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Summary. In this short note we prove that the axiom EEpqEEqrErp cannot be used as a sole
axiom for the equivalential calculus. It is a negative answer to the Dudek's problem posed in
1995.
The Polish logician S. Leśniewski, and some of his collaborators were interested in the
extension, by the use of quantifiers and functorial variables, of versions of the propositional
calculus in which the only undefined truth functor is E, "if and only if". Such calculus,
introduced by Leśniewski in [7], is called the equivalential calculus.
In [8] J. Łukasiewicz proved that the equivalential calculus can be uniquely defined by
each any one of the following axioms EEpqEErqEpr, EEpqEEprErq and EEpqEErpEqr.
Other axiom systems and open problems one can find in [1], [2], [6] and [9].
To solve one of these problems W. A. Dudek introduced in 1995 the class of algebras
(called E-groupoids) and proved (see also [4] and [5]) that this class can be used to the
characterization of equivalential calculus and consequently to solve these problems.
In [3] he defined an E-groupoid as a non-empty set G with a binary operation denoted by
juxtaposition and a distinguished element 0 such that the following axioms are satisfied:

(1)

xy ⋅ ( zx ⋅ yz ) = 0,

(2)

( x ⋅ yz )( xy ⋅ z ) = 0,

(3)

x0 = 0 implies

x = 0.

Next he proved in [3] and [4] that E-groupoids are strongly connected with BCK-algebras,
BCI-algebras and BCC-algebras inspired by implicative logic and intensively studied by
many authors.
Using the method of translations of logical theorems into algebraic identities (proposed in
[5]) the above identities (1) and (2) can be written in the language of equivalential calculus as
EEEpqErp and EEpEqrEEpqr, respectively.
One of important problem on equivalential calculus is question on the possible
axiomatization of this calculus by one of the following axioms: EEpqEErpErq,
EEpqEErqErp, EEpqEEqrEpr, EEpqEEprEqr, EEpqEEqrErp.
From results obtained in [3] it follows that the first four from the above axioms cannot be
used as a sole axiom. The problem of the last axiom is not solved in [3] and is left as open
problem (see also [5]).
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Theorem. The axiom EEpqEEqrErp cannot be used as a sole axiom of the equivalential
calculus.
Proof. Note first that, used method proposed in [3], the above axiom can be translated into the
identity
(4) ( ∙ ) ∙
= 0.
Simple calculations show that the set = {0, , , } with the multiplication defined by
table
·

0

0

0
0
0
0

is a groupoid satisfying (4). In this groupoid
∙ ( ∙ ) = and ( ∙ )( ∙ ) = . So,
(1) and (2) are not satisfied. Hence a groupoid satisfying (4) may not be an E-groupoid.
Therefore, the axiom EEpqEEqrErp cannot be used as a sole axiom of the equivalential
calculus.
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