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Summary. Let � be a primitive Dirichlet character modulo � ≥ 3. In this paper, we define complex 
numbers associated with �, which we denote by ��(�)(� = 0,1, … ), and we discuss their properties 
and their relationships with the generalized Bernoulli numbers. 

1. INTRODUCTION

Let � be a Dirichlet character modulo � ≥ 3. Then the classical generalized Bernoulli
numbers ��(�) for (� = 0,1, … ) are defined by: 

� �(�)

�

���

����

��� − 1
= � ��(�)

��

���

��

�!
, |�| <

2�

�
. 

They can be expressed in terms of Bernoulli polynomials as (see [2, formula (4.1)]): 

��(�) = ���� � �(�)

�

���

�� �
�

�
�, 

where the Bernoulli polynomials ��(�) are defined by: 

����

�� − 1
= � ��(�)

��

���

��

�!
, |�| < 2�. 

The Dirichlet L-function corresponding to � is defined by: 

�(�, �) = �
�(�)

��

��

���

, ℜ(�) > 1. 

Now, let � be a primitive character. It is well known [2, Theorem 9.10] that the values of 
�(�, �) at � = −�, (� = 0,1, … ) can be expressed by the generalized Bernoulli numbers as:   

�(−�, �) = −
����(�)

� + 1
. 

(1.1) 

Also from [2, Theorem 9.6] if �(−1) = (−1)�(� = 1,2, … ), then the special values of 
�(�, �) at � = � are given by: 

�(�, �) = (−1)���
�(�)

2�!
�
2��

�
�

�

��(χ�), 
(1.2) 

where  �(�) = ∑ �(�)�
����

��
��� is the Gaussian sum associated with �. 
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In this paper, based on a definition given by Davies and Haselgrove in [4], we rewrite the 
formulas (1.1) and (1.2) in terms of the numbers ��(�). We also give some results, properties 
and applications of these numbers, and their relationship with the generalized Bernoulli 
numbers.  

 

2. DEFINITION AND LEMMAS  

     In order to prove our main results, we give the following definition and we need the later 
lemmas. 

Definition 2.1 Let � be a non-principal character modulo � ≥ 3. For an integer � ≥ 0 we 
define the function ��(�, �) for � ∈ ℝ� as follows:  

��(�, �) = �(�, �) + ��(�),			where	�(�, �) = � �(�)

���

, 

����(�, �) = � ��(�, �)��
�

�

+ ����(�), 

� ��(�, �)�� = 0.
�

�

 

 

 

(2.1) 

 

 

 

Lemma 2.2 Let � be a non-principal character modulo � ≥ 3.  Then 

1. The function �(�, �) is �-periodic. 
2. For any function � defined from [0, �) to ℂ which has an antiderivative � we have 

� �(�, �)
�

�

�(�)�� = − � �(�)

���

���

�(�). 

3. If � is primitive, then the Fourier series expansion of �(�, �) is given by: 

�(�, �) =
1

�
� �

���

���

�(�) +
�(�)

�
�

χ�(�)

�
sin �

2���

�
� 	if	�(−1) = +1,

��

���

 

�(�, �) =
1

�
� �

���

���

�(�) −
�(�)

�
�

χ�(�)

�
cos �

2���

�
� 	if	�(−1) = −1,

��

���

 

where  

�(�) = � �(�)
cos
sin

�
2��

�
� 	if		�(−1) = ±1.

�

���

 

 
 
(2.2) 

Proof. 1. For any integer �, we have 

�(� + ��, �) = � �(�) = � �(� + ��) = � �(�)

���

= �(�, �),

���������

 

so �(�, �) is �-periodic. 
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2. This follows at once from the integration by parts and the fact that ∑ �(�) = 0���
���  (see 

e.g. [1, p. 30]). 

3. The Fourier series expansion of  �(�, �) is given by: 

�� + � ��� cos �
2���

�
� + �� sin �

2���

�
��

��

���

, 

where 

�� =
1

�
� �(�, �)��

�

�

=
−1

�
� ��(�)

���

���

, 

�� =
2

�
� �(�, �)	cos �

2���

�
� ��

�

�

=
−1

��
� �(�)

���

���

sin �
2���

�
� for	� ≥ 1, 

�� =
2

�
� �(�, �)	sin �

2���

�
� 	��

�

�

=
1

��
� �(�)

���

���

cos �
2���

�
� for	� ≥ 1. 

