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1 BBEJIEHHUE
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2 CKUHMAEMOCTD

PaccmarpuBaromuecss  ganee omeparopel A;, W Ay, 00ecleunBaronIue CKaTHE
WHTETPAIBHBIX YPAaBHEHUH NJIs MOTEHIMANA ¢ U QYHKIUU 3ama3IbIBaHusl 0. ObUIH BBEJCHBI B
pabore [1].

Jlema 1. [l npoussombabx dynkumit f(¢) u f,(¢) nveem
! / / / i—1
[TA6)-TTA0)=X06)- AEDTTAETA) (1)
i=1 i=1 i=1 J=i+l k=1
(ecru B mpoussenennu I, HuxHUN MHACKC OoJbIe BEpXHETO, MBI Oepem I1=1).
Hoxa3areasctBo. Cm [2].
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TO JUIsl IEPBOM CyMMBI 2, UMEEM
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Teopema 4. Oneparop A4,, oToOpaxaroT map IZM Ha ce0sl.

Joka3arebcTBO. AHAJIOTMYHO J10Ka3aTEIbCTBY TEOPEMBI 3.

4 3AK/IIOYEHHUE

B cratee [1] MBI chopMHpOBaIM HHTETPAIbHBIC YPaBHEHUS c?l()_c): fl()_c)—Amc}l()_c) u
52()?): fz()_c)—Azdaz()_c), KOTOpBIE 3aBUCAT OT HOTEHLMaNa g U (PYHKUUHU 3aAEpKKU a. B
JAHHOM cTaTbe MBI JOKa3ald, HCIoib3ys [6-17], uto omeparopel A4, u A,, SBIAIOTCA

onepaTtopamu cxkarus (4, Ha mape K,,, A,, Ha mape K,,) u “Ha” oroOpaxkeHHSIX. DTO

la
03HAYaeT, 4YTO CYIIECTBYET CIMHCTBEHHOE PEUICHHE BBINICYIIOMSAHYTBIX WHTEIPAIbHBIX
YpaBHEHHH, T.€. CYIIECTBYIOT YHHKAJIbHbIE (DYHKIUU ¢ M @, KOTOPbIE MMEIOT a0OCOIIOTHO
HEIPEPBIBHBIC IIPOU3BOHBIE HA OTpE3Ke [O,zr], ¢ yciosueM 0 < a'(x)< 1, Tak yTO omepaTop

Dlg.z) (cm [3] u [4]) umeeT coOCTBEHHBIC 3HAYCHUS ISl TOYHO 3aJaHHBIX 3HAYCHUU A

[5]). |

(cm
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O HEKOTOPBIX TPAHUYHBIX CBOMCTBAX U TEOPEMAX
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HEEeBKJIMJI0BOE PACCTOSIHUE, YIIIOBOM Mpesiei, NOJUYMHEHHbIE () YHKIIUU

AHHOTanus. B crathe paccMaTpuBaeTcs NP ONPEJEIIEHHBIX YCJIOBHAX BONPOC OIPaHUYEHHOCTH
NpeAEIbHBIX MHOXECTB CyOrapMOHMUYECKHX (YHKIMHA B IPOMU3BOJIBHBIX TOYKAaX €JUHUYHOU
OKpPYKHOCTH M TEOpPEMBbI E€IMHCTBEHHOCTH ISl JIOrapu(pMHUECKH-CyOrapMOHMUYECKUX (YHKLHUN.
[Tono6Horo THIa 3aa4u paHee paccMaTPUBAIKNCh B OCHOBHOM JJIs1 MEPOMOP(HBIX U TOJIOMOP(HBIX
(b yHKIHIA.

ON SOME BOUNDARY PROPERTIES AND UNIQUENESS THEOREMS OF
SUBHARMONIC FUNCTIONS
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Yerevan, Armenia
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Abstract. In the article we study boundedness of cluster sets of subharmonic functions in specific
conditions in arbitrary points of a unit circle and theorem of uniqueness for logarithmically
subharmonic functions. Similar tasks have already been studied before mainly for meromorphic and
holomorphic functions.
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1 BBEJEHME

B HaCTOSIH_ICfI pa60Te HU3YyYaKOTCA IPU OMNPCACIICHHBIX YCJIOBHUAX HA MOCICAOBATCIBHOCTH TOYCK
{Zn} , COACPIXKAINUXCA B CAWMHUYHOM KPYIe U CTPEMAIIUXCA K TOYKaM eI[HHHqHOfI OKPY’>KHOCTH,

