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Summary. In this paper, we generalize the concept of homomorphism from BE-semigroups 
to generalized BE-semigroups. In order to show the existence, we construct some examples. 
Furthermore, we characterize generalized BE-semigroups by using homomorphism. In 
particular, we show that through every homomorphism, we may get factor generalized BE-
semigroup. 

1    INTRODUCTION 

 Two classes of abstract algebras had been defined by Tanaka and Iseki. These are called 
BCK-algebras [1] and BCI-algebras [2]. It is well known that every BCK-algebra is a BCI-
algebra, i.e. in other words, BCI-algebra is a generalization of a BCK-algebra. Moreover, 
Neggers and Kim [3] introduced the idea of a d-algebra which is a generalized structure for a 
BCK-algebra. Furthermore, Jun et al. [4] defined a new class of an abstract algebra, named as 
a BH-algebra. It is known that a BH-algebra is a generalized structure of BCK and BCI-
algebras. Later on, H.S. Kim and Y. H. Kim [5] introduced another generalized structure of a 
BCK-algebra known as a BE-algebra. The authors of [5] provided equivalent conditions for 
the filters in a BE-algebra and for this they used the concept of upper sets. Again in [6], Ahn 
and So defined ideals in BE-algebras and explored a number of associated properties of such 
ideals. The authors of [6, 7] also discussed upper sets and generalized upper sets and 
characterized them by different properties. In [8], Ahn and Kim combined two structures, i.e. 
BE-algebra and semigroup and defined the structure of a BE-semigroup. In the research 
article [9], the author introduced the idea of BE-homomorphisms of BE-semigroups and 
characterized BE-semigroups by the properties of BE-homomorphisms. Moreover, he 
introduced the concept of factor self-distributive BE-semigroups and investigated some of 
their properties. Recently the authors of [10] have given a new generalization of a BE-algebra 
known as PSRU-algebra. They have discussed left (resp. right) ideal as well as filter in the 
same structure and investigated a relationship between left ideal and filter.  

2    PRELIMINARIES 

 In this portion, we discuss generalized BE-semigroup which is a generalization of a BE-
semigroup. We give some examples and discuss some of their properties. Furthermore, we 
discuss different classes of generalized BE-semigroups. Firstly, we are going to define 
generalized BE-algebra and for the definition, we refer the readers to [11]. 
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Definition 2.1 

Let     Ṟ be a set together with a binary operation “ ” and a constant “1Ṟ”, then it is said 
to be a generalized BE-algebra (shortly denoted by GBE-algebra) if the following conditions 
are satisfied: 

(i)   ⱱ   Ṟ, ⱱ   ⱱ = 1Ṟ, 

(ii)   ⱱ   Ṟ, ⱱ   1Ṟ = 1Ṟ, 

(iii)   ⱱ, ệ, ⱳ   Ṟ, ⱱ   (ệ   ⱳ) = ệ   (ⱱ   ⱳ).    

The example which is given below shows the existence of the above structure. 

Example 2.2 [11]  

Let Ẃ = {1Ẃ, 2, 3} be a set and “ ” is defined in Ẃ in the following table. 

    Then (Ẃ;  , 1Ẃ) is a GBE-algebra. 

Note that in GBE-algebra (Ṟ;  , 1Ṟ), we define a relation “ ’’ by ự ≤ ʂ   ự   ʂ = 1Ṟ. 
Throughout this paper, we shall always assume that ự ≤ ʂ and ʂ ≤ ự implies that ự = ʂ. Now 
one can easily see that the following identities are true in a GBE-algebra.  

(i) ự   (ʂ   ự) = 1Ṟ, 

(ii) ự   ((ự   ʂ)   ʂ) =1Ṟ.   

We now have the following definition which is taken from [11]. 

Definition 2.3 

A GBE-algebra (Ủ;  , 1Ủ) is said to be self-distributive if   ự, ệ, ṱ   Ủ,  

 ự   (ệ   ṱ) = ( ự   ệ)   (ự   ṱ). 

     Let us give an example in order to show the existence of a self-distributive GBE-algebra. 

Example 2.4 [11] 

Assume that Ẃ = {1Ẃ, 2, 3} be a set and “ ” is defined in Ẃ in the following table: 

1Ẃ 2 3 
1Ẃ 1Ẃ 1Ẃ 1Ẃ 
2 1Ẃ 1Ẃ 3 
3 1Ẃ 2 1Ẃ 
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    Then Ẃ is a self-distributive GBE-algebra. 

     Further, we have the following definitions which are taken from [11]. 

Definition 2.5 

A GBE-algebra (L;  , 1L) is said to be transitive if for any ự, ñ, ⱱ   L 

ñ   ⱱ ≤ (ự   ñ)   (ự    ⱱ). 

     Note that if (L;  , 1L) is a GBE-algebra which is self-distributive, then (L;  , 1L) must be 
transitive.  

Definition 2.6 

Let us suppose that (Ⱳ,  ) and (M, *) are two GBE-algebras. A mapping    : Ⱳ   M is 
said to be a homomorphism from Ⱳ into M if  

  (ệ   ṱ) =   (ệ) *   (ṱ)    ệ, ṱ   Ⱳ.  

Definition 2.7    

Let we have a non-empty set Ҝ along with two binary operations “⨀” and “ ” and a 
constant “1Ҝ”, then Ҝ is known to be a GBE-semigroup if it satisfies the conditions given 
below:  

(i) (Ҝ; ⨀) is a semigroup,  

(ii) (Ҝ;  , 1Ҝ) is a GBE-algebra, 

(iii) “⨀” is distributive (left and right) over “ ”, that is, 

ệ ⨀ (ṱ   ⱳ) = (ệ ⨀ ṱ)   (ệ ⨀ ⱳ) and (ệ   ṱ) ⨀ ⱳ = (ệ ⨀ ⱳ)   (ṱ ⨀ ⱳ)   ệ, ṱ, ⱳ   Ҝ. 

Let us give some examples. 

Example 2.8 [11] 

Let Ⱳ = {1Ⱳ, 2, 3, 4} and define “⨀” and “ ” in Ⱳ in the following tables: 

 

 

  1Ẃ 2 3 
1Ẃ 1Ẃ 1Ẃ 1Ẃ 
2 1Ẃ 1Ẃ 3 
3 1Ẃ 2 1Ẃ 
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    Then (Ⱳ; ⨀,  , 1Ⱳ) is a GBE-semigroup.  

