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Summary. In this paper we introduce the notion of pair of weakly chain separated sets in a
topological space. If two sets are chain separated in the topological space, then they are weakly
chain separated in the same space. We give an example of weakly chain separated sets in a
topological space that are not chain separated in the space. Then we study the properties of these
sets. Also we mention the criteria for two kind of topological spaces by using the notion of
chain. The topological space is totally separated if and only if any two different singletons (unit
subsets) are weakly chain separated in the space, and it is the discrete if and only if any pair of
different nonempty subsets are chain separated. Moreover we give a criterion for chain
connected set in a topological space by using the notion of weakly chain separateness. This
criterion seems to be better than the criterion of chain connectedness by using the notion of pair
of chain separated sets. Then we prove the properties of chain connected, and as a consequence
of connected sets in a topological space by using the notion of weakly chain separateness.

1 INTRODUCTION

The definition of connectedness, that is considered as standard, was first given in the
beginning of 20th century by Riesz and Hausdorff.

In 1883, Cantor gave the definition of connectedness in R” by using the notion of chain.
Later the definition is generalized to all topological spaces: The topological space X is
connected if for every x,y € X and every open covering U of X there exists a chain in U
that connects x and y ([3, 4]). For more details about connectedness see [5-8].

In papers [1] and [2], rather than as a space, is generalized the notion of connectedness as a
set in a topological space that is called a chain connected set.

We will write some definitions and statements from article [1].

By a covering we understand a covering consisting of open sets.

Suppose X is a set, U/ is a family of subsets of X, and x,y € X. A chain in I/ that
connects x and y (from x to y, from y to x) is a finite sequence U ,U,,...,U, in U,

such that U, NnU
topological subspace, and a chain is a chain that consists of open sets.

#0, i=12,..,n—-1, and xeU,, yeU,. In this paper a set is a

i+1

Let X be a topological space and C < X .

Definition 1.1. The set C is chain connected in X, if for every covering U/ of X in X
and every x,y €C, there exists a chain in ¢/ that connects x and y.
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So, the space X is connected if and only if X is chain connected in X .
Let X be a topological space, and let 4 and B be nonempty subsets of X .

Definition 1.2. The sets 4 and B are chain separated in X , if there exists a covering U
of X in X such that for every point x € 4 and every y € B, there is no chain in ¢/ that

connects x and y.

Theorem 1.1. The sets 4 and B are separated if and only if 4 and B are chain separated
in AUB .=

Theorem 1.2. The set C is chain connected in X, if and only if C cannot be represented
as a union of two chain separated sets 4 and B in X .m

Let X be a topological space and x,y € X .

Definition 1.3. The element x is chain related to y in X, and we denote it by Xy, if

for every covering U of X in X there exists a chain in I/ that connects x and y.

The chain relation in a topological space X is an equivalence relation, and it depends on
the set X and the topology 7 of X . The chain relation splits the space into classes.

We denote X~V if for the covering U of X in X there exists a chain in U that

connects x and y.

We denote by A4, (x,U) the set that consists of all elements y € X such that x ~ y. The

set A4, (x,Z/{ ) is nonempty, open, and closed.

Let X be a topological space, x € X and U be a covering of X . The infinite star of
xeX and U in X is denoted by st” (x,U)[1,9].

2 PAIR OF WEAKLY CHAIN SEPARATED SETS

Let X be a topological space, and let 4,Bc X .

Definition 2.1. The nonempty sets 4 and B are weakly chain separated in X, if for
every point x € 4 and every y € B, there exists a covering U =U (x, y) of X in X such

that there is no chain in ¢/ that connects x and y.

The notion is similar to the notion of pair of chain separated sets in a topological space.
Therefore, the analogue theorems to chain separated sets, presented in [1], are valid for
weakly chain separated sets.
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From the definition, it follows that:

Proposition 2.1. If 4 and B are weakly chain separated in X , then any pair of nonempty
sets Cand D, where C — A and D c B, are weakly chain separated in X .m

The following theorem will show us that two sets, which are weakly chain separated in a
space, are also weakly chain separated in every subspace.

