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Summary. Using dynamic and geometry of Möebious mappings we prove Lindelöf type 
theorems for much larger class of functions on the unit disk than previously considered class of 
meromor-phic functions.   

1. INTRODUCTION

In classical theory of boundary behaviour of functions of one complex variable and in the the-
ory of boundary sets the special important place is for the Lindelöf theоrem and the Fatou theo-
rem (we refer to [3, 12]) on radial and nontangential boundary values of holomorphicc functions. 
The first one concerns the local property of functions, i.e., it is about the existence of non-
tanegntial boundary value in a single point in the domain of a holomorphic function, the second 
one is about global boundary behaviour, i.e., it concerns the almost everywhere existence of ra-
dial boundary values of a holomorphic function. Nowadays there exist many proofs of these the-
orems but all of them use classical results of analytic theory of functions (see [3, 12, 13, 23]). 
Generalizations of Lindelöf theorems and Fatou theorems goes in many directions. One direction 
is for analytic functions by proving „stronger“ results, i.e., by proving the existence of nontan-
gentail boundary values under weaker conditions then those in the Lindelof theorem (see [17- 
19]). The second direction is to consider similar theorems for broader class of functions: mero-
morphic functions, endomorphic mappings, holomorphic mappings of several complex variables, 
quasiconformal mappings in n, Rn≥ 2, harmonic functions and similar [22, 24, 25].  
In this paper we prove how one can efficasely use the geometry or dynamic of Möebious 
mappings in order to derive the results on asymptotical behavior of holomorphic functions. 
Namely, we prove theorems that give necessary and sufficient conditions and criteria in order 
that a meromorphic function on the unit disk has tangential and nontangential boundary values. 
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These theorems show that the conditions in the classical Lindelöf theorem and in the theorem of 
Lehto and Virtanen, Bagemihl and Seidel, Gavrilov and Burkova on angular boundary values of 
meromorphic functions may be relaxed. In the proofs of these theorems we use the Main Lemma 
1 and the Main Lemma 2 in the Section 5 (see [18]). These results give the necessary and suffi-
cient condition on a function defined on the unit disk in the complex plane, to has a boundary set 
consisted of one point, along the set which is obtain applying cyclic semi-group produced by an 
element in the hyperbolic or parabolic Moebius group on the unit disk. More on the topic on 
boundary asymptotic properties of functions one may found in [13, 17-19, 22-24]. 

2. PRELIMINARY NOTATIONS, DEFINITIONS AND RESULTS

By D we denote the open unit disk    z 1z   in the complex plane C, and with Γ  we denote 

the boundary of D, and { } Im 0D D z z+ = ∩ > , { } Im 0D D z z− = ∩ < , and

{ },  0<r<1rD z z r= <  is the disk with radius r. By  i P pθ θ  we denote the diameter and the 

radius of D with one endpoint in ie θ . Further, we denote by ( )1 2 1 2,d z z z z= − , 1 2  ,z z ∈  the 

Euclidean distance on  , ( ),
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is the spherical distance on the Rimanian sphere { }= ∪ ∞  . 

It is well known that dh is the metric in the Poencare model of the hyperbolic geometry on the 
disk D introduced by Lobachevsy. 
All convergencies in this paper are with respect to the distances introduces above.  

The set ( ) ( ){ }, , ,ph phD w r z z D d z w r′ ′= ∈ < , w D∈ , 0 1r′< < , is the pseudohyperbolic disk, 

and ( ) ( ){ }, , ,h hD w r z z D d z w r= ∈ < , , 0r > , is the disk with respect to the hyperbolic 
distance. 

Lemma 1. We have ( , ) ( , ')h phD w r D w r , where 1 1 'ln
2 1 '

rr
r






2

2
1' = .
1

r

r
er thr
e

        

w D∈

6



Лазерная физика, Оптика И Ž. Pavićević, J. Šušić and M. Markovićфизика плазмы 

The pseudohyperbolic disk ( ),phD w r  is the Euclidean disk ( ) { },  D c R z D z c R= ∈ − <  for

2
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R r
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−

 

Therefore, the boundaries of hyperbolic and pseudohyperbolic disks are the ordinary cycles. The 
cycle which lies in D and with Γ has one common point is the oricycle D. The radius of D and 
arcs in D and in intersection with Γ have two points are hypercycles in D.  

An arbitrary hypercycle will be denoted by H, an arbitrary oricycle will be denoted by O. We 
denote by [ ), 0,H θ θ π∈ , the hypercycle which connects the points ie θ−  and ie θ ; we denote by 

[ ),  0, 2Oθ θ π∈ , the oricycle which is tangent to Γ  in ,ie θ  and ( )0  ,iuO e u
u i

θ θ = ∈ −∞ ∞ − 
 is 

the oricycle 1 1
2 2

iz z e θ 
− = 

 
. 

We will also consider the family of all hypercycles with two common points in Γ . 

The hyperbolic distance between a point z, ,z D∈  to the curve ,  ,Dγ γ ⊂  is

( ) ( ), inf ,h hw
d z d z w

γ
γ

∈
= . 

For H θγ = , one can prove that ( ) ( ), min ,h hw H
d z H d z w

θ

θ

∈
=  and that ( ),hd z H θ  does not depend

on  z   if z H∈ , where  H is a hyper-cycle from the family of all hypercycles which is defined by 
the hypercycle H θ  (see [10]). Also one can prove (see [10]) that there exists unique point 0w  in 

H θ such that 

( ) ( ) ( )0, min , ,h h hw H
d z H d z w d z w

θ

θ

∈
= = . (1) 

From above, by “symmetric thinking”, it follows that for w H θ∈ there exists unique point 0z  in 
H such that 

( ) ( ) ( )0, min , ,h h hz H
d w H d w z d w z

∈
= = (2) 

And this distance does not depend on w H θ∈ .  
From (1) and (2) it follows that for any w H θ∈  and z H∈  there exists unique points 0w H θ∈   

and 0z H∈   such that 

 ( ) ( ) ( )0 0, , ,h h hd w H d z H d w zθ= = .  (3) 
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Having in mind all the preceding, the equality (3) define the hyperbolic distance between hyper-
cycles H θ and H. Notation: ( ),hd H Hθ .

From the all given above we have: 

Lemma 2 (see [10]).  The set of points in D such the hyperbolic distance between the hypercycle 
H is the hypercycle which belongs to the family of all hypercycles defined by the hypercycle H. 

From Lemma 2 we obtain: 

Lemma 3 (see [8, 14]). The set  ( )
( )

( )
1,1

, ,i
H h

a
r D ae rθθ

∈ −

∆ = ∪ , ( )0,r∈ +∞ , is a domain in the disk 

D bounded by two hyper-cycles ( )H rθ  and ( )H rθ −  such that their hyperbolic distance to the 

radius Pθ  is equal to r, and which contains the points 2 
i

th re
π θ + 
 −  and 2 

i
th re

π θ + 
   and contains 

the points ie θ−  and  ie θ   (see the Figure 1). 