Example 2.9 

Let Ủ = {1Ủ, 2, 3, 4, 5} and define “⨀”and ‘‘ ’’ in Ủ in the following tables: 

   

 

 

 

 

 

 

 

 

    Then (Ủ; ⨀,  , 1Ủ) is a GBE-semigroup. 

Let us give some properties. 

Proposition 2.10 [11] 

The following are true for a GBE-semigroup (Ẃ; ⨀,  , 1Ẃ).  

(i) 1Ẃ ⨀ ệ = ệ ⨀ 1Ẃ = 1Ẃ   ệ   Ẃ,  

(ii) ệ   ʂ   ệ ⨀ ⱱ   ʂ ⨀ ⱱ, ⱱ ⨀ ệ   ⱱ ⨀ ʂ    ệ, ʂ, ⱱ   Ẃ.    

⨀ 1Ⱳ 2 3 4 
1Ⱳ 1Ⱳ 1Ⱳ 1Ⱳ 1Ⱳ 
2 1Ⱳ 1Ⱳ 1Ⱳ 1Ⱳ 
3 1Ⱳ 1Ⱳ 1Ⱳ 2 
4 1Ⱳ 1Ⱳ 1Ⱳ 1Ⱳ 

  1Ⱳ 2 3 4 
1Ⱳ 1Ⱳ 1Ⱳ 1Ⱳ 1Ⱳ 
2 1Ⱳ 1Ⱳ 1Ⱳ 1Ⱳ 
3 1Ⱳ 2 1Ⱳ 2 
4 1Ⱳ 1Ⱳ 1Ⱳ 1Ⱳ 

⨀ 1Ủ 2 3 4 5 
1Ủ 1Ủ 1Ủ 1Ủ 1Ủ 1Ủ 
2 1Ủ 1Ủ 1Ủ 1Ủ 1Ủ 
3 1Ủ 1Ủ 1Ủ 1Ủ 1Ủ 
4 1Ủ 1Ủ 1Ủ 1Ủ 1Ủ 
5 1Ủ 1Ủ 1Ủ 1Ủ 5 

  1Ủ 2 3 4 5 
1Ủ 1Ủ 3 3 4 1Ủ 
2 1Ủ 1Ủ 1Ủ 4 1Ủ 
3 1Ủ 1Ủ 1Ủ 1Ủ 5 
4 1Ủ 2 3 1Ủ 1Ủ 
5 1Ủ 1Ủ 1Ủ 1Ủ 1Ủ 
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We are now going to define unit divisor. For the following definition we refer the readers 
to [11]. 

Definition 2.11  

In a GBE-semigroup (Y; ⨀, , 1Y), 1Y   ⱱ   Y  is a left unit divisor if   1Y   ʂ   Y such that        
ⱱ ⨀ ʂ = 1Y.  Similarly we may define a right unit divisor. 

Let 1Y   ⱱ   Y, which is right as well as left unit divisor of Y, then it is called a unit divisor 
of Y. 

3    MAIN RESULTS THROUGH HOMOMORPHISMS 

In this section, we discuss factor GBE-semigroups through homomorphism. We show that 
every homomorphism defines a congruence relation on every GBE-semigroup. Once we get 
the said congruence relation, we shall get factor GBE-semigroup.    

Definition 3.1 

Let us suppose that (Ҝ; ⨀,  , 1Ҝ) and (M; ʘ, *, 1M) are two GBE-semigroups. A mapping          
  : Ҝ   M is said to be a homomorphism if     

 (ⱱ   ʂ) =  (ⱱ) *  (ʂ) and  (ⱱ ⨀ ʂ) =  (ⱱ) ʘ  (ʂ) for all ⱱ, ʂ   Ҝ.            

A homomorphism   is called a monomorphism (resp. epimorphism) if it is one-one (resp. 
onto). A homomorphism which is both one-one and onto is called an isomorphism. For any 
homomorphism  : Ҝ → M, the set {ṅ   Ҝ :  (ṅ) = 1M} is called the kernel of   and is 
represented by the symbol Ker ( ) while the set { (ṅ) : ṅ   Ҝ} is known as the image of   
and is represented by Im( ). The set of all homomorphisms from a GBE-semigroup Ҝ to a 
GBE-semigroup M is denoted by Hom(Ҝ, M).   

Let us give some examples in order to show the existence of homomorphisms.  

Example 3.2 

1) The identity function on any GBE-semigroup is always a homomorphism.  
Moreover, as the identity function is always a bijective function so it follows that 
the identity function on any GBE-semigroup is an isomorphism. 

2) Let T = {1T, 2, 3, 4} and Ṅ = {1Ṅ, 2, 3, 4, 5} be the sets with the following Cayley 
tables: 
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    Then (T; ⨀,  , 1T) and (Ṅ; ʘ, *, 1Ṅ) are GBE-semigroups.  

Define    : T → Ṅ by 

 (1T) = 1Ṅ,  (2) = 1Ṅ,  (3) = 1Ṅ and  (4) = 4. 

    Then we can easily check that   is a homomorphism from (T; ⨀,  , 1T) into (Ṅ; ʘ, *, 1Ṅ).  

     Let us state and prove some properties. The properties are true in case of BE-semigroups. 
We convert them into GBE-semigroups. 

Proposition 3.3  

Let   : L → Ҝ be a homomorphism of GBE-semigroups (L; ⨀,  , 1L) and (Ҝ; ʘ, *, 1Ҝ). 
Then 

(i)   (1L) = 1Ҝ, 

(ii) Let ṱ   ⱳ =1L for all ṱ, ⱳ   L, then  (ṱ) *   (ⱳ) = 1Ҝ.  