Let X be a topological space, let Y < X, and let 4 and B be nonempty subsets of Y .

Theorem 2.1. If 4 and B are weakly chain separated in X , then 4 and B are weakly
chain separated in Y .

Proof. Let the sets 4 and B be weakly chain separated in X andlet x4 and yeB. It
follows that there exists a covering U/ of X in X such that there is no chain in ¢/ that
connects x and y . Then

U =UNY={UNY|U U]
is covering of ¥ in Y such that there is no chain in I/, that connects x and y.m

Remark 2.1. The most important case of the previous theorem is when ¥ = AU B .m

The definition of pair of chain separated sets, the definition of pair weakly chain separated
sets, and the properties of quantifiers, leads to the following statement.

Theorem 2.2. If the sets 4 and B are chain separated in X, then 4 and B are weakly
chain separated in X .m

The next example shows that the converse statement does not hold in general.

Example 2.1. Let 4= {0}, B :{l
n

neN}, and X =A4UB. The sets 4 and B are

weakly chain separated in X, but 4 and B are not chain separated in X i.e. 4 and B are
not separated.

1 .
Proof. Let b € B. Then b = — for some n, €N, and for the covering:
nO

R TIERS!

there is no chain in U/ that connects 0 and b . It follows that 4 and B are weakly chain
separated in X .

On the other hand, since the topology on X is relative to R, every element of arbitrary
covering of X that contains the point 0, also contains a point from the set B . It follows that
A and B are not chain separated in X .m
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The definition of pair of chain separated sets, the definition of pair weakly chain separated
sets, and the criterion of chain separated sets in their union by using the notion of separated
sets (see introduction), leads to the following two statements.

Corollary 2.1. If 4 and B are separated then 4 and B are weakly chain separated in
AUB .=

Theorem 2.3. Singletons 4 and B are weakly chain separated in X if and only if they
are chain separated in X .m

The definition of pair of weakly chain separated sets and the definition of chain relation,
lead to the following statement which is a criterion for weakly chain separated sets by using
the chain relation. The chain relation has a short notation and therefore we will use this
criterion in the proofs.

Proposition 2.2. Two sets 4 and B are weakly chain separated in X if and only if for
every xed and yeB, x+y.m
X

The last proposition in case of chain separateness (remark 4.4 in [1]) is valid in one
direction. From the last proposition it follows the next statement:

Corollary 2.2. Let x,y € X. Then X~ if and only if X cannot be represented as a

union of two weakly chain separated sets 4 and B that contain x and y, respectively.m
It is easily seen that the next statement is valid:

Theorem 2.4. If the function f:X—){O,l}, such that f(A): {0} and f(B): {1}, is
continuous then the sets 4 and B are chain separated (weakly chain separated) in X .m

According to [1], two nonempty sets 4 and B are functionally separated in X if there
exists a continuous function f: X — {0,1} such that f (A): {0} and f (B): {1} So, the next
statement is valid.

Corollary 2.3. If 4 and B are functionally separated in X then A4 and B are chain
separated (weakly chain separated) in X .

From the last corollary it follows that if 4 and B are functionally separated in 4\ B then
A and B are weakly chain separated in 4w B. This statement in the case of chain
separateness (corollary 4.3 in [1]) is valid in both direction.

Corollary 2.4. If f:X —>[0,1] is a continuous function such that f (A):{O} and
f (B)z {1}, then the sets 4 and B are chain separated (weakly chain separated) in

FH0)u s (1).m
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From the last corollary it follows that if f: X — [0,1] is a continuous function such that
f (A) = {0} and f (B) = {1}, then the sets 4 and B are chain separated (weakly chain
separated) in 4 B . The reverse claim does not have to be valid.

