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Summary. The integral inequalities concerning the inverse Hardy inequalities have been
studied by a large number of authors during this century, of these articles have appeared, the
work of Sulaiman in 2012, followed by Banyat Sroysang who gave an extension to these
inequalities in 2013. In 2020 B. Benaissa presented a generalization of inverse Hardy
inequalities. In this article, we establish a new generalization of these inequalities by
introducing a weight function and a second parameter. The results will be proved using the
Holder inequality and the Jensen integral inequality. Several the reverses weighted Hardy’s
type inequalities and the reverses Hardy’s type inequalities were derived from the main
results.

1 INTRODUCTION

In recent years, several researchers have obtained extensions and generalizations of
Hardy's inequality in the literature, for more details see [1], Hardy type inequalities for
fractional integral operators [2], Hardy type inequalities involving functions of two variables
[3]- [4], Hardy-type inequalities via the Steklov operator [5], a new version of inverse Hardy
inequalities on time scales that appeared in 2021 see [6]- [7] . Many researchers have obtained
results of refinements and generalizations of inverse Hardy inequalities, in 2020, B. Benaissa
presented the following generalizations [8, Theorem 2.2].

Let f,g be positive functions defined on [a; b] and F(x) = f:f(t)dt. If g is non-
decreasing, thenforp > 1,

b F(x)p bf(x)p b (x _ a)p
p-fa 96 W=7 a)pfa 96y _fa T JMex e
for 0<p<1,
PF(x)? (b—a)P (P 1 b
'pfa gx) dx 2 W[a fx)Pdx _ML (x — a)Pf(x)Pdx 2)

Taking g(x) = xP, we get Sulaiman result inequalities, [9, theorem 3.1] and if we putting
g(x) = x%; q > 0, we get Banyat Sroysang result inequalities, [10, theorem 2.1 and
theorem 2.2]. On the other hand, convex functions play an important role in inequality theory,
this class of functions has many applications in different mathematical branches (numerical
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calculation, probability theory,...), match results are obtained by the Jensen inequality and
many articles relating to different versions of this inequality have been published see for
example [11]. Motivated by above literature, in this work we give a generalization of Hardy’s
integral inequality by using a weight function u and a second parameter q , this results will be
proved by Holder inequality and Jensen integral inequality.

All along this paper, f, g are measurable non-negatives functions on interval (a; b) where
O<a <b<+ o and u is a weight function (measurable and positive) on(a; b). In the set of
monotone functions, non-increasing (non-decreasing) function means the function is
decreasing (increasing) or constant.

2 PRELIMINARIES

In this section we state the following Lemmas which are useful in the proofs of main
Theorems.
Lemma2.1. Let 0 < p < g < o and f, g, wbe non-negative measurable functions on (a, b)

and suppose that 0< f: fa(®)u(t)dt <oo , then

b b 7 /b 2
f POt < ( j u(t)dt> ( j f”(t)u(t)dt> . 3)

The inequality (3) holds for —co < g < p < 0 and inverted for 0 < g <p < .
Proof. Using Holder inequality for using the parameter g > 1, we have

b b g-p b P
ff”(t)ll(t)dt=<f pa (t)dt)U fp(t)ﬂ"(t)dt>-
a-p
q

p
b b g
< <f ,u(t)dt) (f fp(t),u(t)dt>q.

(See the version on time scales in [6]).
The version of the Jensen integral inequality is given below:

Lemma 2.2. Let f be an integrable function defined on (a; b) and let ¢ : (a; b) > R bea
convex function. If g o f € L, p), then

1 b 1 b
¢<mfaf(t)dt>sm<L qb(f(t))dt).

