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Summary. In this paper, using some special numbers and combinatorial identities, we show
some interesting congruences: for a prime p>5,
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where C_, L, and P, are the nth Catalan number, the nth Lucas number and the n th Pell

number, respectively. (—j denotes the Legendre symbol.
p

1 INTRODUCTION

The Fibonacci sequence {F,} and the Lucas sequence {L,} are defined by the following

recursions:
I:n+1:|:n_|_|:n-j|_ and Ln+1:Ln+Ln-1' n>0,

where F, =0, F,=1 and L, =2, L, =1, respectively. If « and g are the roots of equation
x*- x -1=0, the Binet formulas of the sequences {F,} and {L,} have the forms

F,=Z P and L =a"+5",
a-p

respectively.
The Pell sequence {P,} and the Pell-Lucas sequence {Q,} are defined recursively by

I:)n+l = 2Pn+Pn -1 and Qn+1:2Qn+Qn-1 ' n> 0 y
inwhich B, =0, P, =1 and Q, =Q, =2, respectively. If y and ¢ are the roots of equation
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x*-2x-1=0, the Binet formulas of the sequences {P,} and {Q,} have the forms
yl’] _5[1

P = and Q,=y"+4",
y-0

n

respectively.
The harmonic numbers have interesting applications in many fields of mathematics, such

as number theory, combinatorics, analysis and computer science. Harmonic numbers H,_ are
defined as for a positive integer n
LS|
H,=> =,
=1 K

311 25

where H, =0. The first few harmonic numbers are 1, E E E

Some elementary combinatorial properties of the Catalan numbers are given in [2, 6, 8].
The Catalan numbers are given by

1 (2n 2n 2n
C,=— = - , heN.
n+1{ n n n+1
For a prime p and an integer a with pfa, we write the Fermat quotient

qp(a):(a"'l-l)/p. For an odd prime p and an integer a, (Ej denotes the Legendre
p

symbol defined by
0 if p|a,
[EJ =<1 if a isaquadraticresidue mod p,
P -1 if a isa quadratic nonresidue mod p.
In [3], E. Lehmer showed that for prime p >3,
Hi, o =-24, (2) (mod p). (1.1)

In [9], Z.W. Sun obtained that

EERLS N

=0 M

(p-l)/2;(2kam_ m- 4(m(”;' 4)](mod p).

; m‘(k+1)\ k ) 2 2
where p isanodd prime and m is any integer not divisible by p.
Let p be a fixed prime > 3. Define

q(x):xp_ (xp-)l)”-l and Gn(x)=;W,

and

where x is variable.
In [1], A. Granville showed that
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q(x)=-G,(x) (mod p),
G, (X) =G, (1- X)+xPG, (1 - 1/x) (mod p),

(a(x))’ =-2%"G, (x)-2(1-x")G, (1 -x) (mod p).
It was proved in [1] (the last expression on page 3) that for any integer n> 1,
e1n-1)(-x)° 1%(1-x)-1 (1-x)"-(-x)"-1
S = + .
Z:;‘(k - 1] k* n kzzll k n?
In [7], Z.H. Sun obtained the following congruences: for an odd prime p and

G,(x)eZ,[x],
GZ(X)=1[1+(X-1) X &L -1J+ppzx_2 : % (mod )

p p k=1 k
and foraprime p>3 and neN,

PG, () =(-1)" x°G, (1/x) - G, (X) (mod pz).
In [10], Z.W. Sun showed that for a prime p > 3,

p-1 p-1 p-1
ZMEO (modp) and ZMEEZE (mod p).
pril il Pic Kk

In [5], H. Pan and Z.W. Sun obtained that for a prime p>5,

Z (mod p),

and for a prime p=2,5,

FJ::_Ol(-l)k (Zkkj _ [%aj[lzlzp[i]] (mod p°),

where a is a positive integer.
In [4], S. Mattarei and R. Tauraso showed that for a prime p >3,

S5 i =2(. ()6, (0) (o)

k=1

where Az%(lh/l - 4x) and ,Ll:%(l— JI - 4x).

2 SOME CONGRUENCES INVOLVING SPECIAL NUMBERS

In this section, we will give the congruences involving some special numbers. Now, we

give the following lemma for further use.

