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Summary. The theoretical model of ions formation in a liquid dielectric and their flows
caused by high electric field is proposed. The 3D system of macroscopic pre-breakdown electrohydrodynamic equations is written. The influence of electric field on the molecule dissociation
rate is taken into account. The system includes the Poison equation for electric field potential,
equation of ion formation and Navier–Stokes equations with electric force.
1 INTRODUCTION
Deviations from the Ohm’s law for slightly ionized solid media in pre-breakdown electric
fields were experimentally discovered by Poole about 100 years ago [1]. In a weakly conductive
liquid media the same experimental effect was obtained by I. Wien about 10 years later [2].
These deviations were discovered in slightly ionized gazes as well as in liquid media many
years ago.
Theoretically this exponential effect for considerable number of media was explained by
Frenkel for solid dielectrics and by Onsager [2] for liquid weak electrolytes and for weakly
conductive liquid dielectrics. The space charge and electro-hydrodynamic (EHD) flows have
been observed in these dielectrics at the pre-breakdown conditions [3].
The space charge formation, according to [4], occurs in the pre-breakdown fields until all
the EHD characteristics become steady. Wherein steady conduction may be unipolar (corona
discharge type) as well as quasi-neutral. This was considered early in [4] and in the present
work. But the main purpose of this work is research of the EHD flows, caused by high nonuniform electric field.
The actuality of the liquid dielectrics flows modeling is related to the problem of cooling
of non-pressure transformers and x-ray machines (i.e. in the absence of conventional pumps).
There are a sufficient number of publications devoted to the design of high-voltage devices
which are not yet introduced into the industry. For example, electro-hydrodynamic pumps and
generators, where the studied flows are the main regime. In the literature on industrial highvoltage equipment regimes, such flows are almost not described.
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2 MODEL OF ELECTRO-HYDRODYNAMIC PROCESSES IN THE LIQUID INSULATOR
The following inequalities are valid for bulk charge concentrations, impurities concentrations
and neutrals concentrations in a low-conducting medium:
(

n± ≪ na ,
n p ≪ na ,

(1)

where na is the concentration of neutral particles (molecules).
The above relations can be considered as a condition for a weak ionization or low conductivity in the considered medium. The rates of volume ionization (or dissociation) and recombination are supposed to be known as the thermodynamics functions of the above mentioned
concentrations, temperature and field intensity E (up to the breakdown values). They can be
represented in the following form
WI = WI (na , n p, T, |~E|) = WI (na , n p, T, 0) f (|~E|).

(2)

Here T is the absolute temperature. ~E is the intensity of the electric field. The rate of the ions
recombination is


 Wr = Kr n+ n− ,
(3)
(b+ + b− ) |e|Z

.
 Kr =
εε0

Here WI denotes the rate of ionization, Wr is the rate of recombination. The expression for Kr
(recombination constant) was obtained by Langevin in 1903 and by Onsager in 1934 for particular case of weak electrolytes. This is the two-particle recombination, when the energy excess
is absorbed by a medium. Onsager had shown weak influence of sub-breakdown electrical field
on the direct and reverse processes of ionization and recombination. But in a case of dissociation and reverse dissociation the influence of E on Kr can not be disregarded. The Langevin’s
formula is valid for dense gases with chemical reactions, where the ionic conductivity is much
greater than electronic one. More exact expression for Kr with the account of the influence of E
can be found in [5]. Corresponding conductivity occurs due to various processes. Among these
processes are the neutral molecules (with ionic chemical bonds) dissociation and the neutral
molecules (with covalent chemical bonds) ionization. The latter goes through the electron ionization from some neutral particle with relatively low ionization potential and its attaching to
another particle with relatively high electron affinity.
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We have used more known Einstein–Nernst relation for the diffusion coefficient:
ZD± =

kB T b±
,
|e|

(4)

where kB is the Boltzman constant, T is supposed to be a constant and equals to 300 K, because
the Joule heat is small for the pre-breakdown phenomena.
The function f (|~E|) describes the dependence of the ionization (dissociation) rate on the
electric field intensity. The expression, describing it, was obtained by Frenkel [4] and generalized by Ostroumov in [3] for the case when Z > 1. It was used in the present research, and has
the form

|Ze|3/2
β=√
.
(5)
f (~E) = exp β |~E|1/2 ,
πεε0 kB T

The equations, describing creation and annihilation of the volume charge, can be written
as [4, 6]


∂q
kB T b
qσ
q


+ (~V , ∇q) −
∆q + (~E, ∇σ ) = −
,
∆φ = −
,

∂t
|Ze|
ε ε0
ε ε0
(6)

∂σ
kB T b ∆σ σ02
 σ2

2
1/2


exp β |~E|
+
= 0.
+ (~V , ∇σ ) + b (~E, ∇q) −
−
∂t
|Ze| Z
ε ε0
ε ε0

The well-known hydrodynamics equations should be added to equations (6) to construct
the closed system of equations. The first of them is the continuity equation for incompressible
media:
div~V = 0.
(7)
We do not consider the equation of energy conservation. The equation of momentum conservation can be written as

!
!!
!
2u
2u

∂
u
∂
u
∂
u
∂
p
∂
∂


= − +µ
+
+ qEx ,

 ρ ∂t + u ∂x + v ∂y
∂x
∂ x2 ∂ y2
!
!!
!
(8)
2v
2v

∂
v
∂
v
∂
v
∂
p
∂
∂



= − +µ
+
+ qEy .
 ρ ∂t + u ∂x + v ∂y
∂y
∂ x2 ∂ y2
The initial conditions for the system of equations (6)–(8) are
q(t = 0) = V (t = 0) = 0,

σ (t = 0) = σ0 .