If �(−1) = +1, we put � =
���

�
 and we show that �� = 0 for � ≥ 1. Indeed 

�� =
−1

��
� �(�)

���

���

sin(��) =
−1

��
� �(� − �)

���

���

sin((� − �)�) 

																																																=
1

��
� �(�)

���

���

sin(��) = −��. 

Also �� = 0, since 

� ��(�)

���

���

= �(� − �)�(� − �) = � � �(�)

���

���

���

���

− � ��(�)

���

���

= − � ��(�)

���

���

. 

If �(−1) = −1, we show by the same way that �� = 0 for � ≥ 1.                              
According to [1, Theorem 8.15] we have 

χ�(�)�(�) = � �(�)
cos
sin

�
2���

�
� 	if	�(−1) = ±1,

�

���

 

from which we can write for � ≥ 1: 

�� =
1

��
× �(�)χ�(�)	if	�(−1) = +1,			and	�� =

−1

��
× �(�)χ�(�)	if	�(−1) = −1. 

This completes the proof.  
 

Lemma 2.3 Let � be a primitive character modulo � ≥ 3. Then 

1. For � ≥ 1, the function ��(�, �) is continuous and �-periodic. 

     2. The Fourier series expansion of ��(�, �) is given by: 
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��(�, �) = ±
�(�)

�
�

χ�(�)

�
sin
cos

�
2���

�
� 	if	�(−1) = ±1.

��

���

 
(2.3) 

For � ≥ 1 and �(−1) = +1, we have 

�����(�, �) = (−1)�
�(�)

�
�

�

2�
�

����

�
χ�(�)

���
cos �

2���

�
� ,

��

���

 

���(�, �) = (−1)�
�(�)

�
�

�

2�
�

��

�
χ�(�)

�����
sin �

2���

�
� .

��

���

 

(2.4) 

For � ≥ 1 and �(−1) = −1, we have 

�����(�, �) = (−1)�
�(�)

�
�

�

2�
�

����

�
χ�(�)

���
sin �

2���

�
� ,

��

���

 

���(�, �) = (−1)���
�(�)

�
�

�

2�
�

��

�
χ�(�)

�����
cos �

2���

�
� .

��

���

 

(2.5) 

Proof. 1. It is clear that, for � ≥ 1 the function ��(�, �) is continuous, since it is the primitive 
of piece-wise continuous function. The properties of the Dirichlet characters and formulas 
(2.1) allow us to show by induction that, for any � ∈ ℤ and � ∈ ℕ: 

� ��(�, �)�� = 0,
(���)�

��

		and	��(� + ��, �) = ��(�, �), 

from which the periodicity of ��(�, �) follows. 

2. The formulas (2.3), (2.4) and (2.5) are obtained by successive integrations of (2.2), taking
into consideration the formulas (2.1). The lemma is proved. 

3. MAIN RESULTS

     In this section we give our main results. Let us start by the explicit formulas for the 
numbers ��(�).  

Theorem 3.1 Let � be a primitive character modulo � ≥ 3. Then the numbers ��(�) are 
explicit as follows:  

If �(−1) = +1, 

��(�) =
−1

2�
� ���(�)

���

���

,			���(�) = 0(� ≥ 0), 
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�����(�) = − �
������

(2� − 2� + 1)!
�����(�) −

1

�(2�)!
� ����(�)

���

���

(� ≥ 2).

���

���

 
(3.1) 

 

If �(−1) = −1, 

��(�) =
1

�
� ��(�)

���

���

,			�����(�) = 0(� ≥ 1), 

���(�) = − �
������

(2� − 2� + 1)!
���(�) +

1

�(2� + 1)!
� ������(�)

���

���

(� ≥ 1).

���

���

 

 

 

(3.2) 

 

Proof. The first formula of (2.4) and the last formula of (2.5) show that for � ≥ 1: 

���(�) = ���(0, �) = 0	if	�(−1) = +1,			and	�����(�) = �����(0, �) = 0	if	�(−1) = −1. 

According to the last formula of (2.1), we have 

��(�) =
1

�
� ��(�),

���

���

		and	��(�) =
�

2
��(�) −

1

2�
� ���(�)

���

���

. 

Also for � ≥ 2, 

��(�) =
1

�
� �����(�, �)��

�

�

. 

Integration by parts � − 1 times gives us 

��(�) = ��
(−1)���

�!
������(�)

�

���

+
(−1)���

�!
� ����(�, �)��

�

�

�. 

But  

� ����(�, �)��
�

�

= ��(�)
����

� + 1
−

1

� + 1
� �����(�)

���

���

, 

from which we find 

��(�) = �
(−1)�����

�!
������(�)

���

���

+
(−1)�

�(� + 1)!
� �����(�)

���

���

. 
 