ʘ 1Ṅ 2 3 4 5 
1Ṅ 1Ṅ 1Ṅ 1Ṅ 1Ṅ 1Ṅ 
2 1Ṅ 1Ṅ 1Ṅ 1Ṅ 1Ṅ 
3 1Ṅ 1Ṅ 1Ṅ 1Ṅ 1Ṅ 
4 1Ṅ 1Ṅ 1Ṅ 1Ṅ 1Ṅ 
5 1Ṅ 1Ṅ 1Ṅ 1Ṅ 5 

* 1Ṅ 2 3 4 5 
1Ṅ 1Ṅ 3 3 1Ṅ 1Ṅ 
2 1Ṅ 1Ṅ 1Ṅ 4 1Ṅ 
3 1Ṅ 1Ṅ 1Ṅ 1Ṅ 5 
4 1Ṅ 2 3 1Ṅ 1Ṅ 
5 1Ṅ 1Ṅ 1Ṅ 1Ṅ 1Ṅ 

⨀ 1T 2 3 4 
1T 1T 1T 1T 1T 
2 1T 1T 1T 1T 
3 1T 1T 1T 2 
4 1T 1T 1T 1T 

  1T 2 3 4 
1T 1T 1T 1T 1T 
2 1T 1T 1T 1T 
3 1T 2 1T 2 
4 1T 1T 1T 1T 

56



S.Saleem, F.Hussain, B.Davvaz and M.T. Rahim. 
 

Proof. 

Here   (1L) =   (1L   1L) =   (1L) *   (1L) = 1Ҝ. Therefore (i) is satisfied. Let ṱ, ⱳ   L and          
ṱ   ⱳ = 1L. By using (i), we have   (ṱ) *   (ⱳ) =   (ṱ   ⱳ) =   (1L) = 1Ҝ.     

Proposition 3.4 

Assume that (Ṯ; ⨀,  , 1Ṯ) and (M; ʘ, *, 1M) are GBE-semigroups. Let   : Ṯ → M be a 
homomorphism. Then   is 1-1  Ker ( ) = {1Ṯ}.   

Proof. 

Let   : Ṯ → M is a monomorphism. Let ẽ    Ker ( )      (ẽ) = 1M     (ẽ) =   (1Ṯ), by 
Proposition 3.3. As    is 1-1, so it follows that ẽ = 1Ṯ. Thus Ker ( ) = {1Ṯ}.  

Conversely, suppose that Ker ( ) = {1Ṯ}. We need to show that    is 1-1. For this let ẽ, ⱱ  
  Ṯ be such that   (ẽ) =   (ⱱ)     (ẽ) *   (ⱱ) =   (ⱱ) *   (ⱱ)     (ẽ   ⱱ) = 1M   ẽ   ⱱ   
  Ker ( ) = {1Ṯ}   ẽ   ⱱ = 1Ṯ   ẽ   ⱱ. Similarly, again taking   (ẽ) =   (ⱱ)                   
   (ẽ) *   (ẽ) =   (ⱱ) *   (ẽ)  1M =   (ⱱ   ẽ)   ⱱ   ẽ   Ker ( ) = {1Ṯ}   ⱱ   ẽ = 1Ṯ     
ⱱ ≤ ẽ. It follows that ẽ = ⱱ      is a monomorphism.   

Proposition 3.5 

Let us suppose that    : Ⱳ → M is a monomorphism of two GBE-semigroups                
(Ⱳ; ⨀,  , 1Ⱳ) and (M; ʘ, *, 1M). Let ⱱ   Ⱳ be a unit divisor of Ⱳ. Then   (ⱱ) is a unit 
divisor of M.  

Proof. 

Suppose 1Ⱳ    ⱱ   Ⱳ is a left unit divisor of Ⱳ, then   1Ⱳ   t   Ⱳ such that ⱱ ⨀ t = 1Ⱳ 
    (ⱱ ⨀ t) =  (1Ⱳ)     (ⱱ) ʘ   (t) = 1M, as   (1Ⱳ) = 1M and   is a homomorphism. It 
implies that   (ⱱ) is a left unit divisor of M. Similarly let 1Ⱳ  ≠ ⱱ   Ⱳ be a right unit divisor 
of Ⱳ, then   1Ⱳ  ≠ t   Ⱳ   t ⨀ ⱱ = 1Ⱳ     (t ⨀ ⱱ) =   (1Ⱳ)     (t) ʘ   (ⱱ) = 1M, as        
  (1Ⱳ) = 1M and   is a homomorphism. It implies that   (ⱱ) is a right unit divisor of M. This 
proves what we wanted.    

Proposition 3.6  

Suppose that (L; ⨀1,  1, 1L), (Ḿ; ⨀2,  2, 1Ḿ) and (Ṅ; ⨀3,  3, 1Ṅ) are GBE-semigroups. Let 
    Hom(L, Ḿ) and suppose that     Hom(Ḿ, Ṅ), then   o     Hom(L, Ṅ).  

Proof.  

Let  : L   Ḿ and  : Ḿ   Ṅ be homomorphisms, then we show   o  : L   Ṅ is a 
homomorphism. Let ⱱ, ệ   L, then                                     

                                           o   (ⱱ  1 ệ) =   (  (ⱱ  1 ệ)) 

                                                                 =   ( (ⱱ)  2   (ệ))         (∵   is a homomorphism) 
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                                                                =   ( (ⱱ))  3   ( (ệ))    (∵   is a homomorphism) 

                                                                =   o  (ⱱ)  3   o  (ệ).   

Similarly,    

                                         o   (ⱱ ⨀1 ệ) =   (  (ⱱ ⨀1 ệ)) 

                                                                =   (  (ⱱ) ⨀2  (ệ))       (∵    is a homomorphism)      

                                                                =   ( (ⱱ)) ⨀3   (  (ệ)) (∵   is a homomorphism) 

                                                                =   o   (ⱱ) ⨀3   o   (ệ).   

It follows that  o   : L  Ṅ is a homomorphism or in other words,   o     Hom(L, Ṅ).        

Theorem 3.7                        

Let us assume that (Ⱳ; ⨀,  , 1Ⱳ) and (M; ʘ, *, 1M) are two GBE-semigroups and                         
    Hom(Ⱳ, M) and furthermore suppose that Ⱳ is transitive, then  (Ⱳ) is transitive. 

Proof.  

     Let  (ệ),  (ṙ),  (ⱳ)    (Ⱳ). Then 

( (ệ) *  (ⱳ)) * (( (ệ) *  (ṙ)) * ( (ệ) *  (ⱳ))) =   (ṙ   ⱳ) * ( (ệ   ṙ) *  (ệ   ⱳ)) 

                                                                                    =   (ṙ   ⱳ) *   ((ệ   ṙ)   (ệ   ⱳ))  

                                                                                    =   ((ṙ   ⱳ)   ((ệ     ṙ)   (ệ   ⱳ))) 

                                                                                    =   (1Ⱳ) 

                                                                                   = 1M.   