Lemma 1. Let n be any positive integer. Then
n 1} ( )k+l n 1 1 X)k+l _1 (l _ X)n+1 _1

k;{k-l (k+1) nkz k(k+1)  n*(n+1)

n

X
+ZH
n
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and

n-1j (%) lni - )“2-1 (1-x)""-1 LXK

k;(k-l k?(k+1)(k+2) nizk(k k+2) n’(n+1)(n+2) n+l 2n "

Proof. From Binomial Theorem, we have

n- 1 k+l _1 (l _ )n+1 _1 XH

2 k+1 n(nen)

& (1-x)T Z Z X)"" -1+ (k+1) x
k=1 k k"'l k= k=1 ( 1)

) EJ<-X>"="2%2%J
S5 ne)

J ]ZJ k=]

()

k+1 n+1
H(1-x) -1+(1-x) L n

T |
L2l e E it

Thus, the first identity is obtained. Similarly, we obtain other identity.

n+1

From the equality )’

k=j

For a prime p and a rational number x:% written in reduced form, x=0 (mod p) if and

only if a is divisible by p.

Theorem 1. Let p be an odd prime. For any rational number x such that x™* #0(mod p),

(p-1)2 " 2p—1
Z 1-(2-u) +T(zp+ﬂp-z) (mod p), (2.1)

k=0

where 1== (1+ 1-4x)and u== ( \/l—4x).

Proof. Replacing n and x by (p+1)/2 and 4x in (1.2), respectively, we have
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(k+1)° & Kk p+1 (p-1r2

e o (g e e P

2 = k
From the congruences ((p'kl)/zj(-@k Eizkkj (mod p) for k=1,...(p-1)/2,

1

Sk E% (mod p) for k=1,...p- 1 and (1.1), we write

p-1)2 (o) K+l o (012 (1 - )¢
? Z( ](X )252((1'4X)( | '1)+§( kX) +2q,(2) (modp).  (22)
p-

Bycongruence( js( ) (mod p) for k=1,....p - I, we get

k
(P 2(1-4x)" P2 p-1)(1-4x)

_. 2.3
> s ) @
(p-1)2 2 (14+v1-2x) - (1-V1-4)

_.2 (Zij(l_‘lx)k: ( )p ( ) (mod p).
k=1

Substituting (2.3) into (2.2), we have

(p-1)12 Ck ™ (p—l)lz(zkj Xk+1
—K x=
k') (k+1)

2
k=0 k+1 k=0

(M ; 1)p ; (M+1)p+2

2p

=1- (1-4x)"""-q,(2) -

20!

=1-(A -,Lt)p+l+T(/lp+,up— ]) (mod p).

Thus, this concludes the proof.

From Theorem 1, we immediately deduce the following results.
Corollary 1. Let p be an odd prime. Then

(Pk-zzlo‘z/24k(ci:<:-1) 4(1_qp(2)) (mOdp),

(p- 1)/2 1-L
k+1 2"'1Tp+5(%] -1 (mod p), (2.4)
k=0

: o P 2 2P
k__—o-p2 p _ 4(_j+8 - mod p),
k; 8" (k+1) P P P (mod)
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(p-1)/2 2 p+1
Z ka =- QP+2 +8(£] -4 (mod p)1
Z (41 P P \p

(p-1)/2

C, PR L [5]
=- + +20| — | -16 (modp),
k; (-16)"(k+1) P N p p (modp)

and for p>3

(p-1)P2 L L
> ka _2 2 -9 252 |4o (mod p).
= 9 (k"'l) p \3° P
Proof. For the proof (2.4), considering x= -1 in Theorem 1, we have
(p-1)/2 Ck

= (-1 (k+1)

s, 2 (1B, ﬂ}p _1-5( 3427 (L 2 1) (mo
=1-5 ; H - J ( - 1}_1 s[pj IO(Lp 1) (mod p).

Similarly, we obtain other five congruences of Corollary 1.