Example 2.2. Let X = [— 1,1], A= [— 1,0) and B = (0,1]. Then sets A and B are weakly
chain separated in 4U B, but there is no continuous function f:X —>[O,1] such that

/(4)=1{0} and f(8)={1}.

At the end we mention the criteria for two kind of topological spaces by using the notion of
chain.

Let X be a topological space.

Theorem 2.5. The space X is the discrete if and only if any two disjoint nonempty
subsets of X are chain separated in X .
Proof. Let the space X be the discrete space and let x,ye X, x# y. Then for the

covering U = {{x},X \{x}} it follows that x + y i.e. {x} and { y} are chain separated in
ux
X.
Let any two disjoint subsets of X be chain separated in X, and let x € X. Then {x} is

open set, since otherwise {x} and X'\ {x} will not be chain separated.m

So, X is the discrete if and only if for every 4,Bc X such that 4,B# and
AN B =, there exist a covering U of X, such that for every x € 4 and every y € B there is
no chain in U that connects x and y . From the last theorem it follows that we can prove the
properties of the discrete space by using the notion of chain.

Theorem 2.6. The space X is totally separated if and only if any two disjoint singletons
subsets are weakly chain separated in X .
Proof. (=) Let X be totally separated and let x,ye X, x#y. Since X is totally

separated, then there is an open and closed subset U < X such that xeU and ye X \U.
Then for the covering U = {U,X \ U} it follows that x + y, hence x+y.
u,x X

(<) Let any two different singletons be weakly chain separated and let x,ye X', x# y.
Since x+ y, then there exists a covering U such that there is no chain in ¢/ that connects x
X

and y. Then the sets 4=4, (x,U ) and X'\ A4 are open and closed in X such that x € 4 and
yeX\ 4. Itfollows that X is totally separated.m

At the end of the section we generalise the notion of totally separated space by using the
notion of chain, to a set in a topological space.

Let X be a topolgical space and let 4 be a subspace of X .
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Definition 2.2. The set A4 is totally weakly chain separated in X if any two disjoint
singletons subsets of A4 are weakly chain separated in X .

So, the set A is totally weakly chain separated in X if for every x,y e A there exists a
covering U of X such that there is no chain in ¢/ that connects x and y .

3 STRONGLY CHAIN CONNECTED SETS

Let X be a topological space, and C < X .

Definition 3.1. A set C is strongly chain connected in X if C cannot be represented as
a union of two weakly chain separated sets 4 and B in X .

From the definition it follows that a space X is strongly chain connected in X if it cannot
be represented as a union of two weakly chain separated sets 4 and B in X .

Since the property of weak chain connectedness is weaker then the property of chain
connectedness, we expect the property of strong chain connectedness to be stronger then the
property of chain connectedness. Actually, the next theorem shows that they are equivalent.

Theorem 3.1. The set C is strongly chain connected in X if and only if C is chain
connected in X .

Proof. (=) If the set C is not chain connected in X, then there exists a pair of chain
separated sets 4 and B in X, such that C= AU B. But then 4 and B are weakly chain
separated in X i.e. C is not strongly chain connected in X .

(<) If C is not strongly chain connected in X i.e. C can be represented as a union of
two weakly chain separated sets 4 and B in X it follows that there exist x,y € C and a
covering U of X in X such that there is no chain in I/ that connects x and y. Therefore

C is not chain connected in X .m
Remark 3.1. The most important case of the theorem is when C = X .m

From the last definition it follows that if the set C is strongly chain connected in X then
for every covering & of X in X andevery x,y € C, there is no chain in U/ that connects x

and y.

4 PROPERTIES OF STRONGLY CHAIN CONNECTED SET

In this section we reformulate the statements from [1], by changing the notion of chain
connected set with strongly chain connected set and we rewrite some of the proofs to be more
readable. In the proofs we use the new chain sonnected criterion by using weakly chain
separated sets or we use the short notation of chain connected relation. We also formulate and
prove some analogoues statements by changing the notion of chain separated (case of chain
separateness) with weakly chain separated sets (case of weakly chain separateness).

