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Summary. In the present paper, we propose some properties of the new family k-generalized
Fibonacci numbers which related to generalized Fibonacci numbers. Moreover, we give some
identities involving binomial coefficients for k-generalized Fibonacci numbers.

1 INTRODUCTION

Fibonacci numbers have a great importance in mathematics. It is one of the most popular
sequences that have a lot of applications in many branch of mathematics as in diverse sciences
[1, 2, 6,7, 10-13, 16-20]. The Fibonacci numbers F, are given by the recurrence relation

Foy1 = F + Fhog nz1

with the initial conditions F, = 0 and F; = 1. Koshy [9] written one of the most popular books
of Fibonacci and Lucas numbers, and gave numerous recurrence relations, generalizations and
applications of Fibonacci and Lucas numbers. For a,b € R and n > 1, the well-known
generalized Fibonacci numbers are defined

Gni1 = Gp+ Gy

where Go=a and G; = b.

Falcon and Plaza [4] introduced general k-Fibonacci numbers and gave some properties of
these numbers. Guleg et al. [5] presented some properties of generalized Fibonacci numbers
with binomial coefficients.

El-Mikkawy and Sogabe [3] proposed a new family of k-Fibonacci numbers and gave the
relationship between the k-Fibonacci numbers and Fibonacci numbers as follow:

EY = (B (Fpy)”,  n=mk+r.

In [14], Ozkan et al. defined a new family of k-Lucas numbers and gave some identities of
the new family of k-Fibonacci and k-Lucas numbers. Ozkan et al. [15] introduced some
identities of the new family of k-Fibonacci numbers.

In this study, we present some identities of the new family of k-generalized Fibonacci
numbers. We give relationships between the new family of k-Fibonacci numbers and k-
generalized Fibonacci numbers. Also, we introduce Cassini formulas of k-generalized
Fibonacci numbers and some properties involving binomial coefficients. The rest of the paper
is organized as follows: In Section 2 (Preliminaries), the fundamental definitions and
theorems are given. Then main theorems and proofs are introduced in Section 3.
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2 PRELIMINIARIES

Definition 2.1. [21] For n, k (k # 0) € N, the new family of k-generalized Fibonacci numbers
are defined by

¢ = —(\/;)k (la + bala™* — [a + bBIB™ V)" ([a + ba]a™ — [a + bB]p™)k"T

wheren =mk +r,0 <r <kandm € N.
Itis clear thatfora =0and b =1, G,Ek) =Fn(k) andfork=1,r=0andn =m, G,,(Ll) = Gp.

Then they gave the relationship of between the new family of k-generalized Fibonacci numbers
and generalized Fibonacci numbers as follow:

¢ = (6, T (Gmyy)”, n=mk+r. (2.1)
Theorem 2.2. [9]
I Gpy1— Gy — Gy_q = 3Gp41GnGny
i, X FiGsi = FyFny1Gongq
iii. G2+ G2 ,=0Ba—b)Gy_1— (a%?+ab—b?)Fy,_4
V. Fpnyg = Fiq + B
V. G+ GEH+GEL =2[2G2 + (a? + ab — b?)(—1)"]® + 3G2_,G2G2,,
Vi.  GnitGpyg—p — Grye—q = (@® +ab — b?) (=)™ 1F;
Theorem 2.3. [15]
z FiF3; = Fyoy Fz(iza — B 1)
Theorem 2.4. [3]
i DR = CDRREST
i (T e = FnFims 2 1) -
3 MAINRESULTS

In this section, we present some properties of the new familg-géneralized Fibonacci
numbers.
Theorem 3.1. For n > 1, we have

(2) (2 (2) (2
GZn+2+G _ZGn+1+GZn 2°
Proof. Using Theorem 2.2 (i), we have
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Gr%+1 — Gy = Gr%—l + 3Gp1+1GnGp—1
(Gpyr — Gn)(Grzl+1 + Gni1Gp + Gr%) = Gn—l(Grzl—l + 3Gn41Gn)
(2) (2) @) _ (2) (2)
Gn—l(GZn+2 + GZn+1 + GZn ) - Gn—l(GZn—Z + 3GZn+1)
(2) (2) 2 _ ~@) (2)
GZn+2 + GZn+1 + GZn - GZn—Z + 3G2n+1
(2) @) _ (2) (2)
G2n+2 + GZn =2 GZn+1 + GZn—Z '
Theorem 3.2. For n > 1, we have
n n
(3a —b) Z FiGyi = Fioy (Gi2s — G52 ) + (a® + ab — b?) z F;Fs;.
i=1 i=1

Proof. Using Theorem 2.2 (ii), (iii), (iv) and Theorem 2.3, we have

n
(Ba=b) ) FGy = (3a = b)FuFyiGons

i=1

= FyFni1(GE + Giyq + (@ + ab — b?)Fppy)
= FaFp1(Gn(Grar = Gno1) + Graa (Graz — Gn)
+ (a? + ab — b?)(F2,, + F?))
= FiFni1(=GnGpoq + Gni1Graa
+ (a® + ab — b*)(Fy42Fpi1 — FnFn—1))
= F2(72111 <62(12H)-3 - 62(3121 +(a® + ab - bz)(Fz(rzzis - FZ(r%)—l)>

— @ (2) (2) (2) (2) (2)

