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Summary. According to the Kubo formula we study the electrical conductivity of dense
plasma by a new quantum dynamics method in the Wigner representation of quantum mechanics. This method combines the Feynman and Wigner formulation of quantum mechanics
and uses for calculation the direct path integral Monte Carlo (PIMC) and molecular dynamics
methods. Namely we solve the Wigner–Liouville equation for dense degenerate plasma with
the initial condition sampled by the PIMC method from equilibrium plasma state. We report
calculation of the plasma conductivity and find agreement with available theories, simulations,
experimental data and interpolation formula obtained by Esser, Redmer and Röpke.
1 INTRODUCTION
During the last decade, much work has been devoted to study the thermodynamic and kinetic
properties of strongly coupled plasmas. In these works results were obtained either by numerical
simulations or by analytical or semi-analytical calculations. Plasma is quantum mechanical even
at high temperature and low density since the Heisenberg uncertainty principle is necessary to
keep the electrons from collapsing into the ions, thus it cannot be described in the framework
of classical mechanics. Nevertheless the classical molecular dynamics simulation became a
traditional way of calculation of thermodynamic and transport properties of non-ideal plasmas
[1–6]. The main difficulty, however, since the invention of Monte Carlo and molecular dynamics
methods remains the treatment of bound states in dense media. As this is a quantum-mechanical
or quantum-statistical problem more complex simulation approaches should be used such as
density functional theory (DFT) [7–9] or path integral Monte Carlo (PIMC). This is the reason
for classical methods with quantum-mechanical treatment of bound states to be used together
with first-principle ones.
Electrical conductivity is one of the important quantities which determines the behavior of
plasma. Knowledge of this fundamental value is important under interaction of charged particles or radiation with plasma, and, in particular, for the inertial thermonuclear fusion. Experimental efforts for the measurement of the electrical conductivity up to high densities revealed
2010 Mathematics Subject Classification: 81Q30, 81Q65, 82C10.
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the many quantum effects such as Pauli blocking, dynamic screening and self-energy, structure factor, the Debye–Onsager relaxation effect, formation of bound states etc. There are many
theoretical models of dynamic conductivity which can be derived from the approximate solution of kinetic equations [1, 10–13]. Molecular dynamics simulations of fully ionized classical
plasma are widely used for the calculation of electrical conductivity with the help of the Kubo
formula [10], but our main interest is to improve these results by taking into account bound
states and quantum exchange-correlation effects. This can be done by means of DFT theory,
but it treats exchange-correlation effects approximately and can not be applied at high temperatures. Although different methods have been proposed for the evaluation of plasma transport
properties [1, 11–18], it still remains a theoretical challenge to treat these effects by a unified
quantum-statistical approach.
On other hand, Feynman and Wigner formulation of quantum mechanics combining with
Monte Carlo methods is free from mentioned drawbacks and therefore can be used for construction of the generalized molecular dynamics method for the calculation of electrical conductivity
of quantum strongly coupled plasmas. Here we describe the computational method which have
been used for the calculation of electrical conductivity of dense plasma. To calculate the electrical conductivity we use quantum dynamics in the Wigner representation of quantum mechanics.
The Wigner–Liouville equation is solved by a combination of molecular dynamics (MD) and
PIMC methods. The initial conditions are obtained using PIMC which allow to calculate such
thermodynamic quantities as the internal energy, pressure and pair distribution functions in a
wide range of density and temperature. To study the influence of the interparticle interaction
on the dynamic properties of dense plasmas we apply the quantum dynamics in the canonical
ensemble at finite temperature and compute temporal momentum-momentum correlation functions and electrical conductivity. For low density and high temperature our numerical results
agree well with interpolation formula, which is applicable for fully ionized plasma [17,18]. Our
calculations agree also with experimental results for conductivity within wide region of plasma
temperatures and densities [3].
2 WIGNER QUANTUM DYNAMICS
To calculate the electrical conductivity of dense two component Coulomb system of particle
we use quantum dynamics in the Wigner representation of quantum mechanics. As example
of Coulomb system of particles, we consider a 3D two-component mass asymmetric electron–
hole plasma consisting of Ne electrons and Nh heavier holes in equilibrium (Ne = Nh = N) [19].
The Hamiltonian of the system Ĥ = K̂ + Û c contains the kinetic energy K̂ and the Coulomb
c + Û c + Û c contributions.
interaction energy Û c = Ûhh
ee
eh
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Our starting point is the canonical ensemble-averaged time correlation function [10]
n
o
∗
CFA (t) = F̂(0)Â(t) = Z −1 Tr F̂eiĤtc /h̄ Âe−iĤtc /h̄ ,