Hence, ( (ệ) *  (ⱳ))   (( (ệ) *  (ṙ)) * ( (ệ) *  (ⱳ))). Therefore,  (Ⱳ) is transitive. 

Theorem 3.8   

Let (Ҝ; ⨀,  , 1Ҝ) and (M; ʘ, *, 1M) be two GBE-semigroups. Assume that    : Ҝ   M is a 
monomorphism and  (Ҝ) is transitive, then Ҝ is transitive.    

Proof.       

Let us suppose that ṙ, ệ, ⱱ   Ҝ. Then ( (ệ) *  (ⱱ)) * (( (ṙ) *  (ệ)) * ( (ṙ) *  (ⱱ))) = 1M, 
and thus   ((ệ   ⱱ)   ((ṙ   ệ)   (ṙ   ⱱ))) = 1M implies that   ((ệ   ⱱ)   ((ṙ   ệ)   (ṙ   ⱱ))) =      
  (1Ҝ). As   is a monomorphism, so by Proposition 3.4, (ệ   ⱱ)   ((ṙ   ệ)   (ṙ   ⱱ)) = 1Ҝ.Thus, 
Ҝ is transitive.   
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Theorem 3.9  

Suppose (L; ⨀1,  1, 1L), (M; ⨀2,  2, 1M) and (N; ⨀3,  3, 1N) are GBE-semigroups. Let      
p: L   M be an epimorphism and ḡ: L   N a homomorphism. Further suppose that          
Ker (p)   Ker (ḡ), then   one and only one homomorphism ⱱ : M   N   ⱱ o p = ḡ, i.e. in 
other words the diagram   

                                                         L           p              M 

                                                                                    

                                                              ḡ                 ⱱ  

                                                                       N 

commutes. 

Proof. 

Let ʂ   M. As p is surjective so   ṅ   L   p (ṅ) = ʂ. Let us define a mapping 

ⱱ : M   N  by ⱱ (ʂ) = ⱱ (p (ṅ)) = ḡ (ṅ). 

Well-defined: Let ⱳ, ự   L. If ʂ = p (ⱳ) = p (ự) then, 1M = p (ⱳ)  2 p (ự). Now as p is a 
homomorphism, so it follows that 1M = p (ⱳ  1 ự). Hence, ⱳ  1 ự   Ker (p). As Ker (p)           

Ker (ḡ), we have 1N = ḡ (ⱳ)  3 ḡ (ự) = ḡ (ⱳ  1 ự). Similarly, we get ḡ (ự)  3 ḡ (ⱳ) = 1N. Thus, 
it follows that ḡ (ⱳ) = ḡ (ự)   ⱱ is well-defined. Furthermore, we prove that ⱱ is a 
homomorphism. Now assume ệ, ṱ   M, then   ⱳ, ự   L such that ệ = p (ⱳ) and ṱ = p (ự), as p 
is onto. Now we have,    

ⱱ (ệ ⨀2 ṱ) = ⱱ (p (ⱳ) ⨀2 p (ự)) 

                                                           = ⱱ (p (ⱳ ⨀1 ự))        (∵ p is a homomorphism) 

                                                                 = ḡ (ⱳ ⨀1 ự)              (∵ ⱱ (p (ṅ)) = ḡ (ṅ))  

                                                                 = ḡ (ⱳ) ⨀3 ḡ (ự)        (∵ ḡ is a homomorphism) 

                                                                 = ⱱ (p (ⱳ)) ⨀3 ⱱ (p (ự)) 

                                                                 = ⱱ (ệ) ⨀3 ⱱ (ṱ) 

and 

ⱱ (ệ  2 ṱ) = ⱱ (p (ⱳ)  2 p (ự)) 

                                                                 = ⱱ (p (ⱳ  1 ự))         (∵ p is a homomorphism) 

                                                                 = ḡ (ⱳ  1 ự)               (∵ ⱱ (p (ṅ)) = ḡ (ṅ))  

                                                                 = ḡ (ⱳ)  3 ḡ (ự)         (∵ ḡ is a homomorphism) 
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= ⱱ (p (ⱳ))  3 ⱱ (p (ự)) 

= ⱱ (ệ)  3 ⱱ (ṱ). 

Hence ⱱ is a homomorphism. 

Now 

ⱱ o p (ṅ) = ⱱ (p (ṅ)) = ḡ (ṅ)   ⱱ o p = ḡ. 

Uniqueness: 

Let ⱱ 1: M   N be homomorphism such that ⱱ 1o p = ḡ. 

Now

ⱱ 1o p (ṅ) = ḡ (ṅ) = ⱱ o p (ṅ)   ⱱ 1(p (ṅ)) = ⱱ (p (ṅ))   ⱱ 1(ʂ) = ⱱ (ʂ)   ⱱ 1 = ⱱ. 

Hence ⱱ is unique. 

Theorem 3.10 

Let us suppose that (L; ⨀1,  1, 1L), (M; ⨀2,  2, 1M) and (N; ⨀3,  3, 1N) are GBE-
semigroups. Let  : L   N be a homomorphism and  : M   N be a monomorphism. 
Further, suppose that Im( )   Im( ) then there is one and only one homomorphism
  : L   M such that   o   =  , i.e. the diagram 

 L  N 

   

   M 

commutes. 

Proof. 

