oo,and let f e L _(1: X).
Then it is said that f (-) is:
(i) B® —bounded iff Il f Il ,<oo.

(ii) B? —continuous iff

Iimlimsup[ift I f(s+7)—f(s) "pds]l/p =0,

=0y, 2t

in the case that | =R, resp.,

lim Iimsup[%.[; Il f(s+7)—f(s) "pds]l/p =0

=0+ (i

in the case that | =[0, ).

(iii) Doss p —almost periodic iff, for every ¢ >0, the set of numbers z € | for which
Iimsup[%'f_tt I f(s+7)—f(s) ||pds]1/p <e, (1.5)

t—+o0

in the case that 1 =R, resp.,
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Ilmsup[ j||f(s+f) f(s)IPds]' <,

t—>-+00

in the case that | =[0,x), is relatively dense in I.
(iv) Besicovitch-Doss p —almost periodic iff (i)-(iii) hold as well as, for every 1 € R, we
have that

lim limsup= [—I ||(J‘X+I j)e'ﬂsf(s)ds I ax]v» =o, (1.6)

=240 {510

in the case that | =R, resp.,

IlrﬂohﬂfUp [%j; ||(J'XX+I —_[Ol)e”S f(s)ds "”dx]“p =0
in the case that | =[0, ).

By BP(1:X) we denote the class consisting of all Besicovitch-Doss p-almost periodic
functions | — X. Before proceeding further, we would like to note that, in scalar-
valued case X =C, R. Doss has proved that B (I : X)=B"(l: X). Itis still unknown
whether this equality holds in vector-valued case (see [10] for the problem raised). By
D" (I : X) we de-note the class consisting of all Doss p-almost periodic functions | — X.

For more details about these classes of generalized almost periodic functions, we refer
the reader to the monograph [2] by A. S. Besicovitch, the survey article [1] by J. Andres, A.
M. Bersani, R. F. Grande, and the forthcoming monograph [11] by M. Kosti¢.

We also need the notion of Stepanov p-boundedness. A function f e L} (I : X) is said to
be Stepanov p-bounded iff

t+1
Ifll, = stl:||o(_[t Il f(s) IIpds)l’p < oo,

2 DOSS ALMOST PERIODIC PROPERTIES AND BESICOVITCH-DOSS
ALMOST PERIODIC PROPERTIES OF CINVOLUTIONS PRODUCTS

We start this section by stating the following result:

Theorem 2.1. Let 1/ p+1/g=1 and let (R(t))., = L(X,Y) satisfy (1.2). Let a function
g :R — X be Doss p-almost periodic and Stepanov p-bounded, and let q(4—1) > —1provi-
ded that p>1, resp. f =1 provided that p=1. Then the function G: R —Y, defined
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through (1.3), is bounded continuous and Doss p-almost periodic. Furthermore, if g(-) is
BP — continuous, then G(:)is BP —continuous, as well.

Proof. We primarily analyze the case that g(-) is Doss p-almost periodic with p >1and
explain certain differences in the proof provided that p =1; the assumption X=Y can be made.
Since g(:) is Stepanov p-bounded and q(f—1) > —1, a similar line of reasoning as in the proof
of [6, Theorem 2.1] shows that G(-) is bounded and continuous on the real line.

Now we will prove that G(-) is Doss p-almost periodic.

Let a number ¢ >0 be fixed. By definition, we can find a real number | > Osuch that any
interval 1 c Rof length | containsa point z €1 such that (1.5) holds with f =g therein.

Further on, there exists of a positive real number ¢ > 0satisfying
L <{ < l+ y— 3 (in the case that p=1, take any number ¢ € (1, y) and repeat the procedure).
p p

As in the proof of [6, Theorem 2.1], we may conclude that the integral
0
j_ Ig(s+t+z)—g(s+t) I° /@+]|s|)Pds
converges for any t € R as well as that there exists an absolute constant C>0 such that
1G(s+17)-G(s) I c:[j_0 lgW+s+z)—gu+s) I° /(@+ v ) dv]’P seR.
Using this estimate, the Fubini theorem and Lemma 1.1, we get that

Iimsup[%j_tt 1G(s+7)—G(s) IPds " <

t—>-+00

C Iimsup[%j_tt'[_o lg(+s+7)—g(v+s) IP /(+|v[*)Pdvds |'? =

t—>+0

=C Iimsup[jl%rt lglv+s+z)—g(v+s) P /(1+|v|é’)pdsdv]1/p =

t—+0

=C[Iimsupj0w%.[tt lg+s+7)—g(v+s) IP /(+ | v ) dsdv]*".

