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Summary. A sequence  of strictly positive integers is said to be primitive if none of its terms 

divides the others. In this paper, we give a new proof of a result,  conjectured by P. Erdős and 

Z. Zhang in 1993, on a primitive sequence whose the number of the prime factors of the 

termes counted with multiplicity is at most  . The objective of this proof is to improve the 

complexity, which helps to prove this conjecture. 
 

1.  INTRODUCTION 

A sequence   of strictly positive integers is said to be primitive if none of its terms divides 

the others. We define the degree of   by                      where      is the 

number of prime factors of  counted with multiplicity, we take          if       or  . 

Erdős      showed that for a primitive set  ,   
 

          . Later in    , Erdős asked if is 

true that for any primitive sequence    
 

 
 

     
 

          

 
 

     
          

          

 

where   denotes the set of prime numbers. After a few years, Zhang    , proved the 

following: 

  Theorem. For any primitive sequence   whose the number of the prime factors of the 

termes counted with multiplicity is at most  , we have 

 

 
 

     
 

          

 
 

     
          

          

 

 In our work, by using the new estimations of the n-th prime number, we simplify the 

complexity (the number         decreased to   ). Throughout the paper we denotes by 

   the m-th prime number and we put       
 

          where,        if         . 
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For a primitive sequence   and    , we pose 

 

          the prime factors of   are       
  

                                                        

  
    

 

  
     

                                              

 

Clearly, the union      
 

     is disjoint and       
           when   is finit. Our 

method based on the fact that a primitive sequence   does not contain simultaneously    and 

  
 . 

 

2.  MAIN RESULTS 

We need the following lemmas. 

 

Lemma 2.1 Let     be an integer, put                      then  

 

                                                                                                                   

                                                                                              

                                                                                                             
 

where         and        . 

 

Proof. Consider the function   defined on N  by  

 

       
  

 
                          

 

then according to (1), we have            where  

 

              
         

    
   

 

 the study of the real function              gives us               , then   

        , which is equivalent to  

 

                          . 

 

 A computer calculation shows that for          , we have 

 

              
 

and on the other hand we have                           where           ,                    
therefore the inequality (3) is verified for     . This completes the proof. 
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Lemma 2.2  For     and          , we have  

 

 
 

            
 

 

          
             

  

 

where                                         . 

 

Proof. Put                
 

                                    

                                                                        
 

It is clear that for     and           we have              and 

 

                   
 

 
                                    

                                                                                                                 

                                                                                               
 

Now Put 

 

       
 

            
             

  

 

By (1) and (2) we have, for     and            
 

                                             

 

Since  7!             increases for    , we have  

 

         
  

                              

 

 

  

 

use the change of variable         we obtain  

 

         
  

                 

 

    

                          

 

Since, for       ,  

 
 

     
    

 

      
   

 

46



I.Laib, A.Derbal, R.Mechik and N.Rezzoug. 

then 

         
   

 
      

        

                 

 

    

  

 

by setting        and             we get  

 

         
       

                

 

  

  

 

For     and           we put 

 

      
 

          
, 

 

then according to (3) and (4) we have  

 

        
 

                         
 

                 
 

             

  
  

       
 

 

  

 

 

We have for     and             
 

           
                      

 

So, for     and            we have                 i.e. 

 

                         
 

A computer calculation gives for       and            
 

       
 

            

 

             

                                                       

  
 

            

 

             

 
 

             

         

 

This completes the proof. 

 

Lemma 2.3 Let     be fixed and let      be primitive with            For 

                   we have  
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Proof. For     and              put  

 

       
 

              
              

   

     

 

By induction on         If          and       we have              
        and       when      then by lemma 2 we get  

 

       
 

              
   

   

 
 

            
             

 
 

          
  

 

If            and          we know that         
  is disjoint  so, 

 

                     

   

  
      

   

 

We have two cases: if            then 

 

        
 

            
                                                                                                 

 

if            then  

 

         
 

                    
  

      

 

        
 

  
                   

       
    

 

since              and                 we have  

 

            
 

        
         

          
    

 

thus  
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So, from (7), (8) and lemma 2 we obtain 

 

      
 

          
         

        

 

For     we get the inequality (6), which ends the proof. 

 

Proof of theorem 2.4 Let   be fixed and let               be subsequence of      

where         Put         the number of primes   ; then           
  is disjoint 

and           
          Let        we distinguish the two following cases:  

case 1: we suppose that    
     i.e. ,   

    
    If          then     

   
 

       
  and 

if      
    then  

 

    
   

 

  
 

 

             
    

  

 

 

where   
    

   and      
        

       
so, according to (6), we get  

 

 
 

             
      

 
 

        
 

 

     
         

    
    

 

therefore  

 

    
   

 

       
                                                                                              

 

Case 2: if    
     since   is a primitive sequence then      

   so,       
     

       
i.e. , 

 

    
     

     
 

            
  

 

Thus 
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And from (9) we have      
   

 

       
 for        

Then 

 

    
   

 

       
                                                                                          

 

thus, by (9) and (10) we get  

 

      
 

       
 

     

 

 

This completes the proof. 

 

3.  CONCLUSION 

Using a new estimate of n-th prime with appropriate division of primitive sequence lead us to 

simplify the complexity. It would of interest to apply  the obtained result  to study the Erdős 

conjecture for primitive sequences of higher degree. 
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