= F2n+1(G2n+3 - GZn—l) +(a® +ab — bZ)F2n+1(F2n+3 - an—1)
n

= Fz(rf-)l-l(Gz(rzziS - 62(12121) +(a® +ab - bz)z FiF3;.
i=1

Theorem 3.3. Forn > 1, we have
@ @) @ \ _ (2) 3 @ 2,2
(652,) +(62) +(652,) =2[262 + (@ + ab — b)(-1)"| + 362,662,
Proof. Using Theorem 2.2 (v), we get
3 3 3
(6520,) +(652) +(62h,) = (G3-)* + (GD* + (G341)?
= Gy + Gy + Gpyq
= 2[2G% + (a? + ab — b?)(—1)"]® + 3G2_,G2G2,,
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3
=2[26{2 + (@ + ab - B)(-D"| +362 6067,

Theorem 3.4. Forn > 1, we have
(2) 2 _ -2 @)
Gonao = Gop = Gop_p + 2 Gy
Proof. From equation (2.1) and recurrence relation of generalized Fibonacci numbers, we get
2 2
Gz(n)+2 - Gz(n) = GTZL+1 - Gr%

= (Gn+1 - Gn)(Gn+1 + Gn)

= Gn—l(Gn+1 + Gn)

= Gp_1Gpyq + G 1Gy

= Gn—l(Gn + Gn—l) + Gp_1Gy

=G2_; +2G,_1Gp

— @ (2)
=Gy T2 Gy,

n
Theorem 3.5. For n > 1, we have
Go2 , + Gyl = G2 + (a® + ab — b?) (1)
Proof. Using Theorem 2.2 (vi), we have
Gz(rzl)—z + Gz(rzl)—1 =Gp_q + GpGpy
= Gp-1(Gp—1 + Gp)
= Gp-1Gn+1
= G2+ (a? + ab — b)) (1"
=62 + (a2 + ab - b (-D™
Theorem 3.6. For n > 1, we have
G5hs = (62) + G500 + 2650, + (62,) + 362,262,
Proof. Using Theorem 2.2 (i), we have
Gimrs = (Gns1)* G
= (G + Gy_1 + 3Gp41GnGp1)Gnyr
= GpGniz + G-1Gnyz + 3Gp42Gni1GnGny

= G3(Gy + Gp11)Gr_1(2G, + Gp_q) + 362(1211362(721)—1

@V, @ ) @ \? @ @
- (GZn ) + G4n+1 + 20471—3 + (GZn—Z) + 3GZ‘rl+3G2n—1.
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Theorem 3.7. For k,n,t > 1, we have

e o (G(k) )2 _ {Gﬁk‘z(—l)"(az +ab—-b?), t=1
kn+t>~kn+t—2 kn+t-1 0, t+1’

Proof. For t = 1, we get
615112116157’?—1 - (Glg?)z = (GX Gp11)(G1 GE) = (GF) 2
= Gp1GF* 2 Gpyq — GF¥
= GE*2[Gp_1Gpiq — GF]
= G 2(—1)™(a® + ab — b?).
Fort # 1, we get

2
k k k - — - — -
GinreGinre-z = (Gemeen) = GAGEDGET263D) = (A6 D2
— GZk_2t+zGZ_t|__12 _ GZk_Zt_ZGZE__lz
n n n n
=0.
Theorem 3.8. For n > 1, we have
Gz(a+5_1) — GpisOnys—2 = (=D"**(a® + ab — b?).
Proof. From the equation (2.1) and Theorem 2.2. (vi), we acquire
Gz(é)ﬁ.s_l) — GnsOnis—2 = G721+s—1 — GnisGnis—2
= _(Gn+an+s—2 - Grzl+s—1)
= —((-)™"1(a? + ab — b?))
= (=1)"*$(a® + ab — b?).

Theorem 3.9. Forn > 1, we have

k-1
k=1
) _ - (k=1)
z(—1)1< ; )Gmk+i = (=D GmGn_1yge-1) -
=

Proof. By using the equation (2.1) and the well known binomial property, we obtain

k-1 k-1

(k=1 (k=1 o
Y (] )6l = o Y o (U ) 6 G
i=1 i=1

k-1
k—1 . .
— (_1)k—le Z ( ; ) (_Gm)k_l_lG‘rln+1
i=1
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= (—1)k_1Gm(Gm+1 - Gm)k_l
= (—D* GGy
— (_1)k—1GmG(k_1)

(m-1)(k-1) *
Theorem 3.10. For n > 1, we have
k-1 k 1
- )  _ (k—1)
Z ( i >Gmk+i - GmG(m+2)(k—1) .
i=1
Proof. By taking account the equation (2.1) and the well known binomial property, we get
k-1 k 1 k-1 k 1
Z( i )G’E”‘)” =Z< i )G’]’cl Gmea
i=1 i=1

1
k—1\ . .
( i > rln+1(Gm)k_l_1

i=1

= m(Gm+1 + Gm)k_l

— (k=1)
- GmG(m+2)(k—1) :

4 CONCLUSIONS

In this study, we prove that some identities of the new family of k-generalized Fibonacci
numbers. Then, we show that some properties of the new family of k-generalized Fibonacci
numbers related to generalized Fibonacci numbers. Furthermore, we extend Cassini’s formula
to the new family of k-generalized Fibonacci numbers and present identities comprising

binomial coefficients for the new family of k-generalized Fibonacci numbers.
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