The above inequality is inverted if ¢ is a concave function. The inequality in the Lemma
2.2 can be rewritten in the following forms.
« If ¢ is a convex function, then

b 1 b
(J; ¢(f(t))dt> = (b—a)¢ <m.fa f(t)dt>- (4)

« If ¢ is a concave function, then
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( f ¢(f(t))dt><(b—a)¢>< f f(t)dt> ©)

3 MAIN RESULTS

Theorem 3.1. Let f, g be integrable positives functions on [a; b], p be a weight function on
(a; b) and

Fu(x) = f fOut.
0

If g is non-decreasing and p is non-increasing, then
(forl < p < q,

g4 L(Fu) (x)

gx) ,
b q
< wP@(b - a)’ q[(b— o [ L824 f(x—a)qu(x)dx] ©)
gp(x) @ gr(x)
(if) for 0<q < p <1,
P (FH) (x)
qua 900
uP (b)
T [(b—a)q f () dx — f (x—a)"f"(x)dxl @)

Proof. (i) For1 < p < q, Apply the Holder inequality for ; + ; =1, we get

(FM) (.X') _ b _1 X D
o 900 ‘fa 4 (x)<f0 f(t)u(t)dt> dx

1 1\P
b x B[ (¥ b
<| g P d d d
<fag (x){(fof Ou® t) (fou(t) t) } x
b x x p-1
- f g () ( j f”(t)u(t)dt>< f u(t)dt> dx.
a 0 0

Using the inequality (3) and since p is non-increasing function, we deduce that
P

P
(FM) (x) b 1 x P~y x q
a g0 SL g () <J; Mt)dt) <j; fq(t)u(t)dt> dx
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p

b X a
< f g-1<x>up(a><x—a>("‘“‘§( f f"(t)dt>qu
a 0

b P
= up(a)f (H(X))qu.

Where

H(x) = fxg_%(x)(x — @)@V fa(t)dt.
0

P
Let &(x) = xa be a concave function and gbe non-decreasing function, apply the
inequality (5), hence

b p b
f (H)Idx = f (H()dx

1 b
< (b - a)d) <EL H(X)dX)
p b rx ¢ %
=(h—-a) 4 <j j g P)(x—a)@ D fa(e) de dx)
a Y0
p b b q g
—(b-a)'Td ( [ re@ [ g rwe- e ax dt)
p b q b %
<(h-a)a <f fo(t)g‘E(t)f (x — )@V gy dt) .

Consequently

b(F,)" (x)
a 9@

p

1-B (1 (b _4 a
dx <pP(a)(b—a) ¢4 <3f fi(t)g p(t)[(b—a)"—(t—a)"]dt>

P b b %
:<#(a)> ! {(b_a)q A Ayl dt} |

q% gr () gr(t)

thus we get (6) .
(ii) For 0 < g < p < 1, using the reverse Holder inequality, we get

b(F )P(x) b » X . b1
J:z g(x) dxzfag (x)<f0 fp(tMt)dt)(fo u(t)dt) dx.

Apply the reverse of the inequality (3) and since p is non-increasing function, we deduce
that
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P P
e Lol o
L OR Zfag ) foﬂ(t)dt fofq(t)u(t)dt dx

b
> f g OuP(b) (x - (f fq(t)dt> dx

vQI"B

b P
= 4P (b) j (H()dx .

P
Let ¢(x) = xa be a convex function and gbe non-decreasing function, apply the
inequality (4), hence

p
b b rx a
f (”("”%M(b_“)l_%(f f 9P (x - @@V fUe) de dx |
a a Y0
14
q

b b
< (- a)l_g (f fq(t)g_%(b)J (x —a)@V dx dt)

p p
—N\"q /b b =
_b-a) 1 (f fq(t)f (x —a)@V gy dt)q,

g(b)
therefore
p
F P(b)(b -
(Z)(xgx) i <= )(g(b)a) ( J fAOIb - a)q_(t—a)"]dt>
P(b)(b—a)"d b . P
= K P {(b - a)qf fq(t)dt—f fa(t) (t — a)? dt} -
qqg(b) a a

So, the proof of Theorem 3.1. is complete.
In the same data on the functions f,g and u, with F,(x) = f;‘ f(t)u(t)dt and by reasoning
analogously to the proof of Theorem 3.1, we obtain the following remarks.

