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Summary. Using dynamic and geometry of Moebious mappings we prove Lindeldf type
theorems for much larger class of functions on the unit disk than previously considered class of
meromor-phic functions.

1. INTRODUCTION

In classical theory of boundary behaviour of functions of one complex variable and in the the-
ory of boundary sets the special important place is for the Lindelof theorem and the Fatou theo-
rem (we refer to [3, 12]) on radial and nontangential boundary values of holomorphicc functions.
The first one concerns the local property of functions, i.e., it is about the existence of non-
tanegntial boundary value in a single point in the domain of a holomorphic function, the second
one is about global boundary behaviour, i.e., it concerns the almost everywhere existence of ra-
dial boundary values of a holomorphic function. Nowadays there exist many proofs of these the-
orems but all of them use classical results of analytic theory of functions (see [3, 12, 13, 23]).
Generalizations of Lindel6f theorems and Fatou theorems goes in many directions. One direction
is for analytic functions by proving ,,stronger* results, i.e., by proving the existence of nontan-
gentail boundary values under weaker conditions then those in the Lindelof theorem (see [17-
19]). The second direction is to consider similar theorems for broader class of functions: mero-
morphic functions, endomorphic mappings, holomorphic mappings of several complex variables,
quasiconformal mappings in n, Rn> 2, harmonic functions and similar [22, 24, 25].

In this paper we prove how one can efficasely use the geometry or dynamic of Mdebious
mappings in order to derive the results on asymptotical behavior of holomorphic functions.

Namely, we prove theorems that give necessary and sufficient conditions and criteria in order
that a meromorphic function on the unit disk has tangential and nontangential boundary values.
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These theorems show that the conditions in the classical Lindel6f theorem and in the theorem of
Lehto and Virtanen, Bagemihl and Seidel, Gavrilov and Burkova on angular boundary values of
meromorphic functions may be relaxed. In the proofs of these theorems we use the Main Lemma
1 and the Main Lemma 2 in the Section 5 (see [18]). These results give the necessary and suffi-
cient condition on a function defined on the unit disk in the complex plane, to has a boundary set
consisted of one point, along the set which is obtain applying cyclic semi-group produced by an
element in the hyperbolic or parabolic Moebius group on the unit disk. More on the topic on
boundary asymptotic properties of functions one may found in [13, 17-19, 22-24].

2. PRELIMINARY NOTATIONS, DEFINITIONS AND RESULTS

By D we denote the open unit disk {z | 2/ <1} in the complex plane C, and with T" we denote
the boundary of D, and D'=Dn{z|Imz>0}, D =Dn{z|Imz<0}, and
D, ={z| |z|<r}, 0<r<1 is the disk with radius r. By P, ip, we denote the diameter and the
radius of D with one endpoint in €. Further, we denote by d(zl,zz):|zl—zz|, 2,2, €C the

Z—-W 1 l+dph(Z,W)

and d (z,w)==Ilo
1-zw n(2.W) 2 g1—dph(z,w)
for the pseudohyperbolic and hyperbolic distance between z and w in the dsik D, respecitvely,
and

, z,we D, stand

Euclidean distance on C,d, (z,w)=

2|Z_W| z,weC;
VLl L
d,(z,w)= .
,2eC, W=
1+|z|2

is the spherical distance on the Rimanian sphere C = Cu{oo} :

It is well known that dhn is the metric in the Poencare model of the hyperbolic geometry on the
disk D introduced by Lobachevsy.

All convergencies in this paper are with respect to the distances introduces above.
The set D, (w,r')={z| zeD,d,, (z,w)<r'}, weD, 0<r'<1, is the pseudohyperbolic disk,

and D, (w,r)={z| zeD,d,(z,w)<r}, weD, r>0, is the disk with respect to the hyperbolic
distance.

2r
r‘=—e2r 1=thr :
e” +1

Lemma 1. We have D,(w,r) =D, (w,r’), where r :%In 1+ r,
—r
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The pseudohyperbolic disk D, (w,r) is the Euclidean disk D(c,R):{ZG D ||z—c|< R} for

—r? 1-|w
Cc= 1—I’2’ and R = #

1-r%|wl 1-r?|w|
Therefore, the boundaries of hyperbolic and pseudohyperbolic disks are the ordinary cycles. The
cycle which lies in D and with T"has one common point is the oricycle D. The radius of D and
arcs in D and in intersection with I" have two points are hypercycles in D.

An arbitrary hypercycle will be denoted by H, an arbitrary oricycle will be denoted by O. We
denote by H’,0 [0, ), the hypercycle which connects the points —e'’ and e'; we denote by
u

—_e“9| u e(—oo,oo)} is

0, 6 €[0,27), the oricycle which is tangent to T in e”, and O’ :{
u—i

%}

We will also consider the family of all hypercycles with two common points in T".

i0

the oricycle {z

1
z——¢
2

The hyperbolic distance between a point z, zeD, to the curve y, y<D, s
dh(L}/):iWT;dh(Z’W)-

For y=H’, one can prove that dh(z,H‘)):min d, (z,w) and that dh(z,Hg) does not depend

weH?

on z if ze H,where H is ahyper-cycle from the family of all hypercycles which is defined by
the hypercycle H? (see [10]). Also one can prove (see [10]) that there exists unique point w, in
H“ such that

dh(z,H9)=er3dh(z,w)=dh(z,wo). (1)
From above, by “symmetric thinking”, it follows that for we H?there exists unique point z, in

H such that
d,(w,H)=mind, (w,z)=d, (w,2,) ()

zeH

And this distance does not depend onwe H”.
From (1) and (2) it follows that for any w e H? and ze H there exists unique points w, e H’

and z, e H such that

d, (w,H)=d, (z.H")=d, (W2,). 3)
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Having in mind all the preceding, the equality (3) define the hyperbolic distance between hyper-
cycles H”and H. Notation: d, (H‘g, H).