(3.3) 

 

If �(−1) = +1, to obtain the formulas (3.1), we simply take � = 2� − 1 with (� ≥ 2) in 
(3.3), taking into consideration that ���(�) = 0. 

If �(−1) = −1, to obtain the formulas (3.2), we simply take � = 2� with (� ≥ 1) in (3.3), 
taking into consideration that �����(�) = 0. The theorem is proved. 
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Corollary 3.2 For any primitive character � modulo � ≥ 3, we have ��(χ�) = ��(�)������� for 
(� ≥ 0). 

Proof. The result follows directly by using induction on �. 

Example 3.3 1. Let �� and �� be the non-principal Dirichlet characters modulo 3 and 4, 
respectively. Then we have �����(��) = �����(��) = 0	(� ≥ 0), since �� and �� are odd 
characters. Also, it follows by using Theorem 3.1 the following table: 

 �� �� �� �� �� ��� ��� 

�� �
�

�
 

�

�
 �

�

��
 

�

����
 �

���

������
 

����

�������
 �

����

���������
 

�� �
�

�
 

�

�
 �

�

��
 

��

����
 �

���

�����
 

�����

�������
 �

������

��������
 

Table 1. The first values of ��(� = 0, 2, … ,12) for �� and ��.   

2. Let ��,�, ��,�, and ��,� be the Dirichlet character modulo 5 such that ��,�(2) = −1, 

��,�(2) = �, and ��,� = ��,������. Then we have ������,�� = 0 (� ≥ 0), since ��,� is even 
character. Also, by using Theorem 3.1 we obtain the following: 

 �� �� �� �� �� ��� ��� 

��,� �
�

�
 

�

�
 �

��

���
 

���

����
 �

������

�������
 

�������

��������
 �

���������

�����������
 

Table 2. The first values of ��(� = 1, 3, … ,13) for ��,�. 

On the other hand, since ��,� and ��,� are odd, we have ��������,�� = ��������,�� = 0	(� ≥
0). Finally, Theorem 3.1 and Corollary 3.2 allow us to get 

 

 

 

Table 3. The first values of ��(� = 0, 2, … ,10) for ��,� and ��,�.   

 
Theorem 3.4 Let � be a primitive character modulo � ≥ 3. Then for all � ∈ ℝ� we have 

1. If �(−1) = +1 and � ≥ 1: 

|�����(�, �)| ≤ |�����(�)|. 

2. If �(−1) = −1 and � ≥ 0: 

|���(�, �)| ≤ |���(�)|. 

 �� �� �� �� �� ��� 

��,�

��,�
 �

�

�
∓

�

�
� 

�

�
±

�

�
� �

��

���
∓

��

���
� 

���

���
±

���

����
� �

����

�����
∓

����

������
� 

������

�������
±

������

�������
� 
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Proof. 1. Let �(−1) = +1, � ≥ 1 and � ∈ ℝ�. Then from the first formula of (2.4) we have 

|�����(�, �)| =
|�(�)|

�
�

�

2�
�

����

��
�̅(�)

���
cos �

2���

�
�

��

���

�. 

If we put �̅(�) = �(�) + ��(�) for (� ≥ 1), then we get 

�
�̅(�)

���
cos �

2���

�
�

��

���

= �(�) + ��(�), 

where 

�(�) = �
�(�)

���
cos �

2���

�
� ,

��

���

	and	�(�) = �
�(�)

���
cos �

2���

�
� ,

��

���

 

from which we can write 

|�����(�, �)| =
|�(�)|

�
�

�

2�
�

����

���(�)�
�

+ ��(�)�
�
. 

On the other hand we have 

|�����(0, �)| 	=
|�(�)|

�
�

�

2�
�

����

��
�̅(�)

���

��

���

� =
|�(�)|

�
�

�

2�
�

����

��
�(�)

���
+ � �

�(�)

���

��

���

��

���

�

=
|�(�)|

�
�

�

2�
�

����

���
�(�)

���

��

���

�

�

+ ��
�(�)

���

��

���

�

�

. 

Now, we wish to prove that 

��(�)�
�

≤ ��
�(�)

���

��

���

�

�

,			and		��(�)�
�

≤ ��
�(�)

���

��

���

�

�

. 

Let � = ∑
�(�)

���
��
��� . Then ��(�)�

�
− �� = (�(�) − �)(�(�) + �), so that   

�(�) − � = � �
�(�)

���
�cos �

2���

�
� − 1��

��

���

, �(�) + � = � �
�(�)

���
�cos �

2���

�
� + 1��

��

���

 

which are absolutely convergent series, i.e. 