For ᵶ   L, then   (ᵶ)   Im( )   Im( )     (ᵶ)   Im( ). Since   is a monomorphism so   
one and only one element m   M     (m) =   (ᵶ). Let us define a mapping  : L   M by      
  (ᵶ) = m, then   o   (ᵶ) =   (  (ᵶ)) =   (m) =   (ᵶ). It follows that   o   =  . Now in order 
to prove that   is a homomorphism, assume ⱳ, ȿ   L, then  

  (  (ⱳ  1 ȿ)) =   (ⱳ  1 ȿ))   (since   o   (ᵶ) =   (ᵶ)) 

=   (ⱳ)  3   (ȿ)           (since   is a homomorphism) 

=   (  (ⱳ))  3   (  (ȿ))           (since   (  (ᵶ)) =   (ᵶ)) 
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                                            =   (  (ⱳ)  2   (ȿ))                     (since   is a homomorphism) 

As   is a one-one so we have   (ⱳ  1 ȿ) =   (ⱳ)  2   (ȿ). Similarly, 

                          (  (ⱳ ⨀1 ȿ)) =   (ⱳ ⨀1 ȿ) 

                                            =   (ⱳ) ⨀3   (ȿ)                          (since   is a homomorphism)   

                                                 =   (  (ⱳ)) ⨀3   (  (ȿ)) 

                                            =   (  (ⱳ) ⨀2   (ȿ))                    (since   is a homomorphism) 

As   is a monomorphism so we obtain   (ⱳ ⨀1 ȿ) =   (ⱳ) ⨀2   (ȿ). Now let  1: L   M 

be a homomorphism such that   o  1=  . Now,   

  o  1(ᵶ) =   (ᵶ)  

      o  1(ᵶ) =   o   (ᵶ) 

                                                           ( 1(ᵶ)) =   (  (ᵶ)) 

                                                          1(ᵶ) =   (ᵶ)                (since   is a monomorphism) 

                                                          1 =  .  

Thus,   is unique.  

     We are now going to define left (resp. right) congruence relations in a GBE-semigroup. 

Definition 3.11 

Let (Ⱳ; ⨀,  , 1Ⱳ) be a GBE-semigroup and let   be a relation on Ⱳ, then   is known to be 
a left compatible relation if for all ệ, ṅ, ⱳ   Ⱳ   (ệ , ṅ)       (ⱳ ⨀ ệ, ⱳ ⨀ ṅ)     and      
(ⱳ   ệ, ⱳ   ṅ)    . In the same way, let   be a relation on a GBE-semigroup (Ⱳ; ⨀,  , 1Ⱳ), 
then   is known to be a right compatible relation if for all ệ, ṅ, ⱳ   Ⱳ   (ệ, ṅ)                  
(ệ ⨀ ⱳ, ṅ ⨀ ⱳ)     and (ệ   ⱳ, ṅ   ⱳ)    .    

Definition 3.12  

Let   be a relation on a GBE-semigroup (Ҝ; ⨀,  , 1Ҝ), then   is called compatible if for all 
ệ, ṅ, ⱱ, ʂ   Ҝ   (ệ , ṅ), (ⱱ , ʂ)       (ệ ⨀ ⱱ, ṅ ⨀ ʂ), (ệ   ⱱ, ṅ   ʂ)     .     

It should be noted that if a relation is left compatible as well as equivalence relation, then it 
is known to be a left congruence relation. Also note that if a relation is right compatible as 
well as equivalence relation, then it is known to be a right congruence relation. Furthermore, 
note that if a relation is compatible as well as equivalence relation, then it known to be a 
congruence relation. 

Let us give some examples in order to understand the above concepts. 
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Example 3.13                                                       

(i) It is obvious that   = Ⱳ   Ⱳ and   = {(ʂ, ʂ): ʂ   Ⱳ} are congruence relations on a          

     GBE-semigroup (Ⱳ; ⨀,  , 1Ⱳ).  

    (ii) Let Ṵ = {1Ṵ, 2, 3, 4} and the operations “ ” and “⨀” be defined as follows:  

 

 

 

 

    Then (Ṵ; ⨀,  , 1Ṵ) is a GBE-semigroup. Let   =     {(2, 1Ṵ), (1Ṵ, 2)}. Here   is a 
congruence relation on Ṵ. 

Let us state and prove some results. The results are true in case of semigroups and we 
convert them into GBE-semigroups. The following result gives us equivalent conditions for 
congruence relations in GBE-semigroups.   

Proposition 3.14 

     Let   be an equivalence relation on a GBE-semigroup (Ҝ; ⨀,  , 1Ҝ). Then the following 
are equivalent: 

(i)   is a congruence relation on the GBE-semigroup Ҝ.  

(ii)   is left and right congruence relation on the GBE-semigroup Ҝ.  

Proof. 

(i)   (ii) In order to prove that   is left as well as right congruence relation, assume that ệ, 
ñ, ⱱ   Ҝ such that (ệ, ñ)     . Now (ⱱ, ⱱ)    , because   is reflexive. As   is compatible, so it 
follows that (ⱱ ⨀ ệ, ⱱ ⨀ ñ), (ⱱ   ệ, ⱱ   ñ)    . It follows that   is a left congruence relation. 
Similarly, we can also prove that (ệ ⨀ ⱱ, ñ ⨀ ⱱ), (ệ   ⱱ, ñ   ⱱ)    . It follows that   is a right 
congruence relation.  

(ii)   (i) In order to prove that   is a congruence relation suppose ệ, ñ, ⱱ, ʂ   Ҝ   (ệ, ñ), 
(ⱱ, ʂ)    . Now (ệ ⨀ ⱱ, ñ ⨀ ⱱ), (ệ   ⱱ, ñ   ⱱ)    , because   is right compatible and             
(ñ ⨀ ⱱ, ñ ⨀ ʂ), (ñ   ⱱ, ñ   ʂ)    , because   is left compatible. By transitivity, it follows that 
(ệ ⨀ ⱱ, ñ ⨀ ʂ), (ệ   ⱱ, ñ   ʂ)    . It proves what we wanted.   

The below theorem confirms that every homomorphism gives us a congruence relation. 

 

⨀ 1Ṵ 2 3 4 
1Ṵ 1Ṵ 1Ṵ 1Ṵ 1Ṵ 
2 1Ṵ 1Ṵ 1Ṵ 1Ṵ 
3 1Ṵ 1Ṵ 1Ṵ 2 
4 1Ṵ 1Ṵ 1Ṵ 1Ṵ 

  1Ṵ 2 3 4 
1Ṵ 1Ṵ 1Ṵ 1Ṵ 1Ṵ 
2 1Ṵ 1Ṵ 1Ṵ 1Ṵ 
3 1Ṵ 2 1Ṵ 2 
4 1Ṵ 1Ṵ 1Ṵ 1Ṵ 
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Theorem 3.15  

Suppose (Ⱳ; ⨀,  , 1Ⱳ) and (T; ʘ, *, 1T) are two GBE-semigroups. Let ȟ: Ⱳ   T be a 
homomorphism. Then ȟ defines a congruence relation   on Ⱳ as follows: 

  = {(ʂ, ⱱ)   Ⱳ   Ⱳ: ȟ (ʂ) = ȟ (ⱱ)}.   