From the all given above we have:

Lemma 2 (see [10]). The set of points in D such the hyperbolic distance between the hypercycle
H is the hypercycle which belongs to the family of all hypercycles defined by the hypercycle H.

From Lemma 2 we obtain:

Lemma 3 (see [8, 14]). Theset A, (6,r)= U D, (ae“g, r), r €(0,+), is a domain in the disk

ae(—l,l)

D bounded by two hyper-cycles H?(r) and H?(-r) such that their hyperbolic distance to the

Zio
2

radius P, is equal to r, and which contains the points —th re'( ] and th re'(zﬂgj and contains
the points —e'’ and e (see the Figure 1).

Lemma 4 (see [10]). Let r be the hyperbolic distance of hyper-cycle H® from the diameter P, of

the disk D. The angle « between H? and P, is equal to :%—arctg 27

If h(6,01) and h(6,a,), —%<a1 <a, <%, are arcs in D that with the radius p, of the disk D with

endpoint in point e make angles «, and «,, then the domain in D which is bounded by these
arcs and by the circle D, :{z|‘z—ei9 = r} is the Stolz angle with vertex at €. This domain is

denoted by A(6,¢4,a,). By A(6,a) we denote the Stolz angle with boundary h(6,«) and

h(6,~), —%<a<%. We denote it by A(6,a,,a,). With A(6,a) we denote the Stolz angle

with boundary h(6,«) and h(6,-a), —%<a<%, ie.,

A(@,a):{z‘ zeD, |arg(e‘9—z)|<a, 0<a<%}.

Threfore, the Stolz angle is the domain which is an usualty geometic object (see Figure 1).
From Lemma 4 we obtain:

Lemma 5. For every «, —%<a<%, there exist r, re(0,+), 1, r,e(0,1), such that
{z‘ |y—e“’|<rl}mA(t9,a)c{z‘ |y—e“’|<r1}mAH (6,r). For every r, r (0,+%), there exists

a, —%<a<%, such that A, (6’, r)cA(H,a).
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Figure 1 Figure 2

If d,(z,7)=infd,(z,w) and if y =0, then dh(z,O‘g):ngdh(z,w) and d, (z,H") do not
wey wel

depend on z €O, where O is the oricycle from the family of all oricycles generated by O”. One

can also prove that (see[10]) there exists only one point w, in O%such that

dh(2,09):migdh(z,w):dh(z,wo). Analogy one may define the distance between two ori-

weO

cycles from the same family of ori-cycles in the following  way
d, (He, H)=dh (w,H)=d, (z, H”). It may be shown that there exist unique points w, e 0’ and

2, €0 suchthat d, (H’,H)=d, (w,H)=d,(z,H")=d, (W,.2).

Now, we have the following statements:
Lemma 6 (see [10]). The set of points in D for which the hyperbolic distance is constant from the

oricycle O is the orycycle in the family of all orycycles defined by the oricycle O.

From lemma 6, we have:

Lemma 7 (see [14]). The set A, (6,r)= ) D, (L_eig,rj, r €(0,+), is a domain in the

Ue(fooyoo)

disk D which is bounded by two ori-cycles O’ (—r) and O’(r) such that the hyperbolic dis-

u o .
——e"’|ue (—oo,oo)} is equal to r, and that pass

tance between them and the oricycle O,’ ={
u+i

throughout €', —th re' and th re" (see Figure 2).
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3. FRAGMENTS OF THE GEOMETRY OF MOBIOUS MAPPINGS

The Mdbious group on the unit disk D is the group of all conformal automorphisms of the
unit disc D, i.e., G =G(D)={e‘912;_a| aeD, z¢C, 0o, 27z)}.
—az
The set

io
H3={gz=g:(z)—%

= - is fixed,
. Z|ae( 1,1)}, 96[0,72')

stand for the hyperbolic subgroup of G with fixed points e and —e'’,

o alf
Pg’:{gf=gf(z): (u+i)z—ue

—(u-i)+ue™z
is the parabolic subgroup of G with fixed pointe'?,

lue (—oo,+oo)}, 6 [0,27) is fixed,

and finally

(1—|zo|ei9)z -7, (1—e“’)
7,(1-€")z+e |z,

Eg_{ Zy :gzo(z):

| o<[o, 2;;)}, z, € D is fixed,

is the elliptic subgroup of G with fixed point z,.

Since the hyperbolic distance is invariant with respect to g € G and from the definition of the
groups HJ and P and sets Py, A, (6,r), O,"and A, (8,r) we have the following statements:

Lemma 9. (i) A, (6,r)= o, g(D,(0,r))= o, g (D, (0.thr)), r € (0,+)

(ii) Ap(e,r)zg:égg(Dh(O,r))z U, g(D,, (0,thr)), re(0,+x).

gePp
The set A, Ac D, is the stabilisator of the group H] if g (A)=A, forevery ge HE.