The next proposition follows from the definition of strongly chain connected set in a
topological space.

10
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Proposition 4.1. If the set C is strongly chain connected in X , then each subset of C is
strongly chain connected in X .m

Let X be a topological spaceand Cc Y c X .

Theorem 4.1. If the set C is strongly chain connected in Y, then C is strongly chain
connected in X .

Proof. If the set C is not strongly chain connected in X then C can be represented as a
union of two weakly chain separated sets 4 and B in X . From theorem 2.3. it follows that
A and B are weakly chain separated sets in Y i.e. C is not strongly chain connected in ¥ .m

Remark 4.1. The most important case of the previous theorem is when C =7 .m

Example 4.1. Let X = [— 1,1] and Y =[—1, O)U(O,l]. Then Y is strongly chain connected
in X, but it is not strongly chain connected in ¥ . Moreover Y is not connected.m

From the theorem 3.1 it follows that:

Corollary 4.1. The set C is strongly chain connected in X if and only if for every
x,yeC, X~y.m

Remark 4.2. The most important case of the previous corollary is when C = X .m

Therefore, C is not strongly chain connected in X if and only if there exist x, y € C such
that x+y.
X

Theorem 4.2. A space X is connected if and only if X is strongly chain connected in X .

Proof. If X is empty or a singleton, then X is connected and strongly chain connected in
X . Let X be composed of at least two elements.

(=) If X is not strongly chain connected in X i.e., from theorem 3.1, it is not chain
connected in X then it follows that there exists a covering &/ of X and there exist elements

x,y €X, such that x + y. Hence 4 and X\ A4 where 4=4, (x,l/l ) are nonempty, open
u,x

and closed sets whose union is X . It follows that X is not connected.
(<) If X is not connected then X can be represented as a union of two open and closed

sets 4 and B. Hence {A,B} is covering of X such that for every x €4 and y € B, x+y,

X
i.e. 4 and B are chain separated sets in X . Therefore 4 and B are weakly chain separated
setsin X i.e. X is not strongly chain connected in X .m

The last theorem allows us to prove the properties of connected spaces by using the notion
of weakly chain connectedness.

Notice that, as a consequence, it follows that if C is connected, then C is strongly chain

connected in every super space X . In addition, a topological space C is strongly chain
connected in C, if and only if it cannot be represented as a union of two separated sets.

11
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Let X be a topological spaceand Cc Y < X .

Theorem 4.3. Let X = AU B, where 4 and B are weakly chain separated sets in X , and
C is a strongly chain connected setin X . Then C < 4 or C < B.

Proof. Let C be a strongly chain connected set in X, i.e. forevery x,y €C, X~y

If there exist x e AN C and y e BN C, since 4 and B are weakly chain separated sets in
X , it follows that x+ y, which contradicts the assumption. So, Cc 4 or CC B.m
X

A direct consequence of the last theorem are the next two corollaries:

Corollary 4.2. Let X = AU B, where A and B are chain separated setsin X ,and C isa
strongly chain connected setin X . Then Cc 4 or Cc B.m

Corollary 4.3. Let X =AU B, where 4 and B are separated. If C is a connected set,
then Cc 4 or Cc B.m

The next theorem and its remark show that chain relation and strongly chain connected set
is invariant with respect to continuous function.