t—+0

Iimsup[%j_tt 1G(s+7)~G(s) IPds " <

t—+o0

, 1
Climsup| —

t»+oop[2t
C Iimsup[.[0 %jtt Ilgv+s+7z)—g(v+s) I /(1+|v|4)pdsdv]1/p =

t—+0

fttfo Ig+s+7)—g(v+s) IP /(L+|v[ ) dvds J'P =
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c:[nmsupj jug(v+s+r) g(v+s) IP /@+|v ) dsav]e.

t—+o0

By the reverse Fatou lemma, the above implies

nmsup[—j IG(s+7)-G(s) IPds]*? <

nmsup{—j lg(+s+7)—g(v+s) IPds pav]®.

t—>+0

0 1
C I —
gy
Keeping in mind Lemma 1.2, we get that, for every v <0,

limsup— jllg(v+s+r) g(v+s) IPds = limsup— Illg(s+r) g(s) I°ds,

t—-+00 t—+0

so that

nmsup[—j IG(s+7)—G(s) IPds]'? <

0 1 p Up _
C[LD (1+|v|§)p "?li‘;’p{_j lg(s+z)—g(s) ds}dv]
]:ljpl

C[Iltnsololp fllg(SH) 9(3)"pd5]”pU m

Applying again Lemma 1.1, we finally get

nmsup[—j IG(s+7)-G(s) IPds]'? <

t—+o0

C Ilmsup[—j lg(s+7)—g(s) I’ ds]JJp[J‘

t—+o0

o 0 dv o
o |v|4)P] < cdl g

This shows that G(:) is Doss p-almost periodic. Since the above computations holds for
each 7 e R, itis clear that the B — continuity of function g(-) implies that of G(-), as well.
The proof of the theorem is thereby complete.

Concerning the finite convolution product, we can state the following result which
immediately follows from Theorem 2.1 and the proof of [6, Proposition 2.3]:
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Proposition 2.2. Let q e L] ([0,0): X), 1/ p+1/g=1and let (R(t))., < L(X,Y) satisfy

loc

(1.2). Let a function g:R — X be Doss p-almost periodic and Stepanov p-bounded, and let
q(f -1 > —1provided that p>1, resp. =1, provided that p =1. Suppose that the function

t—Q(t) = j; R(t—s)q(s)ds, t >0 2.1)
belongs to some space F, of functions [0,) — Y, satisfying that

F, +Cy([0,0):Y) = F,. (2.2)

Then the function H(-), defined through (1.4), is continuous and belongsto the class
DO (Y)+ % , where DI*?P(Y) stands for the space of all restictions of Y-valued Doss p-
almost periodic functions from the real line to the interval [0, o).

Remark 2.3. Suppose that &, =B ([0,0):Y).  Since the sum of spaces D”(l:Y)and
By (1:Y)is DP(1:Y) (see the proof of [10, Proposition 2.6] for the case that 1 =[0,) ), the
extension of a function from B} ([0,):Y) by zero outside the interval [0,o) belongs to the
space B/ (R:Y), and (2.2) holds, we get that the resulting function H () belongs to the space

DI*»P(Y), as well. It is also worth noting that it is not clear whether a Doss p-almost period-
ic function defined on [0, 0) can be extended to a Doss p-almost periodic function defined on
the interval R.

Concerning the Besicovitch-Doss p-almost periodic functions, the situation is a little bit
delicate. It seems that the estimate (1.2) alone is not sufficiently enough to ensure the validity
of condition (1.6) for the function G(-) defined through (1.3).  In the following theorem, we

impose the additional condition (2.3) for the inhomogeneity g(-) under our consideration:

Theorem 2.4. Let 1/p+1/g=1 and let (R(t)),., = L(X,Y) satisfy (1.2). Let a function
g:R — X be Besicovitch-Doss p-almost periodic and Stepanov p-bounded, and let

q(f —1) > -1 provided that p>1, resp. £ =1, provided that p=1. Suppose, additionally, that
for every A € R and e > Othere exists a number |, > 0such that

% ([ - e a)ds <e, 121, v=o0. (2.3)