Lemma 10. For every g e Hj we have g(P,)=P,, i.e., the diameter P, is stabilisator of the
group HZ.

Lemma 11. For every geH? and re(0,+x) we have g(AH (9,r))=AH (6,r), ie., the set
Ay, (6,r) is also the stabilisator of the group H_ .

Lemma 12. For every g € PJwe have g (009) =0,’, i.e., the ori-cycle O, is the stabilisator of

the group P?.

10
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Lemma 13. For every g e By and r e (0,+») we have g(A, (0.r))=A,(0.r), i.e., A,(6,r)
is the stabilisator of the group PY.

For geG(D) denote 9"(2Z)=9 (9((9(2)) ), go(z)=i, i is the identity and
0" (2)=(97) ()=07 (g7 (--(97(2)--) ), new.

Lemma 14 (see [2] on p. 73).
(i) Let geHJ. For fixed points e“and —e“there holds g"(z) —>e" and g™"(z) > -¢€",

n—o0

where we mean uniform convergence on compacts sets of the disk D.
(ii) Let g e PY. Then for fixed point €' we have g"(z) — €', where we also mean the uniform

n—o

convergence of compact subsets of the disk D.

Therefore, the point €' is an attraction point for g € H?, and —e"is repulsive point for g, i.e. it
is an attraction point for g™*. If g e PY then the attraction point forg e P?.

ForgeH;, and 0e[0,7) fixed, g=#i,denote HgH:{g”|neZ}. The set H; sa with
composition operation is the cyclic subgroup of the group HZ. IfgeP/, then the set

Pg" = {g” |n € Z} with composition of functions is the cyclic subgroup of PY.
Let A, (0,r)= uzg”(Dh (O,r)), re(0,+w).

Further, from the property of invariance of the hyperbolic distance with respect to geG we
have:

Lemmals. A (6,r)=u

nez

(Dh(g”(o),r))’ r E(O,+oo).

Lemmal6. Let geH,, g=#i. For every r e(0,+) there exists r e(0,+) such that
Ay (0. r)cA (0,n),and A (0,r)= A, (6,r) forevery re(0,+x).

Proof of lemma 16. Let g e H) be arbitrary and let it be fixed and g#i. Let zeA, (0,r).

There exists ae(0,+x) such that z e Dh(aeig,r). Since ael? e P, and g"(0)e P, for every
neZ, there exists N € Z such that ae” is between g" (0) and g"**(0) or is equalt to one of
that points. Let 0<M =d, (0,9(0))=d, (g” (0), g”“(o)), n e Z. Then we have

11
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d, (9" (0),z)<d,(g"(0),ae")+d,(ae”,z)<d,(g" (0),g""(0))+d,(ae”,z) <M +r

Therefore, for every ze A, (0,r) there exists N e Z such that dh(gN (O),z)< M +r,where M

and r are independent on z and N.

Since Ay (0,M +1)= U (D, (g"(0),M +r)) (by Lemma 14) and

D, (9" (0),M+r)cA (6,M+r), weobtain zeA (6,M +r). If we take r, =M +r, it fol-

lows A, (0,r)cA,(6.1).
r)

Now A, (0,r)= A, (0,r), re(0,+x) follows from Lemma 9 and Lemma 15. []

Lemma 17. Let gePy, g=#i. For every r e(0,+) there exists r e(0,+») such that
Ap(0,r)cA (0,r),and A (O,r)c A, (0,r) forevery re(0,+wx).

Lemma 17 may be proved in a similar way as Lemma 16, instead of diameter P, one has to
take the oricycleO” .

We  will  further  consider the  domains:  Au(6,r)= | D, (ae”,r)  and

ae[0,1]

A (e.r)= U Dh(ae“",r), re(0,+0), we call them the hypercyclic domains in D and

ae[—l,O]

A, (6.r)= U Dh(L_eig,rj and A, (,r)= U Dh(L_eig,r], re(0,+0), which will
ue(0,+%) U+l ue(—0,) U+l

be called the oricyclic domains in D.

Lemma 18. Letg, e HS, g, =i, for which e is an attraction fixed point. Then for every

r € (0,+o0) there exists r, e (0,+w) such that Uga( (0,r))cAn(6,r) Uga( (0,r,))-

Lemma 19. Letg, eP/, g, =i, for which e is fixed attraction point. Then for every

r €(0,+o0) there exists r, e(0,+e) such that Ug (D, (0, r))cA (6,r) Ugu( (0,1,)),
u>0, and Ugu”(Dh(O,r))cAo (6,r) cOg (D,(0,1,)), u<o.
n=0 n=0

Lemma 18 and lemma 19 may be proved in a similar way as Lemma 16.

12
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4, CLASSICAL RESULTS FOR ASYMPTOTIC AND ANGULAR LIMIT VALUES OF
ANALYTIC FUNCTIONS AT APOINT

For AcD, Kmrz{ei‘g}, we denote by A the closure of the set A, and

C(f,A,em):{a)‘a)eQ, (z,)c A limz, =e", Iimf(zn)za)} is the boundaty set of a

n—o0 n—oo

function f:D — Q corresponding to the point e allong the set A. It is known that
C(f,Ae”)=C(f Ae")
The symbol ¢n Sk ¢ denotes the uniform convergence on the set K < D, of the sequence (¢,)

of functions ¢ :D —>C, neN, to ¢:D —C.