(9)

The analytical solution for the spherical electrical potential can be obtained from the equations for a quasi-neutral medium [4].

92

M. S. Apfelbaum and A. N. Doludenko

Figure 1: Quasi-exponential volt-ampere characteristics of the spherical capacitor with transformer oil according
to (10); Z = 2, according to [8]. Distance d between the electrodes is given in cm.

They look like

φ (r) =

I
4π σ0

!1/2 

β 1/2
|~E| exp
|~E|
2

!

8

 −
β

=

s

I

!
ε ε0
8
 sgn (φ (r0 )),
|~E|1/2 +
τσ0
β

4π σ0 r2

,

(10)

|φ (r0 )| = U.

The quasi-exponential dependence of volt-ampere characteristics [6] of spherical capacitors
may be obtained from (10). Its graphic is shown in the figure 1. The Laplas condition of the
pre-breakdown electric field [7] may be derived from the equation (10) too.
3 NUMERICAL CALCULATIONS
The calculation algorithm is based on the MacCormack explicit method, which is of second
order in accuracy in time and space and well-proven in solving hyperbolic equations. Since the
flow is steady, the Navier–Stokes equations for an incompressible fluid are solved using the
method of artificial compressibility.
At the presence of the electric field in the wire–plane system of two electrodes, space charge
appearing in the fluid has the same sign as the wire has (figure 2).

93

M. S. Apfelbaum and A. N. Doludenko

Figure 2: Space charge induced by the electric field in the fluid.

The density of space charge, produced in the low conductive liquids at presence of the electric
field, and the specific conductivity are represented as

σ
~
q = −εε0 E, ∇ ln
,
σ0
β

1/2
σ = σ0 exp
|E|
,
2

where β =

(Ze)3/2
(πεε0 )1/2 kB T

(11)
.

Wherein q is determined by the Frenkel conductivity gradient (5).
The oil composition and other parameters are represented as H0.8 O0.15 (C20 H40 )O0.15 H0.8 ,
Z = 2 (according to Professor V. G. Arakelyan [8]), ε = 2.5, T = 300 K, ρ = 800 kg/m3, µ =
0.00016 Pa s, σ0 = 10−13 Ohm−1 cm−1 .
The wire is presented as a square wire with a side length equals to 4 mm. The distance from
the wire electrode to the plane electrode equals to 20 mm. The wire has a positive charge.
The problem is solved in a half-plane y > 0 with the potential deference between the electrodes equals to U = 500 V. The electrostatic field for given geometry is describing as




 Ex =





4xyhU
,
(h4 + x4 + y4 + 2h2 x2 + 2x2 y2 − 2h2 y2 ) ln(2h/r0 )
2hU (x2 + h2 − y2 )
Ey = − 4
.
(h + x4 + y4 + 2h2 x2 + 2x2 y2 − 2h2 y2 ) ln(2h/r0 )
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(a)

(b)
Figure 3: Electric field of electrodes (a) without the influence of the space charge and (b) with its influence.
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(a)

(b)
Figure 4: Streamlines and magnitude of velocity for a weakly conducting liquid in the electric field (a) without the
influence of the space charge and (b) with its influence. Voltage between the electrodes equals to 500 V.
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Figure 5: Distribution of the axis jet velocities between electrodes in the wire–plane system of electrodes.

Here h is the distance from the center of the wire to the plane electrode. The following initial
conditions were used: t = 0, u = 0, v = 0, p = p0 , where p0 = 105 Pa. The boundary conditions
were the condition of adhesion on the plane electrode (u = 0, v = 0) and ∂ u/∂ x = 0, ∂ u/∂ y = 0
on the other three boundaries; P∞ = P0 .
The space charge in fluid creates its own electric field. So, there is a superposition of the
initial field of electrodes, figure 3(a), and the charge field. The electric field is amplified against
the initial one, figure 3(b).
This work presents the results of modeling of the fluid motion at a voltage of 500 V between
the electrodes, taking into account the effect of the space charge on the electric field of the electrodes. Diffusion of the volume charge is not taken into account. You can see the characteristic
flow patterns at a voltage of 500 V without taking into account the field of the space charge,
figure 4(a) and with its accounting, figure 4(b).
The maximum speed between the electrode and the plane is about ≃ 0.6 mm/s at a voltage of
500 V without accounting the influence of space charge and ≃ 1.0 mm/s at a voltage of 500 V
with accounting the influence of space charge. These maxima are located approximately at the
distance of 12 mm from the plane electrode (figure 5).
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4 CONCLUSIONS
The analytical quasi-exponential formulae for pre-breakdown volt-ampere characteristics are
obtained. This formulae describe pre-breakdown deviations from Ohms law in a weakly conductive dielectrics liquids, observed in many experiments. Besides that, authors have performed the
numerical solution of electro-hydrodynamic equations for a high-voltage wire–plane electrode
system in the two-dimensional formulation of the problem. The maximum of axial velocity
increases when taking into account the influence of the space charge.
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