Then the function G:R — Y, defined through (1.3), is bounded continuous and Besicovitch-
Doss p-almost periodic.
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Proof. Let 1 € R. By Theorem 2.1, we only need to show that the function G(:) satisfies
(1.6). In order to that, choose a positive real number ¢ > 0satisfying

1 <{ < i+7/—ﬂ (in the case that p=1, we can take any number ¢ (1, ) and repeat the
p p

same procedure, again). Arguing similarly as in the proof of Theorem 2.1, we obtain that:

1[— j I [ e (s)as lIPax]

= j lf (II f )e (s - V)ds V||po| e
X+l B <
=T E‘L{ 1+ 1+5 (-[ J.)eusg(s ds "Lp[o ) "% "._q[o,oo)}de]Up
Mrprl X+ i1s ) o
= _[Z_tj—tjo (1+V§)p l(J.X _Io)e g(s—v)ds " dvdx]

Ml (=t 1 Xt el igs p Lp.
- T[EL’ J’tm"(jx —L)e g(s—v)ds lPaxav]?;

here, M denotes the constant from (1.2). Applying the reverse Fatou lemma and Lemma 1.1,
the above implies:

Iimsup}[lj't ||('|'X+I —Il)e”SG(s)ds II° ax]»
<—[—I J' Ilmsup{—j ||(IX+I J')e'“g(s v)ds |de} ;)p]yp

Ml pogt . 1 xH-v ey dv
ZT[Z_tIO .[_ttl|£r_1)ilojp{2—t_|._tt ||(L_VI —J‘_IV )e*g(s)ds ||pdx} {)p]”p.
Taking into account Lemma 1.2, we get from the above:

Iimsup}[ij't ||(J.X+I —jl)e”sG(s)ds "pdx]l”’
[—f J' timsup{ [ I [ e g (s)as oS dg)p]up

L2 o M [_I J- |Imsup{—J. "(IX*' J‘)emsg(s)ds "de} 4)p]
% MELL sl TG e g Irad T

Tt
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Take now any e > 0; then there exists |, > 0such that (2.3) holds. Furthermore, the equation
(1.6) holds with f=g so that there exists |, > 0such that

Irl popt .. 1 ¢t X+l N\ izs dv
gl L imsuetoe [ [ Jeatspas P andr-Sm ] <
forall 1 >1,.For | >1,,the estimate (2.3) yields that

I}[%L:Oj_ttlimsu it'[_tt||('[O'_j_'VV)eizsg(S)ds II° ax} dV{)p]yp <,

t—>+o0 2 (1+ \Y

finishing the proof.

Now it is quite simple to state the following analogue of Proposition 2.2 and Remark 2.3:

Proposition 2.5. Let g € L. ([0,%0) : X), 1/p+1/g=1 and let (R(t)),., < L(X,Y) satisfy (1.2).
Let a function g :RR — X be Besicovitch-Doss p-almost periodic and Stepanov p-bounded,

and let q(f# —1) > —1provided that p>1, resp. =1, provided that p=1. Suppose, addition-

ally, that for every 4 € Rand e >0 there exists a number |, >0such that (2.3) holds as well
as that the function Q(-) defined through (2.1) belongs to some space F, of functions
[0,0) >, satisfying that (2.2) holds.  Then the function H (-), defined through (1.4), is
continuous and belongs to the class B”*(Y) + % ,where B®*?(Y)stands for the space of

all restictions of Y-valued Besicovitch-Doss p-almost periodic functions from the real line to
the interval [0, ).

Remark 2.6. Suppose that %, =B/ ([0,0):Y). Then the resulting function H(-) belongs to

the space B!>*"(Y). It is not clear whether a  Besicovitch-Doss p-almost periodic function
defined on [0,0) can be extended to a Besicovitch-Doss p-almost periodic function defined
on R, as well.

2.1 Some applications

Basically, our results can be applied at any place where the variation of parameters for-
mula or some of its generalizations can be applied. For example, we can incorporate our
results in the analysis of abstract fractional inclusions with multivalued linear operators A
satisfying the condition (P) introduced by A. Favini and A. Yagi [5, p. 47]. Define the

resolvent operator families (S, (t)),., and (R, (t)).., generated by A asin[11] and [6]. Let
X, be a point of continuity of (S, (t)),.,, i.e., tIir(p S, (t)X, = X, Then there exist two finite

constants M, >0 and M, > Osuch that
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IR ) kMt teq and IR ) kMt t>1.