If A:A(ei‘g,a) is a Stolz angle in the disk D with the vertex at the point e'’, then

C(f,ale",)e") is the boundary set of the function f along the angle Ale”,a). If for every
a,0<a< % C(f,ale”,a)e”)={w}, the e is the Fatou point of f, and w € Q is the unique
nontangential boundary value.

We always denote by y the simple Jordan curve in the disk D with endpoint in e'. If
C( f ,y,ei"):{a)}, weQ, then  is an asympthotic boundary value of the function f in the
point e'’along the curve y.

We give now the classical assymptotic results and nontangential of analytic functions.

Theorem of Lindelof (see [12, 23]). If f:D—>C is a bounded analytic function. If
C(f.7.6")={w}, weC, then C(f,Al" a)e”)={o} , ie, e is the Fatou point of

function f.

There are many proofs of the Lindel6f theorem. A proof based on maximum principle of analytic
functions may be found in [23].

One generalization of the Lindelof theorem is given by Lehto and Virtanen in [11]. The used
results from normal function theory and results in harmonic function theory and harmonic meas-
ure.

For a family of functions 3={f ‘f :0 —>@} we say that it is normal family on a domain O,

O c C, if for every sequence (fn) in that familty 3 there exists a subsequence (f) which

13
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convege uniformly on compact subsets of O to a function f :O — C. This is normality in the

sense of 3 of Montel. The family of functions J= { f ‘f :0 —>E} is normal in the point z €O

if itis normal familiy in a neiborhoud of z.

It is well known that a family of functions 3= { f ‘f :0 —>E} is normal family in the domain O

if and only if it is normal in every point in the domain O (see [16, 20]).
If 0cC, i.e.if weO, then the family of functions 3={f‘f :0 —>E} is normal in the point

oo if we have normality of the family I :{f (ij | fe S} in 0. The family of functions
4

J= {f ‘f :0 %E} is normal on O if it is normal in every point of the domain O. The theory of

normal functions is well exposed in [16, 20].

If f :D— C is a bounded analytic maping, then the family {f og| g eG} is normal family of
functions on the disk D.

Theorem of Lehto and Virtanen (see [11]). Let f:D— C be a meromorphic function. If

{f °g|g eG} is normal family of functions on the disk D and C(f,y,eig)z{a)}, weC,
then we have C(f,A(e"”,a)e” )= (o}, ie., e” isthe Fatou point of the function f.
For the proof of the theroem Lehto and Virtanen used the results from harmonic function theory

and harmonic measures (the theorem on two constants) and the propery of the normal
meromorphic functions (see [3, 11]).

A meromorphic function f:D —C for which the family {f og| g eG} is normal family of

functions on D is the class of very well understood normal meromorphic functions N which
contains the Bloch class of holomorphic functions denoted by B.

In the following theorems proved by Bagemihl and Seidel [1], it is proved the existence of angu-
lar boundary values under weaker asymptotical conditions then these in the preceding theorems.
But these theorems are based on the theorems of Lehto and Virtanen.

Theorem of Bagemihl and Seidel 1 (see [1]). Let f:D— C be a meromorphic function. If
{f og| g eG} is a normal family of functions on the disk D and if for every ze D we have

f(z)2zw,weC, and if there exists a sequence (z,),z,eD, neN,such that:

14
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limz, =", d,(z,,2,.,)<M, neN, ilimf(z,)=0, ®cC, then C(f,Ale",a)e")=1{w} for

n—o nN—oo

everya,0< a < % , i.e., e'’is the Fatou point of the function f.

Theorem of Bagemihl and Seidel 2 (see [1]). Let f:D— C be a meromorphic function. If

{f og| g eG} is a normal family of functions on the disk D and if there exists a sequence

(2,), 2, €D, neN, such that limz, =¢”, limd,(z,2,,)=0, ilimf(z,)=w, @<C, then

n—o n—o

C(f,ale”,a)e”)={w} forevery o, 0 <o < % i.e., e isthe Fatou point of function f.

Bagemihl and Seidel [1] constructed an analytic functions in order to show that the condition
concerning the hypervbolic distance d, (z,,z,,,) in Theorem 5 and Theorem 6 is not possible

n?! Tn+l

to remove.

In the following theorem proved by Gavrilov and Burkova in [8], it is proved the existence of
angular boundary values for the broader class of meromorphic functions then the class in the
theorem of Lehto and Virtanen. In [Gavrilov and Burkova 11] it is given an example of mero-

morphic function for WhiCh{ fog’

9l e Hg} is normal on D but the family{f og| g eG}is not

normal on D.

A construction is based on the theorem which says that for a meromorphic function f:D —C

the family { fo g| ge G} is normal on the disku D if and only if the disk D does not contain the

so called P-sequences for the function f, dok je{ fog’

gl e Hg} is normal family on the disk D

if and only if in the domain A (0,r)c A, (0,r), r €(0,+x), does not exist the P-sequences

for the function f.