Lemma 4 (see [10]). Let r be the hyperbolic distance of hyper-cycle H θ  from the diameter Pθ  of 

the disk D. The angle α  between H θ  and Pθ  is equal to 2 
2

rarctg e ππα ±= − . 

If ( )1,h θ α  and ( )2,h θ α , 1 22 2
π πα α− < < < ,  are arcs in D that with the radius pθ  of the disk  D with 

endpoint in point ie θ  make angles 1α  and 2α , then the domain in D which is bounded by these 
arcs and by the circle { }| i

rD z z e rθ= − =  is the Stolz angle with vertex at ie θ . This domain is 

denoted by ( )1 2, ,θ α α∆ . By ( ),θ α∆  we denote the Stolz angle with boundary  ( ),h θ α  and 

( ),h θ α− , 
2 2
π πα− < < . We denote it by ( )1 2, ,θ α α∆ . With ( ),θ α∆  we denote the Stolz angle 

with boundary ( ),h θ α  and ( ),h θ α− , 
2 2
π πα− < < , i.e.,  

( ) ( )i,  z D, arg e ,  0
2

z zθ πθ α α α ∆ = ∈ − < < < 
 

. 

Threfore, the Stolz angle is the domain which is an usualty geometic object (see Figure 1). 

From Lemma 4 we obtain: 

Lemma 5. For every α , 
2 2
π πα− < < , there exist ( ),  0,r r∈ +∞ , ( )1 1,  0,1r r ∈ , such that 

{ } ( ) { } ( )1 1 ,  , .i i
Hz y e r z y e r rθ θθ α θ− < ∩∆ ⊂ − < ∩∆  For every ( ),  0,r r∈ +∞ , there exists 

α , 
2 2
π πα− < < , such that ( ) ( ), , .H rθ θ α∆ ⊂ ∆  
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If ( ) ( ), inf ,h hw
d z d z w

γ
γ

∈
=  and if Oθγ = , then ( ) ( ), min ,h hw O

d z O d z w
θ

θ

∈
= and ( ),hd z H θ  do not

depend on z O∈ , where O is the oricycle from the family of all oricycles generated by Oθ . One 
can also prove that (see[10]) there exists only one point 0w  in Oθ such that

( ) ( ) ( )0, min , ,h h hw O
d z O d z w d z w

θ

θ

∈
= = . Analogy one may define the distance between two ori-

cycles from the same family of ori-cycles in the following way
( ) ( ) ( ), , ,h h hd H H d w H d z Hθ θ= = . It may be shown that there exist unique points 0w Oθ∈  and 

0z O∈  such that ( ) ( ) ( ) ( )0 0, , , ,h h h hd H H d w H d z H d w zθ θ= = = .  

Now, we have the following statements: 

Lemma 6 (see [10]). The set of points in D for which the hyperbolic distance is constant from the 

oricycle O is the orycycle in the family of all orycycles defined by the oricycle O.   

From lemma 6, we have: 

Lemma 7 (see [14]).  The set ( )
( ),

, ,i
O h

u

ur D e r
u i

θθ
∈ −∞ ∞

 ∆ =  + ∪ , ( )0,r∈ +∞ , is a domain in the 

disk D which is bounded  by two ori-cycles ( )O rθ −  and ( )O rθ  such that the hyperbolic dis-

tance between them and the oricycle ( )0  ,iuO e u
u i

θ θ = ∈ −∞ ∞ + 
 is equal to r, and that pass

throughout ,ie θ  ith re θ− and  ith re θ (see Figure 2). 
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3. FRAGMENTS OF THE GEOMETRY OF MÖBIOUS MAPPINGS
The Möbious group on the unit disk D is the group of all conformal automorphisms of the 

unit disc D, i.e., ( ) [ ) ,  ,  0, 2
1

i z aG G D e a D z
az

θ θ π− = = ∈ ∈ ∈ 
− 

 . 

The set 

( ) ( ) [ ) 1,1 ,  0,
1

i

D a a i

z aeH g g z a
ae z

θ
θ θ θ

θ θ π−

 +
= = = ∈ − ∈ + 

 is fixed, 

stand for the hyperbolic subgroup of G with fixed points ie θ  and ie θ− , 

( ) ( )
( ) ( ) [ ) , ,  0, 2

i

D u u i

u i z ue
P g g z u

u i ue z

θ
θ θ θ

θ θ π−

 + − = = = ∈ −∞ +∞ ∈ − − +  
 is fixed, 

 is the parabolic subgroup of G with fixed point ie θ , 

and finally 

( ) ( ) ( )
( ) [ )0 0 0 0

02
0 0

1 1
 0,2 ,  z

1

i i
z z

D i i

z e z z e
E g g z D

z e z e zθ

θ θ
θ

θ θ θ
θ π

−

 − − − = = = ∈ ∈ 
− + −  

is fixed, 

 is the elliptic subgroup of G with fixed point 0z . 

Since the hyperbolic distance is invariant with respect to g G∈  and from the definition of the  
groups DH θ  and DPθ  and sets DPθ , ( ),H rθ∆ , 0O θ and ( ),O rθ∆  we have the following statements: 

Lemma 9. (i) ( ) ( )( ) ( )( ) ( ), 0, 0, ,  0,
D D

H h phg H g H
r g D r g D thr r

θ θ
θ

∈ ∈
∆ = ∪ = ∪ ∈ +∞

(ii) ( ) ( )( ) ( )( ) ( ), 0, 0, ,  0,
D D

P h phg P g P
r g D r g D thr r

θ θ
θ

∈ ∈
∆ = ∪ = ∪ ∈ +∞ . 

The set ,  ,  A A D⊂ is the stabilisator of the group DH θ  if ( )g A A= , for every Dg H θ∈ . 

Lemma 10. For every Dg H θ∈  we have ( )g P Pθ θ= , i.e., the diameter Pθ  is stabilisator of the  
group DH θ . 

Lemma 11. For every Dg H θ∈  and ( )0,r∈ +∞  we have ( )( ) ( ), ,H Hg r rθ θ∆ = ∆ , i.e., the set 

( ),H rθ∆  is also the stabilisator of the group DH θ . 

Lemma 12. For every Dg Pθ∈ we have ( )0 0g O Oθ θ= , i.e., the ori-cycle 0O θ is the  stabilisator of 

the group DPθ . 
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Lemma 13. For every Dg Pθ∈  and ( )0,r∈ +∞  we have ( )( ) ( ), ,O Og r rθ θ∆ = ∆ , i.e., ( ),O rθ∆  
is the stabilisator of the group DPθ . 

For ( )  g G D∈ denote ( ) ( (( ( ) ) )
 puta

... ...n

n

g z g g g z=


, ( )0g z i= , i is the identity and

( ) ( ) ( ) ( (( ( ) ) )1 1 1 1

 puta

... ...
nn

n

g z g z g g g z− − − − −= =


, n∈ . 