Theorem 2. Let p >3 be a prime. For any rational number x such that x* #0(mod p),

(p+1)12 C..,

2P 1x 8x+1 a1 6x+1
1 2P 1) - 520 ) 2 o p),
-~ k(k+1)x 0 ( H ) (4-1) T (mod p)

where A and y are defined as before.
Proof. By the first identity of Lemma 1, we have

nzl n-1 (_X)k+2 _1nzl(1_X)k+l_1+(1_x)n+1_1+
k) (ke1) (ke2) N Kk(krD) ()
Replacing n and x by (p+1)/2 and 4x in the aboving sum, respectively, we have
- k+2 - k+1 ( +3)/2
¥ l)’2((|0- 1)/2} (-4>2<) 2 0dP(1-4x) -1+8(1-4x)2p 18y,
k (k+1)"(k+2) p+1 & k(k+1) (p+1)’(p+3) p+l (p+1)

n-

X
—H
k=0 n

k=0

From the congruences (( P -kl) /Zj(_4)k E[zkkj (mod p) for k=1, (p - 1)/2,

LE% (mod p) for k=1,...,p- 1 and (1.1), we write

p+k
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(1-4x) -1022(1-4x) 1 (1-4x)"% (1-4x)""

X 1
- 2 -xq,(2) - =(mod p).
5 2. ” +4(p+1) (peD) + 5 +X 5 xq,(2) 6(m0 p)

From the congruences (2.3) and Ll =1 (mod p), We have
p+

(p+l)/2 Ck_l Xk+1

= k(k+1)

X b Py (1-4)"% (1-ax)PI% 5
=-2_p(2- (1+\/1-4x) - (1—\/1—4x) ) 7 s 2 -xq,(2) - >

X . Py (L4 (1-4x)"" x5

_-Z—p(zp- (1+VI1-4x) - (1-V1-%) ) VB — (mod p)

Thus, the desired result is obtained.

From the above equation, we get the assertion of the theorem.

As an immediate consequence of Theorem 2, we obtain the following result.
Corollary 2. Let p >3 be a prime. Then

(p+1)12 C.., , 5 |
—_=- +=
k; 4% (k+1) % (2) 6 (mod p),
(piz,/z(_l)kck 1ol il 3550, 5 (mod p)
k=1 k(k+1) p 12\ p) 12 )
(p+1)/2 C P 2Pl 401 (p+1)12
k- = P
k=1 8kk(k-1l-l)=2(p-1)/2 ) D “3l2 +—  (mod p),

; )
(P2 ¢ 2P (L 5(5) 5
k-1 = 2 1] - = 2 |+ 2 d ,
2 9k (k+1) p (3*’ J 1 S(p] 4 (mod p)

k=1

0
(p+1)/2 _2p
I P )
1 (-4) k(k+1)  2p 3lp) 6

and
(p+212‘/2 C., _ L3p ] 2p-l+§(EJ . E (mod p)
k=1 ('16)kk(k+1) 2"p AN °

Theorem 3. Let p >5 be a prime. For any rational number x such that x™* séO(mod p),
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+1)/2 -2
(p+1) p 1

k+2 _ 2 AP4uPo]) - —() - p+5
k:1kk+1 K2 T p K (rend) - 5 (o)

+%(i-ﬂ)p+3‘—(i—ﬂ)p+l+lx2+ix- - (modp),

where A and 4 are defined as before.

As an direct consequence of Theorem 3, we obtain the following result.

Corollary 3. Let p>5 be a prime. Then

(p+1)/2 Ck . 1
- =-— 2)+— d ,
k; 4k (k+1)(k+2) qu( ) 120 (mod p)

(b2 (-1)C,, ekl 15(5] 3

& k(k+1)(k+2) p 1

trC P, 207 31\ 21
k-1 = P _ R + 41 dp),
; 8kk(k+1)(k+2) 22 p 5(2) 40 (mod p)
(p+1)/2 p-2 (p+1)/2
k Ez i;)-l _@ E +£ (modp),
e 9 k(k+l)(k+2) p \3 48\ 9 80
(p+1)/2 L
— Qp +i(£] - E (mod p),
o (-4 k+1)(k+2) 4p 5( p 0
and
(p+1)i2 L p-2
2 K S pf§ 2 "‘E(EJ A (mod p)
1 (-16) k(k+1)(k+2) 2"2p p 2\ p) 40

3. CONCLUSION

Using combinatorial identities, some interesting congruences are investigated on the sums
which include Catalan numbers. It is conceivable to extend our results using the useful
technics or methods. A first question on the extension of these congruences can be viewed as
generalizations on using the g-Binomial coefficients instead of the binomial coefficients. A
second question on such extensions of these congruences can be observed that for an odd
prime p and any rational number x such that x* séo(mod p), the congruences of the sums

(p-1)12
with decreasing factorials including Catalan numbers ﬁxk (mod p).
k=1
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