A sequence(z,), z,€D, Iim|zn|:1, is a P-sequence for a function f:D—C if for every
subsequence (znk )k y and for every ¢, O<e&<1, the function f on U Dh(znk,g), takes
N keN

inifinity many times all velues in C, except possibly at most two (see definition, Gavrilov[6]).

In the sequel we will need the following theorems concerning the P-sequences:

15
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Theorem on P-sequences 1 (see [6, Lemma 1]). Let (zn) be a P-sequence for a meromorphic

N—oo

function f:D —C. If for a sequence (z,)c= D we have limd, (zn,zn') =0, then the sequence

(z,) is P-sequence for f.

Theorem on P-sequences 2 (see [26]). Let f : D — C be a meromorphic fuction on D and let
(z,) = D a sequence such that Iim|zn|:1and lim f (z,)=c for some a ceC. Further, let

n—oo nN—o0

=l,|imdh(zn,zn'):0, and (f(z,))does not

n—oo

!

Zn

(zn')cDbe a sequence such that lim

n—w

sonverge toa cas n— . Then (z,)and (zn')are both P-sequences of the fuction f.

Theorem of Gavrilov and Burkova (see [8]). Let f:D—C be a meromorphic function. If
{fog!

Cc(f,ale”,a)e”)={w} for every o, 0 < < % i.e., e isthe Fatou point of the function f.

gs € Hg} is a normal family on the disk D and C(f,7,e”)={a}, weC, then

A proof of theorem of Gavrilov and Burkova goes in the same way as the, by using the result
from harmonic function theory as well as using properties of harmonic measure, as in the proof
of theorem Lehto — Virtanen.

In [1] are given theorems that are analigies to the theorems of Bagemil and Seidel for
meromorphic functions on D i.e., functions for which {f og’
D.

9’ e Hg} is normal on the disk

5. MAIN RESULT

The main lemma 1. For any function f : D — C, any compact set K, K = D, and any mapping
g,€H?, g, =i, the following conditions are equivalent:

i)  fo(@a)"3k C;
i) C(f,Og;‘(K),emj:{c}.
n=0
Proof of mainlemma 1. Let ceC.
1)= ii). From i) we have

(V& >0)(3N, =N, (£))(¥n= N,)(vzeK)(|f o 97 (2) - <) 4)

16
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ie. fLQ g;(K)]c{w6<c| w-c|<s}.

From lemma 8 we have

(V6 >0)(IN, =N, (5))(¥n=N,)(vzeK)(|9 (z)-e"| <), (5)
ie., [We Q g;‘(K)j|z—ei9|<5. (5"

Let (z,) be any sequence in [ Jgi (K) for which limz, =e”. From (5), ie., from (5') we

n—w
n=1

obtain

(3N, =N;((z,),N,))(vn= NS)[ZH e [] g;(K)]. (6)

k=N,
o0

If N, <N,, then we have O g5 (K)<= [J 97(K), from this and from  (6) it follows that

a
n=N, n=N,

z,e|Joi(K) for every n>=N, Having in mind now (4) it follows that

n=N,

(Vn=N,)(|f(z,)-c|< &), which means that lim f (z,)=c.

n—w

If N, <N,, then from the sequence(z,), except z,, ...,z , remove those that are in the set

N
ng(K), there are only finite many of them. Therefore, there exists N, such that
k=1

z, € 0 gQ(K) for every n>N,. Now, according to (4) we obtain (Vvn> N3)(|f(zn)—c|<g),

n=N;

i.e., in this case we also have lim f (z,)=c.

n—o

n

Therefore, for every sequence (z,) in | Jg;

that C(f,Og;(K),emJ:{c}.

1C:

(K) we have lim f (z,)=c, do we may conclude

n—o

n=0

ii )= i). From ii) we have v(zn)cog;‘(K) A limz, =€e“ = limf(z,)=ci.e,
n=0 n—w nN—oo

(Vg>0)(35:6(g))(VzeOgQ(K)j(|z—e‘9|<§:|f(z)—c|<5) (7)
n=0
Since ga"3k €', for §>0 the exists N =N (&) such that for any n>N and every zeK

holds

gg(z)—e"’|<5, ie.,

17
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092(K)C{ZED| |Z—ei9|<5}. (8)

From (7) and (8) it follows that f(@ g;(K)JC{We(C| |w—c|<g},and therefore

(Vn=N)(Vze K)(| f (gg (z))—c|<5), i.e., fo@a)" 3« cC.

If c=0eC, the proof goes in the same way as in the case ¢ € Cinstead of the Eucilean metric
we have to take the spherical distance. [ ]

Main lemma 2. For any function f:D —C, and a compact set K, K = D, and any mapping
g, €PY,g, =i, the following conditions are equivalent:
i) fo(gu)" 3 c, ceC.

i) C(f,UgS(K),ewj:{c}.
n=0
Main Lemma 2 may be proved in the same way as Main Lemma 1.