Lemma 14 (see [2 ] on p. 73). 
(i) Let Dg H θ∈ . For fixed points ie θ and ie θ− there holds ( )n i

n
g z e θ

→∞
→  and ( )n i

n
g z e θ−

→∞
−→ ,  

where we mean uniform convergence on compacts sets of the disk D. 
(ii) Let Dg Pθ∈ . Then for fixed point ie θ

 we have ( )n i

n
g z e θ

→∞
→ , where we also mean the uniform 

convergence of compact subsets of the disk D. 

Therefore, the point ie θ
 is an attraction point for Dg H θ∈ , and ie θ− is repulsive point for g, i.e. it 

is an attraction point  for 1g − . If Dg Pθ∈   then the attraction point for Dg Pθ∈ . 

For Dg H θ∈ , and [ ) 0,θ π∈  fixed, ,g i≠ denote { }n
gH g nθ = ∈ . The set gH θ  sa with 

composition operation is the cyclic subgroup of the group DH θ . If Dg Pθ∈ , then the set 

{ }n
gP g nθ = ∈  with composition of functions is the cyclic subgroup of DPθ . 

Let ( ) ( )( ) ( ), 0, ,  0, .n
g hn

r g D r rθ
∈

∆ = ∪ ∈ +∞


Further, from the property of invariance of the hyperbolic distance with respect to g G∈  we 
have: 

Lemma15. ( ) ( )( )( ) ( ), 0 , ,  0, .n
g hn

r D g r rθ
∈

∆ = ∪ ∈ +∞


Lemma16. Let Dg H θ∈ , g i≠ . For every ( ) 0,r∈ +∞  there exists ( )1 0,r ∈ +∞  such that

( ) ( )1, ,H gr rθ θ∆ ⊂ ∆ , and ( ) ( ), ,g Hr rθ θ∆ ⊂ ∆  for every ( ) 0,r∈ +∞ . 

Proof of lemma 16. Let Dg H θ∈  be arbitrary and let it be fixed and g i≠ . Let ( ),Hz rθ∈∆ . 

There exists  ( )0,a∈ +∞  such that ( ),i
hz D ae rθ∈ . Since  iae Pθθ ∈ and ( )0ng Pθ∈  for every

n∈ , there exists N ∈  such that iae θ  is between ( )0Ng  and ( )1 0Ng +  or is equalt to one of 

that points. Let ( )( ) ( ) ( )( )10 0, 0 0 , 0 ,  n n
h hM d g d g g n+< = = ∈ . Then we have

11



Лазерная физика, Оптика И Ž. Pavićević, J. Šušić and M. Markovićфизика плазмы 

( )( ) ( )( ) ( ) ( ) ( )( ) ( )10 , 0 , , 0 , 0 ,N N i i N N i
h h h h hd g z d g ae d ae z d g g d ae z M rθ θ θ+≤ + ≤ + < +

Therefore, for every ( ),Hz rθ∈∆  there exists  N ∈ such that ( )( )0 ,N
hd g z M r< + , where  M 

and r are independent on z and N. 
Since ( ) ( )( )( ), 0 ,n

g hn
M r D g M rθ

∈
∆ + = ∪ +



(by Lemma 14) and

( )( ) ( )0 , ,N
h gD g M r M rθ+ ⊂ ∆ + ,  we obtain ( ),gz M rθ∈∆ + . If we take 1r M r= + , it fol-

lows ( ) ( )1, ,H gr rθ θ∆ ⊂ ∆ . 

Now ( ) ( ), ,g Hr rθ θ∆ ⊂ ∆  , ( ) 0,r∈ +∞  follows from  Lemma 9 and Lemma 15.  

Lemma 17. Let Dg Pθ∈ , g i≠ . For every ( ) 0,r∈ +∞  there exists ( )1 0,r ∈ +∞  such that

( ) ( )1, ,P gr rθ θ∆ ⊂ ∆ , and ( ) ( ), ,g Pr rθ θ∆ ⊂ ∆   for every ( ) 0,r∈ +∞ . 

Lemma 17 may be proved in a similar way as Lemma 16, instead of diameter   Pθ  one has to 
take the oricycle

0
 O θ . 

We will further consider the domains: ( ) ( )
[ ]0,1

, ,i
H h

a

r D ae rθθ
∈

∆ =




and

( ) ( )
[ ]1,0

, ,i
H h

a

r D ae rθθ
∈ −

≈
∆ =



, ( ) 0,r∈ +∞ , we call them the hypercyclic domains in D  and

( )
( )0,

, ,O
i

h
u

ur D e r
u i

θθ
∈ +∞

 ∆ =  + ∪


 and ( )
( )0,

, ,O
i

h
u

ur D e r
u i

θθ
≈

∈ −∞

 ∆ =  + ∪ , ( ) 0,r∈ +∞ ,    which will 

be called the oricyclic domains in D. 

Lemma 18. Let a Dg H θ∈ , ag i≠ , for which ie θ  is an attraction fixed point. Then for every

( ) 0,r∈ +∞  there exists ( )1 0,r ∈ +∞  such that ( )( ) ( ) ( )( )1
0 0

0, , 0,n n
Ha h a h

n n

g D r r g D rθ
∞ ∞

= =

⊂∆ ⊂


 

. 

Lemma 19. Let u Dg Pθ∈ , ug i≠ , for which ie θ  is fixed attraction point. Then for every

( ) 0,r∈ +∞  there exists ( )1 0,r ∈ +∞  such that ( )( ) ( ) ( )( )1
0 0

0, , 0,O
n n
u h u h

n n

g D r r g D rθ
∞ ∞

= =

⊂∆ ⊂


 

, 

u>0, and ( )( ) ( ) ( )( )1
0 0

0, , 0,O
n n
u h u h

n n

g D r r g D rθ
∞ ∞

= =

≈
⊂∆ ⊂

 

, u<0. 

Lemma 18 and lemma 19 may be proved in a similar way as Lemma 16. 
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4. CLASSICAL RESULTS FOR ASYMPTOTIC AND ANGULAR LIMIT VALUES OF
ANALYTIC FUNCTIONS AT A POINT

For { },   A iA D e θ⊂ ∩Γ = , we denote by A  the closure of the set A, and

( ) ( ) ( ){ }n n
, ,    , z ,  lim ,  limi i

n nn
C f A e A z e f zθ θω ω ω

→∞ →∞
= ∈Ω ⊂ = =  is the boundaty set of a 

function  Ω→Df :  corresponding to the point ie θ  allong  the set A . It is known that 

( ) ( ), , , , .i iC f A e C f A eθ θ=  

The symbol ϕn  K ϕ  denotes the uniform convergence on the set ,K D⊂ of the sequence  ( )nϕ

of functions : ,  ,n D nϕ → ∈   to  : .Dϕ →  

If ( ),iA e θ α= ∆  is a Stolz angle in the disk D with the vertex at the point θie , then

( )( )θθ α ii eefC ,,,∆  is the boundary set of the function f along the angle ( )αθ ,ie∆ . If for every

2
0 , παα << , ( )( ) { }ωα θθ =∆ ii eefC ,,, , the θie  is the Fatou point of f, and Ω∈ω  is the unique

nontangential boundary value. 