Proof. 

In order to prove that ȟ defines the above congruence relation   on Ⱳ, we need to prove 
that   is a compatible equivalence relation on Ⱳ. First, we prove that    is an equivalence 
relation on Ⱳ. 

Reflexive: 

As ȟ(ʂ) = ȟ(ʂ)   ʂ   Ⱳ, so it follows that (ʂ, ʂ)       ʂ   Ⱳ. Thus   is reflexive. 

Symmetric: 

Assume ʂ, ⱱ   Ⱳ   (ʂ, ⱱ)       ȟ(ʂ) = ȟ(ⱱ)   ȟ(ⱱ) = ȟ(ʂ)   (ⱱ, ʂ)    . Thus   is 
symmetric. 

Transitive: 

Let ʂ, ⱱ, ự   Ⱳ such that (ʂ, ⱱ), (ⱱ, ự)       ȟ(ʂ) = ȟ(ⱱ) and ȟ(ⱱ) = ȟ(ự). By transitive 
property of equality, it follows that ȟ(ʂ) = ȟ(ự)   (ʂ , ự)    . Thus   is transitive.  

We now show that   is a compatible relation on Ⱳ. Assume that ʂ, ⱱ, ự, ệ   Ⱳ   (ʂ, ⱱ),  
(ự, ệ)       ȟ(ʂ) = ȟ(ⱱ) and ȟ(ự) = ȟ(ệ).    

Now,  

ȟ(ʂ) ʘ ȟ(ự) = ȟ(ⱱ) ʘ ȟ(ệ) and ȟ(ʂ) * ȟ(ự) = ȟ(ⱱ) * ȟ(ệ) 

   ȟ(ʂ ⨀ ự) = ȟ(ⱱ ⨀ ệ) and ȟ(ʂ   ự) = ȟ(ⱱ   ệ) 

   (ʂ ⨀ ự, ⱱ ⨀ ệ) and (ʂ   ự, ⱱ   ệ)    .   

Hence, it follows that   is a compatible relation on Ⱳ. This completes the proof.    

We are now going to define congruence class and then discuss factor GBE-semigroup. 

Definition 3.16 

Let (W; ⨀,  , 1W) be a GBE-semigroup. If   is a congruence relation on W then we define 
for ự   W  

ự   = {ʂ   W: (ʂ, ự)    }  

which is called a congruence class corresponding to an element ự. Let W /   =               
{ự  : ự   W}, that is W /   consists of all congruence classes corresponding to the elements of 
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W. Our aim is to show that W /   is a GBE-semigroup. For this, we define “ʘ” and “*” on     
W /   as follows:  

ự   ʘ ʂ   = (ự ⨀ ʂ)   

and 

ự   * ʂ   = (ự   ʂ)      ự  , ʂ     W /  . 

Well-defined:   

Assume ⱱ1  , ⱱ2  , ṡ1  , ṡ2     W /    such that   

                            ⱱ1   = ⱱ2   and ṡ1   = ṡ 2   

                         (ⱱ1, ⱱ2)    and (ṡ1, ṡ2)     

                        (ⱱ1 ⨀ ṡ1, ⱱ2 ⨀ ṡ2) and (ⱱ1   ṡ1, ⱱ2   ṡ2)        (∵   is a congruence relation) 

                         (ⱱ1 ⨀ ṡ1)    = (ⱱ2 ⨀ ṡ2)   and (ⱱ1   ṡ1)    = (ⱱ2   ṡ2)   

                         ⱱ1   ʘ ṡ1   = ⱱ2   ʘ ṡ2   and ⱱ1   * ṡ1   = ⱱ2   * ṡ2  . 

We now prove that (W /  , ʘ) is a semigroup. 

Closure property: 

It is clear from the definition. 

Associative property: 

Let ṙ  , ⱱ  , ṱ     W /  , then  

                                        (ṙ   ʘ ⱱ  ) ʘ ṱ   = (ṙ ⨀ ⱱ)   ʘ ṱ   

                                                                    = ((ṙ ⨀ ⱱ) ⨀ ṱ)                          

                                                                    = (ṙ ⨀ (ⱱ ⨀ ṱ))     (∵ W is a GBE-semigroup) 

                                                                    = ṙ   ʘ (ⱱ ⨀ ṱ)    

                                                                    = ṙ   ʘ (ⱱ   ʘ ṱ  ).   

Thus associative property holds under “ʘ”. Thus, (W /  , ʘ) is a semigroup. 

We now show that (W /  ; *, 1W  ) is a GBE-algebra. For this we have  

(i) ⱱ   * ⱱ   = (ⱱ   ⱱ)   = 1W   for all ⱱ     W /  .    

(ii) ⱱ   * 1W   = (ⱱ   1W)   = 1W   for all ⱱ     W /  .  

(iii) ⱱ   * (ự   * ệ  ) = ⱱ  * (ự   ệ)    
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                                                   = (ⱱ   (ự   ệ))   

                                                   = (ự   (ⱱ   ệ))                       (∵ W is a GBE-semigroup) 

                                                   = ự   * (ⱱ   ệ)   

                                                   = ự   * (ⱱ   * ệ  ) for all ⱱ  , ự  , ệ     W /  .  

We now show that distributive laws hold in W /  . For this, let ẽ  , ⱳ  , ṅ     W /  , then   

                      ẽ   ʘ (ⱳ   * ṅ  ) = ẽ   ʘ (ⱳ   ṅ)   

                                                   = (ẽ ⨀ (ⱳ   ṅ))   

                                                   = ((ẽ ⨀ ⱳ)   (ẽ ⨀ ṅ))           (∵ W is a GBE-semigroup) 

                                                   = (ẽ ⨀ ⱳ)   * (ẽ ⨀ ṅ)                        

                                                   = (ẽ   ʘ ⱳ  ) * (ẽ   ʘ ṅ  ).  