6. APPLICATIONS
For g,eH?, g,=#i, for which ¢"
H;, ={od

: H i0 0 _ n
tion point e, and Py _{gu

is an attraction fixed point

neNu {0}} a e (-11) is fixed, is the hyperbolic semigroup of G with fixed attrac-

ne Nu{0} } U e (—oo,+0) is fixed, is the parabolic semigroup

of G with attraction fixed point e

6.1. Angular boundary values of meromorphic functions

Theorem 1. Let f :D — C be a meromorphic function. If

(fooaehy}={f-a

neNu{0}}, ae(-11)

(a is fixed), is normal family of functions on the disk D, y is simple Jordan curve with one

endpoint in e and y = Au (6,r) and C(f,7,€”)={c}, ceC, then
c(f,A(e" a)e”)={c} f z,
(f.4(e",@).e”)={c} for every a,0<a<

i.e., €' is the Fatou point of the function f.

18
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Proof of Theorem 1. Since{f °Q,

neNu{O}}, ae(-11), a is fixed, is a normal family of
functions on the disk D, there exists a sequence (f oggk) which uniformly on compact sete

convegre to a meromorphic function ¢ on D_rl 1e., fo@a)x 3D ¢

Since y = Au (6,r), the sets y g} (D, \D,), 0<r<r <1, neN, are made of two simple
curves. By 7. Wwe denote one of them Then we have y ny.,.,=9, and
[rk =g (yk)}m[l“m:g;"“l (ym)]:@, neN, since the Moebius transforms g. are

a
bijections
For every me N let us select a sequence (z['), z{ T\, such thatlimz; =z;' € D,, (0,1;) and

2y #2) for i= j. We will show that o(z')=c, ceC , forevery meN.

For every me N there holds
dg (go(zg‘),c)s dg (go(zg“),go(z,i“))+d5 (go(zL“), f, (z&”))+ds ( f, (z,ﬁ“),c). (9)

Let & be any positive real number. Since of coninuily of ¢ we have d, (go(zg‘),go(z;")) <%, if k
is enough big.

Since the sequence (fnk) converge uniformly on compact sets of the disk D to @, we have

ds (@(2), f (z))<§ for every z e D, and enough big k.

Since z"eD, we have d ((p(z?), f, (zlﬂ“))<% Since z'el, it follows that
o, (20)=w ey, <y and lim w’ =e".

Since c is the asymptotic value of f snd since mg fo, (WQ‘): lm fogp, (zﬁ):lm fo, (z?)zc,
for enough big k we have d ( o (z{f),c) <% foreveryme N.

From (9) and obtained inequality it follows that dg ((p(zg“),c)<g for every m. Since ¢ is any

number, we have ¢(z;')=c for every m.

m

Since the sequence (zo) isin D, and i D, has an accumulation point, from the unigness
theorem we have g =c.

Therefore, we have proved that any sequence in the family {f °g,

neNuU{0}} which is

uniformly convergent on compact sets in D, is convergent to the constant c.

19



Z. Pavicevié, J. Susi¢ and M. Markovié

Now we will show that any sequence in the family { fog,

ne NU{O}} converge uniformly on

compact sets of D the the constant c. Assume conctrary, that thereexist a sequence postoji ( f,),
fe{foq]

Then there exists a number ¢>0 such that for every keN we have n, eN and z, € D, such

n eNu{O}}, which uniformly on compacts does not converge to the constant c.

that ds(fnk(znk),c)z‘s. Since tha family {fog;‘

neNu{O}} is normal, f,  has a

subsequence f, - which uniformly on compact sets of D converge, according to the preceding
consideration it follows that it converge to the constant ¢, which is contrary with the assumption
ds(fnk(zf‘),c)Zg. This contradiction shows that every sequence in {f g, neNu{O}}

uniformly on compact sets of D converge to the constant c. Having in mind the Lemma 1 it

follows that C(f,Ug;‘ (K),e‘gj = {c} for every compact set K, K < D, and form Lemma 5
n=0

and Lemma 18 we have that C( f ,A(H,a),e”) ={c} for everya, —%<a <%, i.e., the function

f in the point €' has angular boundary value c¢. []

In [27] it is proved that {f g,

ne Nu{O}}, ae(-11) is normal family on D if and only if in

the domain KH (9, r), r (0,+o0), does not exist P-sequences for f.

Theorem 2. Let f:D—C be a meromorphic function. If {f og! neNu{O}}, ae(-11),
where a is fixed, normal family of functions on the disk D and if for a sequence

(z,)< An (6,r) holds limz, =e“and lim f (z,)=c, ceC, then for any sequence (r,) for

n

which limr =0 and ODh(zn,rn)clH (6.r,) for r1>0,C(f,ODh(zn,rn),eigj:{c}.
n—o n=1 n=1

Theorem 2 follows directly from theorem on P-sequences which is formulated in the Section 4
and the criteria for normality formulated above of the familiy of functions

{1‘09;1 neNu{O}}, ae(-11)on D.