We always denote by γ  the simple Jordan curve in the disk D with endpoint in θie . If 

( ) { }, , iC f e θγ ω= , Ω∈ω , then  ω  is an asympthotic boundary value of the function f in the

point θie along the curve γ . 

We give now the classical assymptotic results and nontangential of analytic functions. 

Theorem of Lindelöf (see [12, 23]). If :f D →  is a bounded analytic function. If 

( ) { }, , iC f e θγ ω= , ω∈ ,  then   ( )( ) { }ωα θθ =∆ ii eefC ,,,  , i.e., θie  is the Fatou point of

function f. 

There are many proofs of the Lindelöf theorem. A proof based on maximum principle of analytic 
functions may be found in [23]. 

One generalization of the Lindelöf theorem is given by Lehto and Virtanen in [11]. The used 
results from normal function theory and results in harmonic function theory and harmonic meas-
ure. 

For a family of functions { }:f f Oℑ = →  we say that it is normal family on a domain O,

,O ⊂   if for every sequence ( )nf  in that familtyℑ  there exists a subsequence  ( )knf  which 

13
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convege uniformly on compact subsets of O to a function :f O → . This is normality in the 

sense of ℑ of Montel. The family of functions { }:f f Oℑ = →  is normal in the point  z O∈

if it is  normal  familiy in a neiborhoud of z. 

It is well known that a family of functions { }:f f Oℑ = →  is normal family in the domain O

if and only if it is normal in every point in the domain O (see [16, 20]). 

If ,O ⊂   i.e. if O∞∈ , then the  family of  functions { }:f f Oℑ = →  is normal in the point

∞ if we have  normality of the  family 1   f f
z

  ′ℑ = ∈ℑ  
  

 in  0. The family of functions 

{ }:f f Oℑ = →  is normal on O if it is normal in every point of the domain O. The theory of

normal functions is well exposed in [16, 20]. 

If :f D →  is a bounded analytic maping, then the family { } f g g G∈  is normal family of
functions on the disk D.   

Theorem of Lehtо and Virtanen (see [11]). Let :f D →  be a meromorphic function. If

{ } f g g G∈  is normal  family of functions on the  disk  D  and  ( ) { }, , iC f e θγ ω= , ω∈ ,

then  we have ( )( ) { }ωα θθ =∆ ii eefC ,,,  , i.e.,  θie  is the  Fatou point of the function  f.

For the proof of the theroem Lehto and Virtanen used the results from harmonic function theory 
and  harmonic measures  (the theorem on two constants) and the propery of the normal 
meromorphic functions (see [3, 11]). 

A meromorphic function :f D →  for which the family { } f g g G∈  is normal family of

functions on D is the class of very well understood normal meromorphic functions N which 
contains the Bloch class of  holomorphic functions denoted by B.  

In the following theorems proved by Bagemihl and Seidel [1], it is proved the existence of angu-
lar boundary values under weaker asymptotical conditions then these in the preceding theorems. 
But these theorems are based on the theorems of Lehto and Virtanen.  

Theorem of Bagemihl and Seidel 1 (see [1]). Let :f D →  be a meromorphic function. If

{ } f g g G∈  is a normal family of functions on the disk D and if for every z D∈  we have

( ) ,  f z w w≠ ∈ , and if there exists a sequence ( ) ,  z ,  ,n nz D n∈ ∈ such that: 

14
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( )1lim ,  , ,  ,  i
n h n nn

z e d z z M nθ
+→∞

= < ∈ ( )i lim ,  ,nn
f z ω ω

→∞
= ∈  then ( )( ) { }ωα θθ =∆ ii eefC ,,,  for

every
2

0 , παα << , i.e., θie is the Fatou point of the function f. 

Theorem of Bagemihl and Seidel 2 (see [1]). Let :f D →  be a meromorphic function. If 

{ } f g g G∈  is a normal family of functions on the disk D and if there exists a sequence

( ) ,  z ,  ,n nz D n∈ ∈  such that ( )1lim ,  lim , 0,  i
n h n nn n

z e d z zθ
+→∞ →∞

= = ( )i lim ,  ,nn
f z ω ω

→∞
= ∈  then 

( )( ) { }ωα θθ =∆ ii eefC ,,,  for every 
2

0 , παα << , i.e., θie  is the Fatou point of function f. 

Bagemihl  and  Seidel [1] constructed an analytic functions in order  to show that the condition 
concerning the hypervbolic distance  ( )1,h n nd z z +  in Theorem  5 and Theorem 6 is not possible 

to remove. 

In the following theorem proved by Gavrilov and Burkova in [8], it is proved the existence of 
angular boundary values for the broader class of meromorphic functions then the class in the 
theorem of Lehto and Virtanen. In [Gavrilov and Burkova 11] it is given an example of mero-

morphic function for which{ } a a Df g g Hθ θ θ∈  is normal on D but the family{ } f g g G∈ is not

normal on D. 

A construction is based on the theorem which says that for a meromorphic function :f D C→  

the family { } f g g G∈  is normal on the disku D if and only if the disk D does not contain the

so called P-sequences for the function f, dok je{ } a a Df g g Hθ θ θ∈  is normal family on the disk D

if and only if in the domain ( ) ( ), ,g Hr rθ θ∆ ⊂ ∆ , ( ) 0,r∈ +∞ , does not exist the  P-sequences 

for the function f. 

A sequence ( )nz , nz D∈ , lim 1nn
z

→∞
= , is a P-sequence for a function :f D C→  if for every 

subsequence  ( )kn k N
z

∈
and for every ε , 0 1ε< < , the function  f  on ( ),

kh n
k N

D z ε
∈


, takes 

inifinity many times all velues in C , except possibly at most two (see definition, Gavrilov[6]). 

In the sequel we will need the following theorems concerning the P-sequences: 

15
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Theorem on P-sequences 1 (see [6, Lemma 1]). Let ( )nz  be a P-sequence for a meromorphic 

function :f D C→ . If for a sequence ( )nz D′ ⊂  we have ( )lim , 0h n nn
d z z

→∞
′ = , then the sequence 

( )nz′  is P-sequence for  f. 

Theorem on P-sequences 2 (see [26]).  Let :f D C→ be a meromorphic fuction on D and let 

( )nz D⊂ a sequence such that lim 1nn
z

→∞
= and ( )lim nn

f z c
→∞

=  for some a c∈ . Further, let 

( )nz D′ ⊂ be a sequence such that lim 1nn
z

→∞
′ = , ( )lim , 0h n nn

d z z
→∞

′ = , and ( )( )nf z does not 

sonverge to a  c as n →∞ . Then ( )nz and ( )nz ′ are both P-sequences of the fuction f. 