��(�)�
�

− �� = � ��
�(�)

���
�

�

�cos� �
2���

�
� − 1�� ≤ 0.

��

���

 

By the same, we can show that ��(�)�
�

≤ �∑
�(�)

���
��
��� �

�

. Thus 

|�����(�, �)| ≤ |�����(0, �)| = |�����(�)|. 
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2. Let �(−1) = −1 and � ≥ 0. Then by the same reasoning as above we get the second 
formula. 

     Now, let us rewrite the formula (1.2) by using the numbers ��(�).  

Theorem 3.5 Let � be a primitive character modulo � ≥ 3. 

1. If �(−1) = +1 and � ≥ 1 then: 

�(2�, �̅) = (−1)�
�

�(�)
�
2�

�
�

����

�����(�). 

2. If �(−1) = −1 and � ≥ 0 then: 

�(2� + 1, �̅) = (−1)���
�

�(�)
�
2�

�
�

��

���(�). 

Proof. This follows directly by taking � = 0 in the first formula of (2.4) and � = 0 in the last 
formula of (2.5), taking into consideration that ��(0, �) = ��(�). 

The following corollary gives the relationship between the numbers ����(�) and the 
generalized Bernoulli numbers ��(�). 

Corollary 3.6 Let � be a primitive character modulo � ≥ 3. 

1. If �(−1) = +1 and � ≥ 1 then: 

�����(�) =
−1

(2�)!
���(�). 

2. If �(−1) = −1 and � ≥ 0 then: 

���(�) =
1

(2� + 1)!
�����(�). 

Proof. This follows directly from Theorem 3.5 and the formula (1.2). 

     The above corollary allows us to rewrite the formula (1.1) as: 

Corollary 3.7 Let � be a primitive character modulo � ≥ 3. 

1. If �(−1) = +1 and � ≥ 0 then: 

�(−(2� + 1), �) = (2� + 1)! �����(�). 

2. If �(−1) = −1 and � ≥ 0 then: 

�(−2�, �) = −(2�)! ���(�). 

     As an application, the following theorem gives explicit formulas for sums related to the 
generalized Bernoulli numbers. 

Theorem 3.8 Let � be a primitive character modulo � ≥ 3.  

1. If �(−1) = +1 and � ≥ 1 then: 
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�
������

2� − 2� + 1

�

���

�
2�
2�

� ���(�) =
1

�
� ����(�).

�

���

 

2. If �(−1) = −1 and � ≥ 0 then: 

�
������

2� − 2� + 1

�

���

�
2� + 1
2� + 1

� �����(�) =
1

�
� ������(�),

�

���

 

Proof. 1. Let �(−1) = +1 and � ≥ 1. Then from the formulas (3.1) we have 

�����(�) = − �
������

(2� − 2� + 1)!
�����(�) −

1

�(2�)!
� ����(�)

���

���

.

���

���

 

The Corollary 3.6 allows us to write 

���(�) = − �
������(2�)!

(2�)! (2� − 2� + 1)!
���(�) +

1

�
� ����(�),

���

���

���

���

 

so 

���(�) + �
������

(2� − 2� + 1)

(2�)!

(2�)! (2� − 2�)!
���(�) =

1

�
� ����(�),

���

���

���

���

 

from which 

�
������

2� − 2� + 1

�

���

�
2�
2�

� ���(�) =
1

�
� ����(�).

�

���

 

2. Let �(−1) = −1 and � ≥ 0. Then similarly we get the second formula. This proves the 
theorem. 

     As another application, the following theorem gives asymptotic formulas for �(�, �) in 
terms of the generalized Bernoulli numbers. 

Theorem 3.9 Let � be a primitive character modulo � ≥ 3 and let  �(�, �) be the Dirichlet �-
function corresponding to �. Let � and � be positive integers such that ℜ(�) = � > 1 − 2� if 
�(−1) = +1 and � > −2� if �(−1) = −1. Then 

�(�, �) = �
�(�)

��

��

���

+ �
���(�)

(2�)!

�

���

� �
� + �

(��)���
�

����

���

+ ��(�)		if	�(−1) = +1, 
 

(3.4) 

�(�, �) = �
�(�)

��

��

���

− �
��(�)

(��)�
− �

�����(�)

(2� + 1)!