Theorem 3. Let f:D—C be meromorphic function. If {f °g,

neNu{O}}, ae(-11)
where a is fixed, is normal family of functions on the disk D and if for a sequence

(z,)< An (6,r) holds: limz, =€”,  limd,(z,,2,,)=0 and limf(z,)=c, ceC, then

n—oo n—oo n—w

C( f ,A(e‘e,a),e”):{c} for every o,0< « <%, i.e., e isthe Fatou point of the function f.
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Proof of Theorem 3. Let x,=2d,(z,,z,,). Then we have limx =0. If
D, (z,.%,)=1{z| d,(z.2,)<x,}, then ~ form  Theorem 2 follows  that

(f UD %) j {c} ceC. Since the curve (poligonal line)
y= € cUDh .+%,), we have C(f,7.e”)={c}. Since it is possible to chose r>0,

n=

such that UDh %)< Aw (6,1), from Theorem 1 we conclude C( f ,A(e“",a),e‘@):{c} for

n=1

every a,0<a < % i.e., ' is the Fatou point of f. []

Theorem 4. Let f:D—>C be meromorphic function such that f(z)=c, ceC,zeD. If
{fog]
holds: limz, =€ and lim (92(0))=c, ceC, then we haveC(f,A(eig,a),e“g):{c} for

n—oo

neNu{O}}, ae(-11) , ais fixed, normal family f functions on th disk D and if

every o,0< a < % i.e., €' is the Fatou point of f.

Proof of Theorem 4. Form normality of meromorphic functions {f og;|Nne NU{O}} and the

condition lim f (g“ (0)) =c, ceC, from Hurwitz theorem (see [20]) fogu"=k ¢ for every com-
pact set K< D. If we take K=D (0 r) 0<r<1, then from the Main Lemma 1, Lemma 5 and
Lemma 18 we have C(f,A(e'g,a),e“g):{c} for every a,0<a<%, i.e., e is the Fatou

point of f. []

6.2. Tangentialy oricyclic boundary values of meromorphic functions

If for every re(0,+w) holds C(f,io (0,r),e‘9j={a)}, weC, then we will call o the
upper oricyclic boundary value of f in the point e'’. On the other hand, if for every r e (0,+0)

holds C(f,ZO (e,r),e“’):{a)}, weC, weC, then we will call » the lower o oricyclic

boundary value for f in the point €. If C( f ,AO (6, r)uZ0 (6, r),e"’) ={w} then we call se w

the oricyclic boundary value of f in the point "

Theorem 5. Let f :D—C be meromorphic function. If

21



Z. Pavicevi¢, J. Susi¢ and M. Markovié

{foglgep/|={foq

u is fixed, normal family of functions on the disk D and if for a sequence (z,) < Ao (6,r) holds

neNu{O}}, ue(0,),

limz, =e“and lim f (z,)=c, ceC, then for every sequence (r,) for which limr,=0 and

n—0 N—ao

ODh(zn,rn)cgo(e,rl) fora r >0, C[f,ODh(zn,rn),e”]:{c}.

n=1 n=1

n—o0

Theorem 57 Let f : D — C be a meromorphic function. If
{f og| g engu}:{f og) neNu{O}}, ue(—»,0),

where u is fixed, normal family of functions on the disk D and if for a sequence (z,) ZO (6.r)

holds: limz, =e“and lim f (z,)=c, ceC, then for every (r,) for which limr,=0 and

n—oo nN—w

[th(zn,rn)cg0 (6,r) for r,>0, C(f,ODh(zn,rn),e”j:{c}.

n=1 n=1

n—oo

U [27] it is proved that {f og,

ne NU{O}}, Ue(—o0,0) isnormal family on the disk D if and

only if in the domain ZO(G,r)Ao (6.r), re(0,+x), does not exist P-sequences for the

function f. On the other hand, the family {f g,

neNu{O}}, ue(0,+0) is normal on the

disk D if and only if in the domain Ao (6.r), r e(0,+x), does not exist P-sequences for the
function f.

Theorem 5 and Thorem 5’ follows directly from theorem on P-sequences 1 which is formulated
in Section 4 and the above formulated criterion for normality of the family of functions

{fogj neNu{O}}, U e (—0,0) {fog|geng}:{fogj neNu{O}}, Ue(-,0).

Theorem 6. Let f :D — C be a meromorphic function. If

{fog|gePg9u}={fogu“ neNu{O}}, ue(0,0), u is fixed,

is normal family on the disk D, » a simple Jordan curve with one endpoint in e' and

y<ho(0,r) and C(f,7.€")={o}, weC, then C(f,lo(&,r),e”]:{a)} for every

re(0,+x), i.e., @ is the upper oricyclic boundary value for the function f in the point e'.
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Theorem 67 Let f:D—> C be a meromorphic function. If
{f og| ge ng}:{f og! neNu{O}}, ue(-,0) ,uis fixed,
is normal family of functions on the disku D, y is simple Jordan curve with one endpoint in e'

and y <A, (6,r) and C(f,}/,eig):{a)}, weC, then C(f,go(e,r),e”j:{a)} for every

re(0,+x), i.e., @ is the lower oricyclic boundary value of the function f in the point e'.

Theorem 6 and Theorem 6’ may be proved using the Main Lemma 2 and Lemma 19 in the same
way as Theorema 1 is derived from the Main Lemma 1 and Lemma 18.

Theorem 7 and Theorem 7' may be proved using Theorem 6 and Theorem 6’ in the same way as
Theorem 3 using Theorem 1.