Also    

                     (ẽ   * ⱳ  ) ʘ ṅ   = (ẽ   ⱳ)   ʘ ṅ   

                                                  = ((ẽ   ⱳ) ⨀ ṅ)   

                                                  = ((ẽ ⨀ ṅ)   (ⱳ ⨀ ṅ))            (∵ W is a GBE-semigroup) 

                                                  = (ẽ ⨀ ṅ)   * (ⱳ ⨀ ṅ)       

                                                  = (ẽ   ʘ ṅ  ) * (ⱳ   ʘ ṅ  ).      

The above calculation shows (W /  , ʘ, *, 1W  ) is a GBE-semigroup and is called quotient 
or factor GBE-semigroup. 

The following results give us some properties of quotient GBE-semigroups. 

Theorem 3.17 

Let   be a congruence relation on a GBE-semigroup (Ẃ; ⨀1,  1, 1Ẃ). Then Ẃ /   is a GBE- 

semigroup with respect to the following binary operations. 

(i) ẃ   ʘ1 ᶊ   = (ẃ ⨀1 ᶊ)  , 

(ii) ẃ   *1 ᶊ   = (ẃ  1 ᶊ)      ẃ  , ᶊ     Ẃ /  . 

Let us define  #: Ẃ   Ẃ/   by  #(ẃ) = ẃ     ẃ   Ẃ, then  # is an epimorphism. Let                
  : Ẃ   T be a homomorphism, where (Ẃ; ⨀1,  1, 1Ẃ) and (T; ⨀2,  2, 1T) are GBE-
semigroups, then the relation  

Ker   = {(ẃ, ᶊ)   Ẃ   Ẃ:  (ẃ) =  (ᶊ)}  
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is a congruence relation on Ẃ. Moreover, there is a monomorphism  : Ẃ / Ker     T   
Im( ) = Im( ) and  (Ker  ) # =  .

Proof. 

Ẃ /   is a GBE-semigroup with respect to the binary operation “ʘ” and “*” and it is clear 
from the above discussion. We now prove that  #: Ẃ   Ẃ /   is an epimorphism.

Well-defined: 

Let ệ, ⱱ   Ẃ be   ệ = ⱱ  ệ   = ⱱ     #(ệ) =  #(ⱱ)  # is well-defined. 

Homomorphism:   

Let ⱳ1, ⱳ 2   Ẃ, then 

 #(ⱳ 1 ⨀1 ⱳ 2) = (ⱳ 1 ⨀1 ⱳ 2)   

= ⱳ 1   ʘ1 ⱳ 2   

=  #(ⱳ 1) ʘ1  #(ⱳ 2)

and 

 #(ⱳ 1  1 ⱳ 2) = (ⱳ 1  1 ⱳ 2)   

= ⱳ 1   *1 ⱳ 2  

=  #(w1) *1  #(ⱳ 2).

It follows that,  # is a homomorphism. 

Onto: 

Clearly  # is onto, because for each ẃ     Ẃ /   there exists ẃ   Ẃ such that  #(ẃ) = ẃ  .
Thus,  # is an epimorphism. 

The relation Ker   = {(ẃ, ᶊ)   Ẃ   Ẃ:  (ẃ) =  (ᶊ)} is a congruence relation because of  
Theorem 3.15.  

Now define,  : Ẃ / Ker    T by  (w Ker  ) =  (w)   w Ker     Ẃ / Ker  . First we 
show that the defined map is a monomorphism. For this, 

Well-defined: 

Let ⱳ1Ker  , ⱳ 2Ker     Ẃ / Ker   be such that 

ⱳ 1Ker   = ⱳ 2Ker   

  (ⱳ 1, ⱳ 2)   Ker   
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    (ⱳ 1) =  (ⱳ 2) 

                    (ⱳ 1Ker  ) =  (ⱳ 2Ker  ). 

Thus,   is well-defined. 

Homomorphism: 

Let ⱱKer  , ệ Ker     Ẃ / Ker  , then 

 (ⱱKer   *2 ệ Ker  ) =  ((ⱱ  1 ệ) Ker  ) 

                      =  (ⱱ  1 ệ) 

                                                                           =  (ⱱ)  2  (ệ)     (∵   is a homomorphism) 

                                                =  (ⱱKer  )  2  (ệ Ker  ) 

and  

 (ⱱKer   ʘ2 ệ Ker  ) =  ((ⱱ ⨀1 ệ) Ker  ) 

                       =  (ⱱ ⨀1 ệ) 

                                                                          =  (ⱱ) ⨀2  (ệ)    (∵   is a homomorphism) 

                                                 =  (ⱱKer  ) ⨀2  (ệ Ker  ) 

Thus,   is a homomorphism.  

One-One: 

 Let ự1 Ker  , ự 2Ker     Ẃ / Ker   be such that  

 (ự 1 Ker   ) =  (ự 2 Ker  ) 

   (ự 1) =  (ự 2) 

      (ự 1, ự 2)   Ker   

             ự 1 Ker   = ự 2Ker  . 

Thus,   is one-one. It follows that   is a monomorphism. We now prove Im( ) = Im( ). 

Here,  

Im( ) = { (w) : w   Ẃ } = { (w Ker  ) : w Ker     Ẃ / Ker  } = Im( ). 

At the end, we show that  (Ker  ) # =  . In other words, ( (Ker  ) #)(ự) =  (ự)   ự   Ẃ.  

Here, 
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( (Ker  ) #)(ự) =  ((Ker  ) #(ự)) =  (ự Ker  ) =  (ự). 

Theorem 3.18 

Let   be a congruence relation on a GBE-semigroup (V; ⨀1,  1, 1V) and let  : V   T be a 
monomorphism from (V; ⨀1,  1, 1V) to (T; ⨀2,  2, 1T) such that     Ker  . Then there is a 
unique homomorphism   : V ∕     T   Im( ) = Im( ) and   o   # =  .  

Proof.  

Define  : V ∕     T  as follows: 

 (ⱱ  ) =  (ⱱ)    ⱱ     V ∕  . 

Well-defined:  

Assume that ẃ  , ᶊ      V ∕   are such that 

ẃ   = ᶊ   

  (ẃ, ᶊ)       Ker   

                                                         (ẃ, ᶊ)   Ker   

                                                               (ẃ) =  (ᶊ) 

                                                          (ẃ  ) =  (ᶊ  ). 

Thus,   is well-defined. 