Theorem of Gavrilov and Burkova (see [8]). Let :f D →   be a meromorphic function. If

{ } a a Df g g Hθ θ θ∈  is a normal family on the  disk D  and ( ) { }, , iC f e θγ ω= , ω∈ ,  then

( )( ) { }ωα θθ =∆ ii eefC ,,,  for every 
2

0 , παα << , i.e., θie  is the  Fatou point of the function f.

A proof of theorem of Gavrilov and Burkova goes in the same way as the, by using the result 
from harmonic function theory as well as using properties of harmonic measure, as in the proof 
of theorem Lehto – Virtanen. 

In [1] are given theorems that are analigies to the theorems of Bagemil and Seidel for 
meromorphic functions on D i.e., functions for which { } a a Df g g Hθ θ θ∈  is normal on the disk 

D. 

5. MAIN RESULT

The main lemma 1. For any function :f D → , any compact set  K, ,K D⊂  and any mapping 

a Dg H θ∈ ,  ag i≠ ,  the following conditions are equivalent: 

i) fο(ga)n K   c ;

ii) ( ) { }
0

, , . n i
a

n

C f g K e cθ
∞

=

 
= 

 


Proof of main lemma 1.  Let c∈ . 

i)⇒ ii). From  i) we have 

( ) ( )( )( )( ) ( )( )1 1 10 n
aN N n N z K f g z cε ε ε∀ > ∃ = ∀ ≥ ∀ ∈ − <                 (4) 
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i.e., ( ) { }
1

 .n
a

n N

f g K w w c ε
∞

=

 
⊂ ∈ − <  

 




 

From lemma 8 we have 

( ) ( )( )( )( ) ( )( )2 2 20 n i
aN N n N z K g z e θδ δ δ∀ > ∃ = ∀ ≥ ∀ ∈ − < ,               (5) 

i.e., ( )
1

.n i
a

n N

z g K z e θ δ
∞

=

 
∀ ∈ − <  
 



   (5′)  

Let ( )nz  be any sequence in ( )
1

n
a

n

g K
∞

=


  for which  lim .i
nn

z e θ

→∞
=   From   (5), i.e., from (5′) we 

obtain 

( )( )( )( ) ( )
2

3 3 2 3, k
n n a

k N

N N z N n N z g K
∞

=

 
∃ = ∀ ≥ ∈  

 


.        (6) 

If 2 1N N≤ , then we have ( ) ( )
2 1

n n
a a

n N n N

g K g K
∞ ∞

= =

⊂
 

, from this and from   (6) it follows that 

( )
1

n
n a

n N

z g K
∞

=

∈


 for every 3.n N≥  Having in mind now (4) it follows that

( )( )3 ( ) ,nn N f z c ε∀ ≥ − < which means that  ( )lim .nn
f z c

→∞
=  

If 1 2N N≤ , then from the sequence ( )nz , except 
31,  ... , ,Nz z  remove those that are in the set 

( )
1

1

N
k
a

k

g K
=


, there are only finite many of them. Therefore, there exists 4N  such that 

( )
1

n
n a

n N

z g K
∞

=

∈


 for every 4.n N≥  Now, according to (4) we obtain  ( )( )3 ( )nn N f z c ε∀ ≥ − < , 

i.e., in this case we also have ( )lim .nn
f z c

→∞
=

Therefore, for every sequence  ( )nz  in ( )
0

n
a

n

g K
∞

=


 we have ( )lim ,nn
f z c

→∞
=  do we may conclude 

that ( ) { }
0

, , . n i
a

n

C f g K e cθ
∞

=

 
= 

 


ii )⇒ i). From  ii) we have ( ) ( ) ( )
0

  lim  limn i
n a n nn n

n

z g K z e f z cθ
∞

→∞ →∞
=

∀ ⊂ ∧ = ⇒ =


i.e.,  

( ) ( )( ) ( ) ( )( )
0

0  n i
a

n

z g K z e f z cθε δ δ ε δ ε
∞

=

 
∀ > ∃ = ∀ ∈ − < ⇒ − < 

 


       (7) 

Since ganK eiθ, for  0δ >   the exists ( )N N δ=   such that for any n N≥  and every z K∈

holds   ( )n i
ag z e θ δ− < , i.e., 
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( ) { }n i
a

n N

g K z D z e θ δ
∞

=

⊂ ∈ − <


. (8) 

From (7) and (8) it follows that ( ) { }
1

 ,n
a

n N

f g K w w c ε
∞

=

 
⊂ ∈ − <  

 




and therefore

( )( ) ( )( )( )n
an N z K f g z c ε∀ ≥ ∀ ∈ − < , i.e.,   fο(ga)n  K  c. 

If c = ∞∈ , the proof goes in the same way as in the case c∈ instead of the Eucilean metric 
we have to take the spherical distance.  

Main lemma 2. For any function :f D → , and a compact set K, ,K D⊂ and any mapping 

u Dg Pθ∈ , ug i≠ ,  the following conditions are equivalent: 
i) fο(gu)n K  c, c∈ .

( ) { }
0

 ) , , .  n i
u

n

ii C f g K e cθ
∞

=

 
= 

 


Main Lemma 2 may be proved in the same way as Main Lemma 1. 

6. APPLICATIONS

For a Dg H θ∈ , ag i≠ , for which ie θ  is an attraction fixed point

{ }{ } ( ) 0 ,  1,1
a

n
g aH g n aθ = ∈ ∪ ∈ −  is fixed, is the hyperbolic semigroup of G with fixed attrac-

tion point ie θ , and { }{ } ( ) 0  ,  ,
u

n
g uP g n uθ = ∈ ∪ ∈ −∞ +∞  is fixed, is the parabolic semigroup 

of G with attraction fixed point ie θ . 

6.1. Angular boundary values of meromorphic functions 

Theorem 1.  Let :f D →  be a meromorphic function. If 

{ } { }{ } ( )  0 ,  1,1
a

n
g af g g H f g n aθ∈ = ∈ ∪ ∈ −  

(a is fixed), is  normal family of functions on the  disk D, γ  is simple Jordan curve with one 

endpoint in θie  and ( ),H rγ θ⊂ ∆


 and ( ) { }, , iC f e cθγ = , c∈ , then

( )( ) { }, , ,i iC f e e cθ θα∆ =  for every 
2

0 , παα << , 

i.e., θie  is the Fatou point of the function f.

18
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Proof of Theorem 1. Since { }{ } ( ) 0 ,  1,1n
af g n a∈ ∪ ∈ −  , a is fixed, is a normal family of 

functions on the disk D, there exists a sequence ( )kn
af g  which uniformly on compact sete 

convegre to a meromorphic function  ϕ on 
1r

D . .i.e.,  fο(ga)nk  
1r

D   ϕ. 