(1)

where F̂ and Â are noperators
o of arbitrary observables, tc = t − ih̄β /2 is the complex time, β =
β
Ĥ
−
1/kB T and Z = Tr e
is the partition function. The Wigner representation of (1) in a υ –
dimensional space is
CFA (t) = (2π h̄)

−2υ

Z Z

dpq df
pq F(pq) A(f
pq)W (pq; f
pq;t; β ),

(2)

where p and q comprise the momenta and coordinates of all particles, ν = 12N. A(pq) and
F(f
pq) denote the Weyl’s symbols of the operators
A(pq) =

Z

−i ph̄ξ

dξ e



ξ
ξ
q − Â q +
2
2

and W (pq; f
pq;t; β ) is the spectral density expressed as
1
pq;t; β ) =
W (pq; f
Z

Z Z

i p̄h̄ξ̄ i p̃h̄ξ̃

dξ̄ dξ̃ e

e

*

∗
ξ̄
ξ̃
q̄ + eiĤtc /h̄ q̃ −
2
2



,

+*

ξ̃
ξ̄
q̃ + e−iĤtc /h̄ q̄ −
2
2

+

.

As has been proved in [20–22], W obeys the following integral equation:
pq;t; β ) =
W (pq; f

Z

dp0 q0 d pg
pq,t; p0q0 , pg
0 q0 G (pq, f
0 q0 , 0) W (p0 q0 ; pg
0 q0 ;t = 0, β )
Z
Z
Z


1 t ′
′
′
′
′
′
′
′
′
′
g
g
+
dt ds dp q d p q G pq, f
pq,t; p q , p q ,t
2 0
h
i
′
′
′
′
′
′
′
′
′
′
′
′
g
e
× W (p − s, q ; p q ;t ; β ) ω (s, q ) −W (p q ; pe − s, q ;t ; β ) ω (s, qe ) ,

(3)

with the Green function




′
′
′
′
′
g
pq,t; p q , p q ,t = δ p − p(t; p′ q′ ,t ′) δ q − q(t; p′q′ ,t ′)
G pq, f

 

×δ pe − pe(t; g
p′ q′ ,t ′) δ qe − qe(t; g
p′ q′ ,t ′ ) ,

describing propagation of the spectral density along classical trajectories in positive time direction
dp(t; p′ q′ ,t ′ )
1
= F(qt ),
dt
2

dq(t; p′q′ ,t ′)
1
= v[p(t; p′ q′ ,t ′)],
dt
2
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and in the reverse time direction
d pe(t; g
p′q′ ,t ′)
1
= − F(e
qt ),
dt
2

de
q(t; g
p′q′ ,t ′)
1
= − ve[ pe(t; g
p′q′ ,t ′)],
dt
2

(5)

where (e
qt ) = [e
q(t; g
p′q′ ,t ′)] and similarly for bared quantities, while vector v symbolize the particle velocities. These equations of motion are supplemented by the initial conditions at time
t =0
p(0; p0 q0 , 0) = p0 ,

q(0; p0 q0 , 0) = q0 ,

pe(0; pg
0 q0 , 0) = pe0 ,

qe(0; pg
0 q0 , 0) = qe0 ,

p(t ′; p′ q′ ,t ′ ) = p′ ,

q(t ′; p′ q′ ,t ′) = q′ .

pe(t ′; g
p′ q′ ,t ′ ) = pe′ ,

qe(t ′; g
p′ q′ ,t ′) = qe′ .

and by the initial conditions at time t = t ′

(6)

(7)

In fact, equations (4) are Hamiltonian equations of motion but written for half-time (t/2). Similarly, equations (5) are half-time Hamiltonian equations of motion reversed in time. This happens because the time correlation is taken between instants in the past and the future with the initial conditions fixed in between these instants, i.e. at t = 0 the spectral density is W (pq0 ; f
pq0 ;t =
0
pq0 ; β ). The right-hand sides of equations (4) and (5) include interparticle in0, β ) = W̄ (pq0 ; f
teraction that can be arbitrary strong.
The solution of the integral equation (3) can be represented by an iteration series
W t = W̄ t + Kτt W τ = K0t W̄ 0 + Kτt 1 K0τ1W̄ 0 + . . . ,
where W̄ t is the initial quantum spectral densities evolving classically during time intervals
τ
[0,t], whereas Kτii+1 are operators that govern the propagation from time τi to τi+1 like the first
term in equations (3) and momentum jumps due to the convolution structure of the equation (3),
see e.g. [20–22]. Thus the time correlation function becomes