Let y €(0,1). A continuous function u:RR — X is said to be a mild solution of the abstract
fractional relaxation inclusion D/, u(t) e —Au(t) + f (t), t e R iff

u(t) = J_t R, (t—s)f(s)ds, t e R. A mild solution of the abstract fractional relaxation inclusion

Du(t) € Au(t) + f (t), t >0,

P :{ u(0) = %,

is any function u e C([0,0): X) satisfying that u(t) =S, (t)x, +.[0[ R (t—s)f(s)ds, t=0.

Keeping in mind the estimate (2.4) and the fact that tIim IS, (t) =0, it is clear how we

can apply Theorem 2.1 and Proposition 2.2 in the a nalysis of existence and uniqueness of
Doss p-almost periodic solutions (Besicovitch-Doss p-almost periodic solutions) of the

abstract fractional inclusions (2.5) and (DFP), . These results can be simply incorporated
in the study of qualitative properties of solutions of the fractional Poisson heat type equations
with the Dirichlet Laplacian A in L"(Q),where Q is an open bounded regionin R" (see

[11] and [6] for more details). Concerning applications of C-regularized semigroups (see [8]
and references cited therein for more details on the subject), it should be emphasized that we
are ina position to analyze the existence and uniqueness of Doss p-almost periodic sol-
utions (Besicovitch-Doss p-almost periodic solutions) of the initial value problems with
constant coefficients

D/ ut,)=> a, f“@tx)+f(tx),teR xeR"

<k
and

D/u(t,x) = > a, f@(t,x)+ f(t,x),t>0xeR",

lerl<k

u(0,x) =uy(x), xeR"

in the space L°(R"),where 1< p <ooand some extra assumptions are satisfied.

3 CONCLUSIONS

The main purpose of this paper is to analyze the invariance of Doss almost periodicity
and Besicovitch-Doss almost periodicity under the actions of finite convolution product
and infinite convolution product. ~ We briefly explain how our results can be employed in
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the qualitative analysis of solutions to abstract (degenerate) inhomogeneous fractional
differe-ntial equations in Banach spaces.

Acknowledgements: The author is partially supported by Grant No. 174024 (Ministry
of Science and Technological Development, Republic of Serbia).

REFERENCES

[1] J. Andres, A. M. Bersani, R. F. Grande, “"Hierarchy of almost-periodic function spaces’’,
Rend. Mat. Appl., 26(7), 121-188 (2006).

[2] A.S. Besicovitch, Almost Periodic Functions, Dover Publications Inc., New York, (1954).

[3] R. Doss, "On generalized almost periodic functions’’, Annals of Math., 59(3), 477-489,
477-489 (1954).

[4] R. Doss, ~"On generalized almost periodic functions-11,>> J. London Math. Soc., 37(1),
133-140 (1962).

[5] A. Favini, A. Yagi, Degenerate Differential Equations in Banach Spaces, Chapman and Hall/
CRC Pure and Applied Mathematics, New York, (1998).

[6] V. Fedorov, M. Kosti¢, “"A note on (asymptotically) Weyl-almost periodic properties of
convolution products’’, Chelyabinsk Phy. Math. J., 4(2), 195-206 (2019).

[71 A.A.Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and Applications of Fractional
Differential Equations, Elsevier Science B.V., Amsterdam, (2006).

[8] M. Kosti¢, Generalized Semigroups and Cosine Functions, Mathematical Institute SANU,
Belgrade, (2011).

[9] M. Kaosti¢, Abstract Volterra Integro-Differential Equations, Taylor and Francis Gro-up/CRC
Press, Boca Raton, Fl., (2015).

[10] M. Kosti¢, “~On Besicovitch-Doss almost periodic solutions of abstract VVolterra integro-
differential equations’’, Novi Sad J. Math., 47(2), 187-200 (2017).

[11] M. Kosti¢, Almost Periodic and Almost Automorphic Solutions to Integro-Differential
Equations, W. De Gruyter, Berlin, (2019).

[12]J. Mu, Y. Zhoa, L. Peng, ““Periodic solutions and $S$-asymptotically periodic solutions to
fractional evolution equations’’, Discrete Dyn. Nat. Soc., 1-12 (2017),
https://doi.org/10.1155/2017/1364532.

Received October 1, 2019

20