Since ( ),H rγ θ⊂ ∆


, the sets ( )1
\kn

a r rg D Dγ ∩ , 10 1r r< < < , n∈ , are made of two simple 

curves. By kγ  we denote one of them Then we have 1  ,  k kγ γ +∩ =∅  and  

( ) ( )1
1 1

k kn n
k a k k a kg gγ γ+− −

+ +   Γ = ∩ Γ = =∅    , ,n∈  since the  Moebius transforms n
ag  are 

bijections 

For every m∈Ν  let us select a sequence ( )m
kz , m

k kz ∈Γ , such that ( )
____

0 1lim 0,m m
k phk

z z D r
→∞

= ∈  and  

0 0
i jz z≠   for .i j≠  We will show that ( )0

mz cϕ = , c C∈  , for every m∈Ν . 

For every m∈Ν  there holds 

( )( ) ( ) ( )( ) ( ) ( )( ) ( )( )0 0, , , ,
k k

m m m m m m
S S k S k n k S n kd z c d z z d z f z d f z cϕ ϕ ϕ ϕ≤ + + . (9)

Let ε  be any positive real number. Since of coninuily of ϕ  we have ( ) ( )( )0 , ,
3

m m
S kd z z εϕ ϕ < if k 

is enough big. 
Since the sequence ( )knf  converge uniformly on compact sets of the disk D to ϕ , we have 

( ) ( )( ),
3kS nd z f z εϕ <  for every

1

____

rz D∈  and enough big k. 

Since m
k rz D∈  we have ( ) ( )( ),

3k

m m
S k n kd z f z εϕ < . Since m

k kz ∈Γ  it follows that 

( )
k

m m
n k k kz wϕ γ γ= ∈ ⊂  and lim m i

kk
w e θ

→∞
= . 

Since c  is the asymptotic value of f  snd since ( ) ( ) ( )lim lim lim
k k k

m m m
n k n k n kk k k

f w f z f z cϕ
→∞ →∞ →∞

= = = , 

for enough big k we have ( )( ),
3k

m
S n kd f z c ε

<   for every m∈Ν .

From (9) and obtained inequality it follows that ( )( )0 ,m
Sd z cϕ ε<  for every m . Since ε  is any 

number, we have ( )0
mz cϕ =  for every m . 

Since the sequence ( )0
mz  is in 

1

_____

rD  and i 
1

_____

rD  has an accumulation point, from the uniqness 
theorem we have cϕ ≡ . 

Therefore, we have proved that any sequence in the family { }{ } 0n
af g n∈ ∪  which is 

uniformly convergent on compact sets in D, is convergent to the constant  c. 
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Now we will show that any sequence in the family { }{ } 0n
af g n∈ ∪   converge uniformly on 

compact sets of D the the constant c.  Assume conctrary, that thereexist a sequence postoji ( )nf , 

{ }{ } 0n
n af f g n∈ ∈ ∪  , which uniformly on compacts does not converge to the constant c. 

Then there exists a number 0ε >  such that for every  Nk ∈   we have Nkn ∈  and 
____

kn rz D∈  such 

that ( )( ),
k kS n nd f z c ε≥ . Since tha family { }{ } 0n

af g n∈ ∪  is normal,
knf   has a 

subsequence 
klnf  which uniformly on compact sets of D converge, according to the preceding 

consideration it follows that it converge to the constant c, which is contrary with the assumption 
( )( ),

k

m
S n kd f z c ε≥ . This contradiction shows that every sequence in { }{ } 0n

af g n∈ ∪ 

uniformly on compact sets of D converge to the constant c. Having in mind the Lemma 1 it 

follows that ( ) { }
0

, , ,n i
a

n

C f g K e cθ
∞

=

 
= 

 


 for every compact set K, ,K D⊂  and form Lemma 5  

and  Lemma 18 we have that ( )( ) { }, , , iC f e cθθ α∆ =  for everyα , ,
2 2
π πα− < <  i.e., the function 

f  in the point ie θ  has angular boundary value c .    

In [27] it is proved that  { }{ } ( ) 0 ,  1,1n
af g n a∈ ∪ ∈ −   is normal family on D  if and only if in 

the domain ( ),H rθ∆


, ( ) 0,r∈ +∞ , does not exist P-sequences for f. 

Theorem 2.  Let :f D →  be a meromorphic function. If { }{ } ( ) 0 ,  1,1n
af g n a∈ ∪ ∈ −  , 

where a is fixed, normal family of functions on the  disk D  and if for a sequence 

( ) ( ),Hnz rθ⊂ ∆


 holds lim i
nn

z e θ

→∞
= and ( )lim ,  nn

f z c c
→∞

= ∈ , then for any sequence ( )   nr  for 

which  lim 0n
n
r
→∞
=   and ( ) ( )1

1

, ,Hh n n
n

D z r rθ
∞

=

⊂ ∆




 for 1 0,r > ( ) { }
1

, , , .i
h n n

n

C f D z r e cθ
∞

=

 
= 

 


 

Theorem 2 follows directly from  theorem on P-sequences which is formulated in the Section  4 
and the criteria for normality formulated above of the familiy of functions 

{ }{ } ( ) 0 ,  1,1n
af g n a∈ ∪ ∈ −  on  D . 

Theorem 3.   Let :f D →   be meromorphic function. If { }{ } 0 ,  n
af g n∈ ∪  ( )1,1a∈ −  

where a is fixed, is normal family of  functions on the  disk D and if for a sequence 

( ) ( ),Hnz rθ⊂ ∆


holds:  lim i
nn

z e θ

→∞
= ,   ( )1lim , 0h n nn

d z z +→∞
=  and ( )lim ,   nn

f z c c
→∞

= ∈ , then 

( )( ) { }, , ,i iC f e e cθ θα∆ =  for every 
2

0 , παα << , i.e., θie  is the  Fatou point of the  function f. 
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Proof of Theorem 3.  Let ( )12 ,n h n nx d z z += . Then we have lim 0nn
x

→∞
= . If 

( ) ( ){ }, ,h n n h n nD z x z d z z x= < , then form Theorem 2 follows that 

( ) { }
1

, , , i
h n n

n

C f D z x e cθ
∞

=

 
= 

 


c∈ . Since the curve (poligonal line)

( )1 2
1

... ... ,i
n h n n

n

z z z e D z xθγ
∞

=

= ⊂


, we have ( ) { }, , iC f e cθγ = . Since it is possible to chose r>0,

such that ( ) ( )
1

, ,Hh n n
n

D z x rθ
∞

=

⊂ ∆




, from Theorem 1 we conclude ( )( ) { }, , ,i iC f e e cθ θα∆ =  for

every 
2

0 , παα << , i.e., θie  is the Fatou point of   f.    