CFA (t) = φ |W t = φ |W̄ t + φ |Kτt 1 K0τ1W̄ 0 + . . . ,

(8)

where φ (pq; f
pq) ≡ F(pq)A(f
pq) and the parentheses (. . . | . . .) denote integration over the phase
′
′
′ ′
g
spaces {p0 q0 ; pg
0 q0 }, {d p q d p q } and so on. To compute the electron electrical conductivity we calculate the electron momentum-momentum time correlation function C pp (t) and then
apply the Kubo formula which contains the Fourier transform of C pp (t) at ω = 0.
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The iteration series for CFA (t) can be efficiently computed using MC methods. We have
developed a MC scheme which provides domain sampling of the terms giving the main contribution to the iteration series, cf. [20–22]. For simplicity, in this work, we take into account only
the first term of iteration series, which is related to the propagation of the initial quantum distribution W̄ 0 according to the Hamiltonian equations of motion. This term, however, does not
describe pure classical dynamics but accounts for quantum effects [20] and, in fact, contains
arbitrarily high powers of the Planck’s constant:
pq;t; β ) ≃
W (pq; f

Z

dp0 q0 d pg
pq,t; p0 q0 , pg
0 q0 G (pq, f
0 q0 , 0)

×W 0 (pq0 ; f
pq0 ; β ).

(9)

Here the initial condition W̄ 0 (pq; f
pq; β ) ≡ W (pq; f
pq; 0; β ) for equation (3) can be presented in
the form of a finite difference approximation of the Feynman path integral [13, 21, 22].
The expression for W has to be generalized to account for the spin effects. This gives rise to
an additional spin part of the initial density matrix, e.g. [23,24]. Also, to improve the simulation
eff , such as
accuracy the pair interactions Uab , are replaced by an effective quantum potential Uab
the Kelbg potential [25]. For details we refer to Refs. [13], where recent applications of the
PIMC approach to correlated Coulomb systems has been discussed.
3 TRANSPORT COEFFICIENTS
A natural way to obtain transport coefficients is use of the quantum Green-Kubo relations
[10]. These relations give the transport coefficients in terms of integrals of equilibrium timedepended correlation functions. According to equation (8) the electron conductivity σ is the
integral of the velocity–velocity autocorrelation function
1
σe = e ne β lim
t→∞ 3
Z
2

hv(0) · v(τ )ie = (2π h̄)−2ν

Z t
0

dτ hv(0) · v(τ )ie

dpq df
pqW (pq; f
pq; τ ; β ) ve (p(τ )) · ve ( pe(τ )) ,

(10)

where the scalar product of 3D velocities is

1 Ne pi (τ ) · e
pi (τ )
,
ve (p(τ )) · ve ( pe(τ )) =
∑
2
Ne i=1
mi

(11)