Homomorphism: 

Let ự  , ệ     V   then, 

 (ự   * ệ  ) =  ((ự   1 ệ)  ) 

                                                                       =  (ự   1 ệ) 

                                                                       =  (ự)  2  (ệ)          (∵   is a homomorphism) 

                                                                       =  (ự  )  2  (ệ  ) 

and  

 (ự   ʘ ệ  ) =  ((ự  ⨀1 ệ)  ) 

                                                                       =  (ự  ⨀1 ệ) 

                                                                       =  (ự) ⨀2  (ệ)         (∵   is a homomorphism) 

                                                                       =  (ự  ) ⨀2  (ệ  ). 
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Thus,   is a homomorphism. We now prove Im( ) = Im( ). 

Here,  

Im( ) = { (ⱱ) : ⱱ   V} = { (ⱱ  ) : ⱱ     V ∕  } = Im( ). 

We now show that   o   # =  . In other words, (    #)(ⱱ) =  (ⱱ)   ⱱ   V. Here

(  #)(ⱱ) =  (  #(ⱱ)) =  (ⱱ  ) =  (ⱱ).

Uniqueness: 

Let  1: V /     T be a homomorphism such that  1  
 # =  . 

Now,  

 1  
#(ⱱ) =  1(  #(ⱱ)) =  1(ⱱ  ) =  (ⱱ) =    #( ⱱ) =  (ⱱ  ).

It follows that  1(ⱱ   ) =  (ⱱ  ) and so  1 =  . 

Theorem 3.19 

Let  ,   be congruence relations on a GBE-semigroup (Ⱳ; ⨀,  , 1Ⱳ) such that      . 
Then 

  ∕   = {(ự  , ệ  )   Ⱳ ∕    Ⱳ ∕   : (ự, ệ)    } 

is a congruence relation on Ⱳ ∕   and (Ⱳ ∕  ) ∕ (   ∕  )   Ⱳ ∕  . 

Proof. 

First we show that   ∕   is a congruence relation on Ⱳ  . 

Reflexive: 

As (ự, ự)      ự   Ⱳ, because   is reflexive, so it follows that (ự  , ự  )    ∕  . Thus, 
  ∕   is reflexive.   

Symmetric: 

Take ự  , ệ     Ⱳ∕     (ự  , ệ  )     ∕     (ự, ệ)       (ệ, ự)    , because   is 
symmetric. Thus, (ệ  , ự  )     ∕  . This implies that   ∕   is symmetric.   

Transitive: 

Let ự  , ệ  , ⱱ     Ⱳ ∕   be such that (ự  , ệ  ), (ệ  , ⱱ  )     ∕     (ự, ệ), (ệ, ⱱ)       
(ự, ⱱ)    , because   is transitive. Thus, (ự  , ⱱ  )     ∕   and so   ∕    is transitive.  

It follows that   ∕   is an equivalence relation.   
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For compatibility: 

Let ự  , ệ  , ⱱ  , ñ      Ⱳ ∕   be such that (ự  , ệ  ), (ⱱ  , ñ  )     ∕     (ự, ệ), (ⱱ, ñ)     
  (ự ⨀ ⱱ, ệ ⨀ ñ), (ự   ⱱ, ệ   ñ)    , because   is compatible. Thus, it follows that 

((ự ⨀ ⱱ)  , (ệ ⨀ ñ)  ), ((ự   ⱱ)  , (ệ   ñ)  )    ∕  . 

In other words, 

 (ự   ⨀1 ⱱ  , ệ   ⨀1 ñ  ), (ự    1 ⱱ  , ệ   1 ñ  )     ∕   .  

It follows that   ∕   is a compatible relation. Hence,   ∕    is a congruence relation. 

Define  : Ⱳ ∕     Ⱳ /    by  (ự  ) = ự     ự     Ⱳ ∕  . 

Well-defined:  

Suppose ⱳ1  , ⱳ 2     Ⱳ ∕     

ⱳ 1   = ⱳ 2   

  (ⱳ 1, ⱳ 2)     

  (ⱳ 1, ⱳ 2)         

  (ⱳ 1, ⱳ 2)     

  ⱳ 1   = ⱳ 2   

   (ⱳ 1  ) =  (ⱳ 2  ). 

 Thus,   is well-defined. 

Homomorphism: 

Let ẃ  , ʂ     Ⱳ ∕   then, 

 (ẃ    1 ʂ  ) =  ((ẃ   ʂ) ) 

= (ẃ   ʂ)   

= ẃ    2 ʂ  

=  (ẃ  )  2  (ʂ  ). 

Also, 

 (ẃ   ⨀1 ʂ  ) =  ((ẃ ⨀ ʂ) ) 

= (ẃ ⨀  ʂ)  

= ẃ   ⨀2 ʂ             
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=  (ẃ  ) ⨀2  (ʂ  ). 

Thus,   is a homomorphism. Now by Theorem 3.17, there is a monomorphism
: (Ⱳ ∕  ) / Ker    Ⱳ /    which may be defined by 

(ự  (Ker  )) = ự    ự  (Ker  )   (Ⱳ ∕  ) / Ker  . 

Onto: 

As for each ự     Ⱳ    ự  (Ker  )   (Ⱳ ∕  ) / Ker   such that  (ự  (Ker  )) = ự  , so 
it follows that   is onto. Thus, (Ⱳ ∕  ) / Ker    Ⱳ /   . We now show that Ker   =   ∕  . 

Here, 

Ker   = {(ự  , ệ  )   Ⱳ ∕    Ⱳ ∕  :  (ự  ) =  (ệ  )} 

 = {(ự  , ệ  )   Ⱳ ∕    Ⱳ ∕  : ự   = ệ  )} 

= {(ự  , ệ  )   Ⱳ ∕    Ⱳ ∕  : (ự, ệ)    } 

=   ∕  . 

Thus, (Ⱳ ∕  ) / (   ∕    )   Ⱳ ∕  . 

4    CONCLUSION 

     In this paper, a homomorphism between two generalized BE-semigroups has been defined 
with some non-trivial examples. Further, it has been shown that each such homomorphism 
defines a congruence relation. The congruence relation has been utilized to obtain quotient 
generalized BE-semigroups. Properties analogous to first, second and third isomorphism 
theorems have been explored. Results discussed in this paper have applications in different 
fields of mathematics and computer science for defining and developing various algebraic 
structures. 
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