Theorem 4.  Let :f D →   be meromorphic function such that ( ) ,  , f z c c z D≠ ∈ ∈ . If

{ }{ } 0 ,  n
af g n∈ ∪  ( )1,1a∈ −  , a is fixed, normal  family f functions on th disk D and if 

holds:  lim i
nn

z e θ

→∞
=  and ( )( )lim 0 ,  n

an
f g c c

→∞
= ∈ , then we have ( )( ) { }, , ,i iC f e e cθ θα∆ =  for

every 
2

0 , παα << , i.e., θie  is the Fatou point of f. 

Proof of Theorem 4. Form normality of meromorphic functions { }{ } 0n
af g n∈ ∪   and the 

condition ( )( )lim 0 ,  n
an

f g c c
→∞

= ∈ ,  from Hurwitz theorem (see [20]) fοgunK c for every com-

pact set K D⊂ . If we take ( )0, ,   0<r<1,hK D r=  then from the Main Lemma 1, Lemma 5 and 

Lemma 18  we have ( )( ) { }, , ,i iC f e e cθ θα∆ =  for every 
2

0 , παα << , i.e., θie  is the Fatou 

point of f.   

6.2. Tangentialy oricyclic boundary values of meromorphic functions 

If for every ( ) 0,r∈ +∞  holds  ( ) { }, , ,O
iC f r e θθ ω ∆ = 

 



, ω∈ , then we will call ω  the 

upper oricyclic boundary value of f in the point ie θ . On the other hand, if for every ( ) 0,r∈ +∞  

holds ( ) { }, , ,O
iC f r e θθ ω

≈ ∆ = 
 

, ω∈ , ω∈ , then we will call ω  the lower o oricyclic 

boundary value for f in the point  ie θ . If ( ) ( ) { }, , , ,O O
iC f r r e θθ θ ω

≈ ∆ ∪∆ = 
 



 then we call se ω  

the oricyclic boundary value of f in the point ie θ . 

Theorem 5.  Let :f D →   be meromorphic function. If 

21



Лазерная физика, Оптика И Ž. Pavićević, J. Šušić and M. Markovićфизика плазмы 

{ } { }{ } ( )  0 ,  0,
u

n
g uf g g P f g n uθ∈ = ∈ ∪ ∈ ∞   , 

u  is fixed, normal  family of functions on the disk D and if for a sequence ( ) ( ),Onz rθ⊂ ∆


 holds  

lim i
nn

z e θ

→∞
= and ( )lim ,  nn

f z c c
→∞

= ∈ , then for every sequence ( )   nr for which  lim 0n
n
r
→∞
=   and  

( ) ( )1
1

, ,Oh n n
n

D z r rθ
∞

=

⊂ ∆




  for a  1 0,r > ( ) { }
1

, , , .i
h n n

n

C f D z r e cθ
∞

=

 
= 

 


 

Theorem 5′. Let :f D →  be a meromorphic function. If 

{ } { }{ } ( )  0 ,  ,0
u

n
g uf g g P f g n uθ∈ = ∈ ∪ ∈ −∞    , 

where u is  fixed, normal family of functions on the disk D and if for a sequence ( ) ( ),Onz rθ
≈

⊂ ∆

holds:  lim i
nn

z e θ

→∞
= and ( )lim ,  nn

f z c c
→∞

= ∈ , then for every ( )   nr for which  lim 0n
n
r
→∞
=  and 

( ) ( )
1

, ,Oh n n
n

D z r rθ
∞ ≈

=

⊂ ∆


  for  1 0,r > ( ) { }
1

, , , .i
h n n

n

C f D z r e cθ
∞

=

 
= 

 


 

U [27] it is proved that { }{ } ( ) 0 ,  ,0n
uf g n u∈ ∪ ∈ −∞    is normal family on the disk D if and 

only if in the domain ( ),O rθ
≈
∆ ( ),O rθ∆



, ( ) 0,r∈ +∞ , does not exist  P-sequences for the 

function  f. On the other hand, the family { }{ } ( ) 0 ,  0,n
uf g n u∈ ∪ ∈ +∞   is normal on the 

disk D if and only if in the domain  ( ),O rθ∆


, ( ) 0,r∈ +∞ , does not exist  P-sequences for the 
function f. 

Theorem 5 and Thorem 5′ follows directly from theorem on P-sequences 1 which is formulated 
in Section 4 and the above formulated criterion for normality of the family of functions

{ }{ } ( )0 ,  ,0n
uf g n u∈ ∪ ∈ −∞   { } { }{ } ( )  0 ,  ,0

u

n
g uf g g P f g n uθ∈ = ∈ ∪ ∈ −∞   .   

Theorem 6.  Let :f D →  be a meromorphic function. If 

{ } { }{ } ( )  0 ,  0,
u

n
g uf g g P f g n uθ∈ = ∈ ∪ ∈ ∞   , u  is fixed, 

is normal family on the disk D, γ  a simple Jordan curve with one endpoint in θie  and 

( ),O rγ θ⊂ ∆


 and ( ) { }, , iC f e θγ ω= , ω∈ ,  then  ( ) { }, , , i
OC f r e θθ ω ∆ = 

 



 for every

( ) 0,r∈ +∞ , i.e., ω  is the upper oricyclic boundary value for the function f in the point ie θ . 
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Theorem 6′.  Let :f D →  be a meromorphic function. If 

{ } { }{ } ( )  0 ,  ,0
u

n
g uf g g P f g n uθ∈ = ∈ ∪ ∈ −∞    , u is  fixed,

is normal family of functions on the  disku D, γ  is simple Jordan curve with one endpoint in θie

and ( ),O rγ θ
≈

⊂ ∆  and ( ) { }, , iC f e θγ ω= , ω∈ , then ( ) { }, , ,O
iC f r e θθ ω

≈ ∆ = 
 

 for every

( ) 0,r∈ +∞ , i.e., ω  is the lower oricyclic  boundary value of the function f in the point ie θ . 

Theorem 6 and Theorem 6′ may be proved using the Main Lemma 2 and Lemma 19 in the same 
way as Theorema 1 is derived from the Main Lemma 1 and Lemma 18. 

Theorem 7 and Theorem 7′ may be proved using Theorem 6 and Theorem 6′ in the same way as 
Theorem 3 using Theorem 1. 

Theorem 7. Let :f D →  be a meromorphic function. If 

{ } { }{ } ( )  0 ,  0,
u

n
g uf g g P f g n uθ∈ = ∈ ∪ ∈ +∞    , u is fixed, 

is a normal family of functions on the disk D and if for a sequence ( ) ( ),Onz rθ⊂ ∆


holds:  

lim i
nn

z e θ

→∞
= ,   ( )1lim , 0h n nn

d z z +→∞
=  and ( )lim ,   nn

f z c c
→∞

= ∈ , then   ( ) { }, , , i
OC f r e θθ ω ∆ = 

 



 

for every ( ) 0,r∈ +∞ , i.e., ω  is the upper oricyclic boundary value of function f in the point ie θ . 