�

���

� �
� + �

(��)���
�

����

���

						

+ ��(�)		if	�(−1) = −1, 

 

(3.5) 
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where  

|��(�)| ≤ |�����(�)| ×
|� + 2� − 1|

� + 2� − 1
,			and	|��(�)| ≤ |���(�)| ×

|� + 2�|

� + 2�
, 

with  

�����(�) = �����(�)
�(� + 1) ⋯ (� + 2� − 2)

(��)������
, 	���(�) = ���(�)

�(� + 1) ⋯ (� + 2� − 1)

(��)����
. 

Proof. First of all we can write 

�(�, �) = �
�(�)

��

��

���

+ �
�(�)

��

��

����

. 

It follows by using [5, Theorem 1.3] that: 

�
�(�)

��

��

����

= � �
�(�, �)

����
��

��

��

= −�
��(�)

(��)�
+ � �

��(�, �)

����
��

��

��

. 
(3.6) 

If �(−1) = +1, then ���(�) = 0(� ≥ 0). Integrating by parts 2� − 1 times the integral in the 
right hand side of (3.6), taking into consideration that ��(��, �) = ��(�), we obtain: 

�(�, �) = �
�(�)

��

��

���

− ��(�)
�

(��)���
− ��(�)

�(� + 1)(� + 2)

(��)���
− ⋯

− �����(�)
�(� + 1)(� + 2) ⋯ (� + 2� − 2)

(��)������

+ �(� + 1)(� + 2) ⋯ (� + 2� − 1) �
�����(�, �)

�����
��

��

��

. 

Now Corollary 3.6 and the formula (3.7) imply the formula (3.4) with: 

��(�) = �(� + 1)(� + 2) ⋯ (� + 2� − 1) �
�����(�, �)

�����
��

��

��

. 

According  to Theorem 3.4, we have  

��(�) ≤ |�(� + 1)(� + 2) ⋯ (� + 2� − 1)| × |�����(�)| ��
1

�����
��

��

��

� 

= �
�(� + 1)(� + 2) ⋯ (� + 2� − 1)�����(�)

(��)������
�
|� + 2� − 1|

� + 2� − 1
 

 

 
 
 

(3.7) 

																								= |�����(�)| ×
|� + 2� − 1|

� + 2� − 1
. 

If �(−1) = −1, then �����(�) = 0(� ≥ 1). Integrating by parts 2� times the integral in the 
right hand side of (3.6), taking into consideration that ��(��, �) = ��(�), we obtain: 
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�(�, �) = �
�(�)

��

��

���

− ��(�)
�

(��)���
− ��(�)

�(� + 1)

(��)���
− ⋯

− ���(�)
�(� + 1)(� + 2) ⋯ (� + 2�)

(��)����

+ �(� + 1)(� + 2) ⋯ (� + 2�) �
���(�, �)

�������
��

��

��

. 

Now Corollary 3.6 and the formula (3.8) imply the formula (3.5) with: 

��(�) = �(� + 1)(� + 2) ⋯ (� + 2�) �
���(�, �)

�������
��

��

��

. 

According  to Theorem 3.4, we have 

��(�) ≤ |�(� + 1)(� + 2) ⋯ (� + 2�)| × |���(�)| ��
1

�������
��

��

��

� 

	= �
�(� + 1)(� + 2) ⋯ (� + 2� − 1)���(�)

(��)����
�
|� + 2�|

� + 2�

(3.8) 

	= |���(�)| ×
|� + 2�|

� + 2�
. 

This completes the proof. 
Remark 3.10 From [3, p.37] we have 

�(�, �) = � �1 −
�∗(�)

��
� �(�, �∗),

�|�

 

where �∗ is the unique primitive character which induces �. Thus �(�, �) can be expressed in 
terms of �(�, �∗), so one can use this fact to generalize above theorem to an arbitrary 
character �. 
Remark 3.11 One can use the first formula of (2.4) and the last formula of (2.5) to get 
another upper bound of ��(�) and of ��(�) as follows: 

��(�) ≤
2|�|√��(2�)

(2� + � − 1)(2�)��(��)�
� �

|� + �|

�
�

����

���

, 

and 

��(�) ≤
2|�|√��(2� + 1)

(2� + �)(2�)����(��)�
� �

|s + j|

N
� .

��

���

 

3. CONCLUSION
In this paper, we define complex numbers associated with a primitive Dirichlet character �,

and we use them to rewrite some known results as formulas (1.1) and (1.2). Also, we use 

them to give explicit formulas for sums related to the generalized Bernoulli numbers, as 

shown by the Theorem 3.8, and to give asymptotic formulas for �(�, �) in terms of the 

generalized Bernoulli numbers, as shown by the Theorem 3.9. 
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