and trajectories in positive (bared) and inverse (tilded) time directions are defined by the equations (4) and (5), respectively.
Calculations of autocorrelation functions are performed in canonical ensemble and include
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combination of the Monte-Carlo sampling of initial conditions pq0 and f
pq0 for trajectories and
solving the system of dynamic Hamiltonian equations (4 and (5). The initial conditions pq0 and
f
pq0 for the trajectories are sampled by the Monte-Carlo method accordingly to the modulus
of probability W 0 (pq0 ; f
pq0 ; β ), while sign of the W 0 (pq0 ; f
pq0 ; β ) is accounted for as wiehgt
function at calculations average values [13].
The autocorrelator (11) as a function of time is calculated along the trajectories (4) and (5),
which themselves are computed by means of a numerical scheme for solution of a system of
ordinary differential equations of the first order. We use the explicit numerical scheme with
automatically adapted time step. To check correctness of the calculations we control the full energy. Energy variations in our calculations amount to less than 1-2%. Usually several thousands
of generated trajectories are required for convergence of the antiderivative of the autocorrelation function up to accuracy of 5%. The convergence is fast enough because the autocorrelation
function includes averaging-out (i.e. summation) over all particles.
Details of our path integral Monte-Carlo simulations have been discussed elsewhere in a
number of papers and review books, see, e.g. Refs. [5, 13] and references therein. For simulation we use the standard Metropolis algorithm. We use a cubic simulation box with periodic
boundary conditions. The main idea of the simulations consists in constructing a Markov chain
of different particle states in the phase space.
Errors of Monte-Carlo calculations of thermodynamic quantities related to the finite particle
number (N) in the system with periodic boundary conditions are of the order of 1/N [5]. However, too large number of particles presented by discrete trajectories with a large number of 3D
points (beads) requires too large computer resources. In practical calculations we try to keep
the total number of particles not exceeding N = 126 and the number of beads n = 20 for each
particle is used. Our choice of particle and bead numbers is a compromise between acceptable
accuracy and available computer resources. It was checked that variation of the number of beads
from 15 up to 50 practically does not change results.
To avoid the well known sign problem in our Monte-Carlo simulations of Fermi particles
we used the effective pair pseudopotential depending on coordinates, momenta and degeneracy
parameter of particles and taking into account Pauli blocking of fermions in phase space. The
agreement between the our calculations and the analytical Fermi distributions is good enough up
to parameter of the electron degeneracy equal to nλe3 = 10 (T /EF = 0.141), while the integral
characteristics such as energy are practically equal to each other [13, 23]. The degeneracy of
electrons in our calculations is moderate, i.e. the degeneracy parameter is of order of several
units.
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4 ELECTRICAL CONDUCTIVITY
The plasma density is characterized by the Brueckner parameter rs defined as the ratio of the
mean interparticle distance of electrons d = ( 4π3ne )1/3 to the Bohr radius aB (ne is the electron
densities). To estimate interaction and degeneracy effects we use the coupling Γ = e2 /(rs aB kB T )
and the degeneracy χ = ne λe3 parameters where λe = 2π h̄2 /(me kB T ) and me is the electron
mass.
First we discuss the velocity–velocity auto correlation function (VVACF). Figure 1 shows
examples of the velocity–velocity autocorrelation functions and its antiderivatives. The initail
Wigner distribution W̄ 0 due to the path integral representation accounts for the momentum–
coordinate principle uncertanity [13]. As consequence momenta are to a great extent independent form each other and VVACF approach to zero. Some time later correlation of VVACF
starts to grow due to strong interaction with surrounding particles. This happens as Γe 6 1,
|q0 − qe0 | ∼ λe and λe 6 β e2 6 rs aB and virtual trajectories pq and f
pq are evolving in approximately same direction independently from initial conditions. Subsequent decay of VVACF
results from interaction with far particles at distances larger than rs . Accordung to figure 1 the
damping time of the VVACF turns out to be strongly affected by the variations of density and
temperature.
Let us discuss now the conductivity of a strongly coupled Coulomb system. Top panel of
figure 2 present comparison of our conductivity isochores with those obtained from the interpolation formula for conductivity of fully ionized hydrogen plasma derived in [17, 18]. This
figure demonstrates good agreement of both data at low densitis and high temperatures. Let us
stress that line 6 restricts approximately from above the region of conductivity sharp drop due
to arising bound states of many particle clusters.
Bottom panel of figure 2 presents (by solid symbols) the Coulomb part of electron conductivity obtained in experiments for different substances, densities and temperatures versus coupling
plasma parameter Γe . Line 1 illustrate conductivity of MD calculations [27], while lines 2 and
3 show conductivity for ideal plasma. Empty symbols 1–5 preset results obtained in this work
for five fixed densities related to rs = 6, 4, 3, 2, 1, while symbols 6, 7 present results of theoretical papers [3] and [26] for fully ionized hydrogen plasma. Important difference with classical
molecular dynamics is that even for fully ionized plasma (proved by related behavior of PIMC
pair distribution functions) we can see stratification of conductivity isochores for related fixed
Brackner parameter. This happens due to the accounting for quantum effects even at small coupling parameter and high temperatures. This stratification is also supported by experimental
results presented by solid symbols.
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Figure 1. Velocity–velocity autocorrelation functions (lines 1) and their antiderivative functions (lines 2) versus
time in atomic units (τ0 = h̄/Ha) for rs = 6, T = 1.27 Ha (top panel) and rs = 3, T = 1.08 Ha (bottom panel).
VVAF are multiplied om 10 for convenience.
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Figure 2. Electrical electron conductivity as function of the coupling parameter Γe for different fixed densities
of two component Coulomb system. Top panel. Empty scatters: 1–5—show results of this work for fixed rs =
6, 4, 3, 2, 1 respectively, wile related lines present results of interpolation formula for conductivity of fully ionized
hydrogen plasma derived in [17, 18]. Line 6 restricts approximately from above the region of conductivity sharp
drop due to arising bound states of many particle clusters. Bottom panel. Solid scatters present data of different
experiments [3]. Empty scatters: 1–5—illustrate conductivity like on the top panel. Empty scatters: 6–7—present
results of theoretical papers [3] and [26] for fully ionized hydrogen plasma. Lines: 1—MD calculations [27];
2—Landau’s formula; 3—Landau’s formula at Le = 3; 4— 41π .
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5 CONCLUSIONS
According to the quantum Kubo formula we have derived a new method for calculation of
the electrical conductivity of dense plasma media. This method combines the Feynman and
Wigner formulations of quantum mechanics and uses for calculation the direct path integral
Monte Carlo and molecular dynamics methods. We applied this method to dense plasma in
a wide region of density and temperature. Calculating the momentum–momentum correlation
functions we determined the electrical conductivity and compared obtained results with available theories. Our results show a strong dependence on the plasma parameters and for fully
ionized plasma are in a good agreement with available theories, simulations, experimental data
and interpolation formula obtained by Esser, Redmer and Röpke. Appearing bound states and
many particle clusters in plasma results in sharp drop of electron conductivity.
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