Theorem 7′. Let :f D →  be a meromorphic function. If 

{ } { }{ } ( )  0 ,  ,0
u

n
g uf g g P f g n uθ∈ = ∈ ∪ ∈ −∞    , u is   fixed, 

is normal family of functions on the disk  D and if for a sequence ( ) ( ),Onz rθ
≈

⊂ ∆ holds:  

lim i
nn

z e θ

→∞
= ,   ( )1lim , 0h n nn

d z z +→∞
=  and ( )lim ,   nn

f z c c
→∞

= ∈ , then  ( ) { }, , ,O
iC f r e θθ ω

≈ ∆ = 
 

 for 

every ( ) 0,r∈ +∞ , i.e., ω  is the lower oricyclic boundary value of the function f in the point .ie θ  

Theorem 8.   Let :f D →   be a meromorphic function such that ( ) ,  , f z c c z D≠ ∈ ∈ . 

{ } { }{ } ( )  0 ,  0,
u

n
g uf g g P f g n uθ∈ = ∈ ∪ ∈ +∞    , u is fixed, normal family of functions on D 

and if  lim i
nn

z e θ

→∞
=  and  ( )( )lim 0 ,   n

un
f g c c

→∞
= ∈ , then we have ( ) { }, , , i

OC f r e θθ ω ∆ = 
 



 for 

every ( ) 0,r∈ +∞ , i.e., ω  is the upper oricyclic boundary value of the function f in the point ie θ . 
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Theorem 8′.   Let :f D →  be a meromorphic function such that  ( ) ,  , f z c c z D≠ ∈ ∈ . 

{ } { }{ } ( )  0 ,  ,0
u

n
g uf g g P f g n uθ∈ = ∈ ∪ ∈ −∞    , u is  fixed, normal family of  functions on 

the disk D and if lim i
nn

z e θ

→∞
=  and ( )( )lim 0 ,   n

un
f g c c

→∞
= ∈ , then ( ) { }, , ,O

iC f r e θθ ω
≈ ∆ = 

 
 for 

every ( ) ,0r∈ −∞ , i.e.. ω  is the lower oricyclic boundary value of the function f in  ie θ . 

Theorem 8 and Theorem 8′ may be proved using the Main Lemma 2 and Lemma 19 in the same 
way as Theorem 4 is derived from the Main Lemma 1, Lemma 5 and Lemma 18. 

7. CONSTRUCTION OF ONE EXAMPLE

We will construct an example of meromorphic function :f D →  for which

{ }{ } 0 ,  n
af g n∈ ∪  ( )1,1a∈ −  , a is fixed, is normal family of functions on the disk D, and 

{ } a a Df g g Hθ θ θ∈  is not normal family of functions on D. This construction is similar as one in 

the work [8]. 

Let ,  0,  ,i
k k kz e kθρ ρ= − > ∈  be such that

lim 1kk
ρ

→∞
=

  and 
( )1lim , 0.k kk

d z z +→∞
=

 The elements 

of the sequence ( )kz   are in the set ( )1 ,g rPθ θ−∩∆ − . Let a sequence ( )kε  be a such one that we 
have: 

10 k kε ε+< < ;  lim 0kk
ε

→∞
= ; ( ) ( )1 1, ,k k k kD z D zε ε+ +∩ =∅ , k∈ ;  

( )
( )1

,
lim sup , 0

k k
k kk z D z

d z z
ε

+→∞ ∈

 
= 

 
; 

1
k

k
ε

∞

=

< +∞∑ .

Let 3,  k ka kε= ∈ , and ( ) ( ) 1

1
.k k

k
f z a z z

∞
−

=

= −∑  The function f is meromorphic on the disk D, 

with the poles in kz , k∈ . Since ( ) ,  kf z = ∞ ( ) ,  ,kf z M kε+ < ∈  and ( )lim , 0h k kn
d z z ε

→∞
+ =

from Theorem 2 on P-sequences it follows that 
( ) ( ) ( )1 , ,k g
z r rθ θ−⊂ ∆ − ⊂ ∆

is P-sequence of f. 
Therefore, we may conclude that{ } a a Df g g Hθ θ θ∈  is not normal family of functions on the disk 

D. 

Since for every ,z z D′ ′′∈ ( )
1

,k k
k

D z ε
∞

=


 we have ( ) ( )
1

k k k
k

f z f z z z Cε
∞

=

′ ′′′ ′′− ≤ − = < +∞∑  and

since ( ), ,  0,g r rθ∆ >  contains finite number of points kz , and since ( ), ,  0,g r rθ∆ > is invariant set 
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with respect to ,  ,n
ag n∈  it follows that

( )
( ) ( )

,
limsup

i
g

f
r z e

f z c r
θθ∆ ∋ →

= < ∞ , 0 1r< < . Therefore, for 

every r , 0 1r< < , the function f  is bounded on ( ), ,r gO rθ∩∆ where { }1θ= − < −i
rO z z e r

so we have that { }{ } ( ) 0 ,  1,1n
af g n a∈ ∪ ∈ −   is normal family on the disku D (see [20], p. 

35, Montel’s theorem). 

CONCLUSION 
In this paper it is given a new approach in deriving theorems from the theory of asymptotical 

behavior of analytic functions. Namely, our theorems are proved using some results from the 
dynamic and the geometry of Möebious mappings and classical uniqueness theorem for analytic 
mappings, but in the preceding time these theorems were proved by using the approach and the 
results from the theory of harmonic mappings and harmonic measure theory. 

The Main Lemma 1 and the Main Lemma 2 prove that the necessary condition for a function 
:f D →  to has the angular or oricyclic boundary value in ie θ  is that the following two 

families of functions  

{ }{ } 0 ,n
af g n∈ ∪  ( )1,1a∈ − , { } { }{ } ( )  0 ,  ,0

u

n
g uf g g P f g n uθ∈ = ∈ ∪ ∈ −∞   , 

are  normal on the disk D. 

The constructed example in Section 7 shows that the angular boundary values exist for broader 
class of meromorphic functions then the class considered in the theorems of Lehto-Virtanen and 
Gavrilov-Burkova. We have proved theorems of type of Bagemihl-Seidel for broader class of 
functions. 

From Theorem 6 and Theorem 6′ it follows that the upper and the lower oricyclic boundary val-
ues of meromorphic function :f D →  in ie θ  are equal ,   ,ω ω∈  then f has tangential –
oricyclic boundary value ω  in ie θ . In general case it is possible to occur that one of these 
boundary values exists but the other not. This may be proved by an example which may be 
constructed in a similar way as the example in the Section 7. 

For further consideration it remains to consider is it possible to use the approach of this paper in 
order to derive results concerning the asymptotic behavior of harmonic functions on the unit disk 
D in the complex plane  .  
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