Theorem 4.4. Let x,yeX. If X~y and f:X —Y is a continuous function, then

10 5,/ 0)

Proof. The function f: X — Y is continuous if and only if /: X — f (X ) is continuous.
Let f(x),f(y) ef(X) and V be a covering of f(X).
Then U = ' (V) is a covering of X and since X~y, there exists a chain
) )
in U that connects x and y . Since f'l(Vl.)m f"l(V,.H);t @,i=12,..,n—-1, it follows that
o= (W) W) =vav.,, i=12,.n-1,

ie. V,,V,,...,V, isachainin V that connects f(x) and f(y). Therefore f(x) f(y) N |

1)

Corollary 4.4. If C is strongly chain connected in X and f:X — Y is a continuous
function, then f (C ) is strongly chain connected in f (X ) N

The next well known result is a consequence of the last corollary:

Remark 4.3. Let C < X . If C is a connected setand f: X — Y is a continuous function,
then f (C) is connected.m

12
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Theorem 4.5. If Cc Dc C — X . The set C is strongly chain connected in X, if and
only if D is strongly chain connected in X .
Proof. Clearly, if D is strongly chain connected in X then proposition 4.1 implies that C
is strongly chain connected in X .
Let C be strongly chain connected in X', let x,y € D, and let &/ be a covering of X .

Since D C, members U and V of U that contain x and v, also contain some elements
x, €C and y, €C, respectively. Then X=X %V and y, =V, ie. X~y It follows that D

is strongly chain connected in X .m

Remark 4.4. The most important case of the theorem is when D =C .m

As a consequence, an analogous statement for connected sets holds, but only in one
direction.

Corollary 4.5. Let X be a topological space and C < X . If C is a connected set and

Cc Dc C ,then D is connected.

Proof. If C is a connected set i.e. C is strongly chain connected in C it follows that C is
strongly chain connected in D and, by the last theorem, D is strongly chain connected in D
i.e. D is connected.m

Lemma 4.1. Let C,Dc X. If C and D are strongly chain connected in X and
CnD#0 , then the union C' U D is strongly chain connected in X .

Proof. Let x,y eCuUD and let z eCnD. Since C and D are strongly chain connected
in X , by using the previous theorem it follows that X~z and =y, hence x~y.m

Theorem 4.6. Let C,,i €/ be a family of strongly chain connected subsets of X . If there

exists 7, €/ such that for every iel, C_‘io NC, # @, then the union UC_‘I is chain connected
iel
in X.
Proof. Let x,y eU(_?l ,ie. xeC, and y eC_‘y for some x,y /. Let x, e(j’l.0 NC. and

iel

Y eC_’,.U m@y. Then X=X X~ and Ny It follows that X~y.m

From the theorem it follows that if C,,i €/ is a family of strongly chain connected subsets
of UC,. , then the union UCi is chain connected in UCI. . A direct consequence of the last
iel iel iel
statement is:
Corollary 4.6. Let C, c X,i €/ be a family of connected sets. If there exists i, €/ such

that forevery iel, C, NC, # @, then the union UCl. is connected.m

iel

13
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Note that we can not use the assumption C,

o

NC. #@ in the last corollary since from

C, N C.#@ in X we cannot conclude that CO NC. #@ in UCI. .

I
iel

It is clear that if every two points x and y of X are in a strongly chain connected set C

in X, then X is strongly chain connected. The next corollary follows.

Corollary 4.7. If for every two points x and y of X there exists a connected set C, in

X containing them, then X is connected.m
Theorem 3.7 from [1] is not walid in the case of weakly chain separateness.

Theorem 4.7. Set C is strongly chain connected in X, if and only if for every x € C and
every covering U of X, CCst™(x,U).m

Corollary 4.8. Space X is connected, if and only if for every x € X and every covering
U of X, X:stm(x,l/{).l

In the next theorem we will give a strong chain connectedness criterion using continuous
function.

Theorem 4.8. A space X is strongly chain connected, if and only if every continuous
function f: X — {O,l} is constant.m

As a consequence, it follows that X is strongly chain connected, if and only if there is no
continuous function f: X — [0,1], such that f (A): {0} and f(B)= {1} for every nonempty
pair of sets 4 and B suchthat AU B=X.

Let X be a topological space and x eC < X .