Theorem 7. Let f : D — C be a meromorphic function. If

{fog|lgepl}={fog

neNu{O}}, ue(0,+x) , uis fixed,

is a normal family of functions on the disk D and if for a sequence (zn)clo(e,r) holds:

n—oo nN—oo nN—o0

limz,=¢“, limd,(z,2,,)=0 and limf(z,)=c, ceC, then C(f,io(e,r),e‘gj:{a)}

for every r €(0,+x), i.e., @ is the upper oricyclic boundary value of function f in the point e,

Theorem 7/ Let f :D — C be a meromorphic function. If

{foglgePl}={foq]

neNU{0}}, ue(—0,0) , uis fixed,

is normal family of functions on the disk D and if for a sequence (zn)cZO (6,r) holds:

nN—o0 n—o

limz, =€, limd,(z,2,,)=0 and limf(z,)=c, ceC, then C(f,Ao(H,r),e‘9)={a)} for

every re(0,+x), i.e,, @ isthe lower oricyclic boundary value of the function f in the point e,

Theorem 8. Let f:D—C be a meromorphic function such that f(z)=c, ceC,zeD.
{foglgerl}={foq]

and if limz, =¢"“ and lim f (gS(O)):C, ceC, then we have C(f,io (e,r),eiejz{a)} for

n—oo

ne NU{O}}, ue(0,+w) , uis fixed, normal family of functions on D

every r € (0,+0), i.e., @ is the upper oricyclic boundary value of the function f in the point e'.
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Theorem 8% Let f:D—C be a meromorphic function such that f(z)=c, ceC,zeD.
{fog|geng}:{fogS
the disk D and if limz, =e" and lim f (gg1 (O))zc, ceC, then C(f,ZO (9,r),e‘9)={a}} for

nN—o0

ne NU{O}}, ue(—»,0) , uis fixed, normal family of functions on

every r e (—=,0), i.e.. o is the lower oricyclic boundary value of the function f in e,

Theorem 8 and Theorem 8’ may be proved using the Main Lemma 2 and Lemma 19 in the same
way as Theorem 4 is derived from the Main Lemma 1, Lemma 5 and Lemma 18.
7. CONSTRUCTION OF ONE EXAMPLE

We will construct an example of meromorphic function f:D—>C for which
{fog]

{fog!
the work [8].

ne NU{O}}, a e(—l,l) , a is fixed, is normal family of functions on the disk D, and

g9 € Hg} is not normal family of functions on D. This construction is similar as one in

mp, =1 limd(z,,z.,)=0

. I -
Let Zk = ,Dke ) pk > O’ k € Nv be SUCh that k—)wp and k—o0 The elemEntS

of the sequence (z) are in the set P,nA . (-6,r). Let a sequence (&, ) be a such one that we
have:

0<&,1 <& limgk:O; D(z,6)ND (71, 6.,) =D, keN; lim( sup d(zk,zm)jzo;
% 2\ zeD(z &)

S <

k=1

Let a =&, keN, and f(z)=Y a (z-z) . The function f is meromorphic on the disk D,

k=1

with the poles in z,, ke N.. Since f(z,)=oo, |f(zk+g)|<M, keN, andlimd, (z,,z, +¢£)=0

n—oo

Z A 1 _G,r A gar .
from Theorem 2 on P-sequences it follows that ( ")C 9 ( )C ( )IS P-sequence of f.

9’ e Hg} is not normal family of functions on the disk

Therefore, we may conclude that{ fog’
D.

Since for every z',2" e D\O D(z,.¢,) we have |f(2')-f(z")|<|z/ -2,
k=1

> & =C <+ and
k=1

since A, (6,r), r>0, contains finite number of points z,, and since A, (6,r), r>0,is invariant set
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with respect to g7, neN, it follows that limsup f(z)|:cf (r)<o, 0<r<1. Therefore, for

Ag(0.r)>2>€"

every r,0<r <1, the function f is bounded on O, "NA_ (0,r), where O, :{zH|z—e‘9|<1—r}

so we have that {f g,
35, Montel’s theorem).

ne Nu{O}}, ae(-11) is normal family on the disku D (see [20], p.

CONCLUSION

In this paper it is given a new approach in deriving theorems from the theory of asymptotical
behavior of analytic functions. Namely, our theorems are proved using some results from the
dynamic and the geometry of Méebious mappings and classical uniqueness theorem for analytic
mappings, but in the preceding time these theorems were proved by using the approach and the
results from the theory of harmonic mappings and harmonic measure theory.

The Main Lemma 1 and the Main Lemma 2 prove that the necessary condition for a function
f:D—C to has the angular or oricyclic boundary value in e is that the following two
families of functions

{tog]

neNu{O}},ae(—l,l), {f°9|gepgf}={f°gﬂ

neNu{O}}, ue(-x,0),

are normal on the disk D.

The constructed example in Section 7 shows that the angular boundary values exist for broader
class of meromorphic functions then the class considered in the theorems of Lehto-Virtanen and
Gavrilov-Burkova. We have proved theorems of type of Bagemihl-Seidel for broader class of
functions.

From Theorem 6 and Theorem 6’ it follows that the upper and the lower oricyclic boundary val-
ues of meromorphic function f:D—>C in € are equal w, weC, then f has tangential —

oricyclic boundary value @ in €. In general case it is possible to occur that one of these
boundary values exists but the other not. This may be proved by an example which may be
constructed in a similar way as the example in the Section 7.

For further consideration it remains to consider is it possible to use the approach of this paper in
order to derive results concerning the asymptotic behavior of harmonic functions on the unit disk
D in the complex plane C.
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