Remark 3.1. If gand p are non-decreasing functions, then
(hforl < p < q,

qgfa (F)')

g(x) ,
b q
<w @) -a)'” [(b— o [ L4 f(x—a)qu(x)dx] ®)
gp(x) “ gr(x)

(if) for 0<q < p <1,
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qgfa (F)'

g(x)
P

uP(a)
g(b)

Remark 3.2. If gis non-increasing and p is non-decreasing, then
(forl < p < gq,

[(b — @) f () dx — f (x— @) f10)dx| . (9)

(Fu) (x)
T j g(x)
uP (b)
g(b)
(ii) for 0<q < p <1,

l(b - a)" fq(X)dx - J (x - a)qfq(X)Xm ,(10)

qgf (Fu) (x)

g(x)

b
[ J PIAC)
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> 1P (@) (b - a)' q[(b— )Qj

Remark 3.3. If gand p are non-increasing functions, then
(hforl < p <q

(Fu) (x)

qja g(x)
uP (a)
9(b)

(if) for 0<q < p <1,

I(b - a)q fq(x)dx - f (x - a)qf"(x)dxl ,(12)

qgf (Fu) (x)

g(x) )
, a
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4. APPLICATIONS
We now give some new consequences of the above results.

4.1. The reverses weighted Hardy’s type inequalities

If we set @ = p in Theorem3.1., we obtain the following corollary.
Corollary 4.1. Let f, g be integrable positives functions on [a; b], p be a weight function on
(a; b) and

U0 = | Fou.

If g is non-decreasing and p is non-increasing then

(i)for1l < p,
» (F.)" () PFP(x) b 1)
j de < uP(a) ((b - a)pja 700 dx—ja (x —a)P 700 dx),(14)

(ii) for 0<p <1,

b (F)’ ) ;ﬂ’(b)( b b

u
———dx>———| (b— a)Pj fP(x)dx — J (x — a)pr(x)dx> .(15)
a 9&) g(b) a a
According to remarks 3.1,3.2,3.3 above and with the same condition q = p, one can

deduce new results, in a similar way to the inequalities (14) and (15) via to the monotonicity
of the functions g and p.
4.2. The reverses Hardy’s type inequalities

If we set u =1 in Theorem3.1. and remarks 3.1, 3.2, 3.3, we result some new inequalities
with two parameters in the following corollaries.

Corollary 4.2. Let f,g be positive functions defined on [a; b] and F(x) = fax f(t)dt.

If g is non-decreasing, then
(hforl < p < q,

P
b b b q
qgj Fp((;c)) dx < (b — a)l_g (b—a)l J fZ(x) dx — J (x —a)l f;(x) dx| ,(16)
a 8 @ g (x) a g7 (%)

(if) for 0<q < p<1,

g P
D (PFP(x) (b—a)'"a b b ’
q4 J:l 200) dx = 7(b) [(b —a)l J:l fa(x)dx — f (x —a)If9(x)dx| .(17)

a
Inequalities (16) and (17) are new generalizations of inequalities (1) and (2).

Corollary 4.3. Let f,g be positive functions defined on [a; b] and F(x) = fax f(Hdt. If gis
non-increasing, then
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(forl < p < q,
p

b b q
[(b @) f a0 dx — f (x - a)if900dx| L (18)

gbeP(x) 3 b—a)
. 9@ T g0
(if) for 0<q < p<1,

P
p (bEP(x P bra(x b q(x I
qu ( )dx > (b—a)1 q (b—a)qf fq( )dx—J (x—a)qfq( )dx .(19)
a 9x) a gp(x) a gP (x)
The inequalities (18) and (19) are new results with two parameters in the case where g is
a non-increasing function. If we p = q put in the Corollary4.2. we obtain the following new
result.

Remark4.1 Let f, g be positive functions defined on [a; b] and F(x) = f; f(t)dt . If g is non-
increasing, thenforp > 1,

b b ’

for O<p<1,
PF(x)P PP (x) b fP(x)
pfa g(x)de(b—a)pL g(x)dx—j;(x—a)pg(x)dx. 21D

5 CONCLUSIONS

By applying Hdlder's inequality to two integrability parameters and Jensen's integral
inequality, new generalization integral inequalities relating to the inverse-weighted Hardy
inequalities have been established and proven. Some particular cases are studied according to
the monotony of the functions.
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