Definition 4.1. The strongly chain connected component of the point x of C in X,
denoted by V., (x) , 1s the biggest chain connected subset of C in X that contains x.m

From the last definition and the definition of chain relation follow the next three
statements:

Proposition 4.2. The strongly chain connected component V., (x) of the point x of C in

X is the set of all points y € C such that X~y..

Proposition 4.3. The set of all strongly chain connected subsets of C in X consist of all
strongly chain connected components of C in X and their subsets.m

14
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Proposition 4.4. For every x eC, V., (x) =CnV,, (x) Each strongly chain connected

component of X in X contains at most one strongly chain connected component of C in
X.m

Since the chain relation is an equivalence relation, from the last proposition it follow the
next two statements.

Proposition 4.5. Let x,y €C.If y €V, (x) , then V., (x) =V, (y) N |

Proposition 4.6. Let x,y eC.If V., (x) =V, (y) , then V., (x) NV (y) =0.m

As a consequence of the definition of strongly chain connected component and the last two
statemenents, the next proposition is valid.

Proposition 4.7. For every x €C,

Vee (x) < Vex (x) = U )VCC (y) ;-

_VEVCX(X

The proposition shows that every strongly chain connected component of C in X is a
union of strongly chain connected components of C in C.

Proposition 4.8. The strongly chain connected components of X in X are closed sets, i.e.
forevery x e X, V,, (x) =V (x)

Proof. Let y eV, (x) and U be a covering of X . Then there exists a neighbourhood

U e U such that y eU and there exists a point z eU NV,, . Then X~z and zZ~y 1e. X~y.

So, y eV, (x) Le. Vy, (x) is closed set.m

Proposition 4.9. Let xe€X and C(x) be a connected component of X . Then
C(x) Vi (x) N |

Quasicomponent of the element x in a topological space X, denoted with O, (x), is the
intersection of all clopen (closed and open) sets in X that contain x .

Theorem 4.9. Quasicomponents and strongly chain connected components in a
topological space X coincide, i.e., forevery x e X, O, (x): Vi (x)

Proof. (<) If y 20, (x), since O, (x) is the quasicomponent of x, it follows that y ¢ 4
for some open and closed set 4 such that O, (x) c A. But then for the covering

U=1{4,X/4},itfollows that x + y,and hence x+y ie. y eV, (x).
u,x X

(=) If yeV,(x)= ﬂ( )AX (x,U) where Cov(x) consists of all coverings of X it
X

UeCov

follows that yg A=4, (x,L{ ) where U is some covering of X . Since A is an open and

closed set that contain x, it follows that O, (x) c A.Then y 20, (x) N |

15
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From the last theorem it follows that quasicomponent of the point x is the biggest strongly
chain connected set in X that contains x.

There exists a criterion for quasicomponenet by using the notion of chain: The
quasicomponent of the point x in X consits of all y € X such that for every covering U of

X there exists a chain in U/ that connects x and y [1]. Hence the quasicomponent of x in
X consists of all y € X such that x~y. Therefore the propositions 4.8 and 4.9 and the
X

theorem 4.9 are reformulations of two properties and a criterion of the quasicomponents.
The next proposition is the summary of the propositions 4.8, 4.9, and the theorem 4.9.

Proposition 4.10. For every x €C,
Oc (x)=Vee (¥) < U )Qc () =Vex (%) Vi (x) = O (%) m

yeley (x

So strongly chain connected components of a set in a topological space are a union of
quasicomponents of the set i.e. forevery x eC,

Vex (x) = U( )Qc (y),

yeVex (x

and if the set agrees with the space, the strongly chain connected components match with
the quasicomponents.

S CONCLUSIONS

In this work we defined a pair of weakly chain separated sets, and strongly chain
connected set in a topological space, and studied the properties of these sets. As a
consequence, by using the notion of weakly chain separateness i.e. a chain, the properties of
connected sets are proven.
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