OTPAaHUYCHHOCTh HEKOTOPBIX IMPENEIbHBIX MHOXECTB, CYUIECTBOBAHHE YIJIOBBIX MPEICIOB U
IPaHUYHbIE TEOPEMBl €IWHCTBEHHOCTH IJIi HEKOTOPBIX KJIACCOB CYyOrapMOHUYECKUX ()YHKIIHA.
[TomoOHOrO THIA 3ama4vi B OCHOBHOM paHEe pacCMaTPUBAJINCh M3BECTHHIMH MAaTeMaTHUKaMU s
MepoMOpdHBIX U roJoMopdHbIX ¢yHkuuid. ConuiemMcsi TOIBKO Ha 4acTh 3TUX pador (cm. [1-10]).
[Ipu m3yyeHnn cyOrapMOHHYECKUX (PYHKIHUN BO3ZHUKAIOT HOBBIC TPYAHOCTH M, KaK MOKA3bIBAIOT
npuMepsl, 6€3 JONMOTHUTEIBHBIX YCIOBUH YTBEPIKACHUE M3BECTHBIX TEOPEM JJISI MEPOMOPGHBIX U
roJoMop(hHbIX (YHKIMHA AaKe B CIydae HOPMAIBHBIX CYOTapMOHWUYECKHX (YHKIUNA HE UMEIOT
MecTa. M3yuaembie TOUKM HAa €IMHUYHON OKPYXHOCTH, OyIyT OXapaKTePU30BaHBI KaK C MOMOIIBIO
JMHEWHOU Mephl, TaK U C MOMOIIbIO TOHATHUS KaTeropuil. B manpHeimem Oynem npuaep:KuBaThes
OOIIEeTPUHATBIX 0003HaueHui (cM., Hanpumep, [4]). Obo3naunm yepes D u I COOTBETCTBEHHO

eIVHWYHBI Kpyr |z|<l ¥ eouMHMYHYyI0 OKpykHOCTh |z|=1. O6o3zmauumm uepes L(&, )
TUIEPLMKII, TIPOXOAINNA Yepe3 TOUKU & = e, —& 1 KOTOpBIi 0GpasyeT yron @ ¢ AHAMETPOM
A?, coemmmsomnM Toukn & u —¢. Iyers H(E, ¢, @,)— obnacts, orpanmuenHas mByMs
runepumknamu L(S, ) u L(S,9,) .

PaccMOTpHM  JeHcTBHTeNbHO3HAuUHYIO QyHkimuio  f(Z), ompemenennyro B D. Jlns
IIPOM3BOJILHOTO TOMHOXKecTBA S kpyra DD, mist kotoporo touka ¢ €I spisercst mpenenbroit

TouKoii, 06o3naunm uepes C( 1,&,9) npeznensHoe MHOkecTBo (ynkmuu f(Z) B Touke &

otaocurensuo muoxectsa S, r.e. C(f,E,8)=Nf(SNU(E)), rae nepeceuenne Gepéres mo

BCEM OKPECTHOCTAM U(é:) TOYKH é:, a 4epTa O3HAYACT 3aMbIKaHHMC MHOXKECTBa OTHOCHTCJILHO

nByXTOUYeuHOH KommakTu(ukamumn R muOokecrBa R = (—00,40) B BHE OTpe3Ka MOCPEICTBOM
n06aBleHHs K TOYKaM MHoxecTBa KR cumBomoB —00 u +00. Touky f el ormecém x
muoxecty F'(f) , ecmu C(f,&,A(E)) cocrour 3 enmmcTBenHoro sHauenns o . B atoM ciiyuae
roopsar, uto ¢ynkmms f(Z) umeer B Touke el yrioBoii mpeznenq . Muoxkectso £ (f)
HA3BIBAETCS MHOXKECTBOM Touek dary s ¢pynkuun f (2).

Touxy &€l ormocst &  wmmoxectsy K(f) mwm  bysxkumn  f(2),  ecum
C(f’ é:ﬂ A(ga (01 ) ¢2 )) = C(fa 9{:: A(ga ¢1'9 (0; )) JUTS JTFOOBIX YrioB A(g, D5 (02) 5 A(g, (01’9 (02') 5

rie (pl,%,gol',go;e[—%,gj. Touka & €7 maseBaercs Touxoit Meitepa dynkumn f(Z) u

OTHOCHUTCSI K MHOXECTBY M(f) , €CIIH: C(f,é:,h(é:, Q)) = C(f,cf,D) * E JUTst JIF000# XOpabl
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h(&,@). Ckaxem, uro touka & €D sBusercs Toukoit [Inecuepa miss CyOTapMOHUYECKUX

dysxmmii  f(z), ecnmn ana mo6six yrinos A(S,@,9,) u A(E, @/, ¢,) npenensHble MHOKECTBA
C(f,&AE0,90,)), C(f.5,AE ¢, ¢))) copnamaror u C(f,&,A(S, ¢, 9,)) =[-0,0]

ans mobeix  yrnos  A(E,@,,¢,). Muoxecto Touek IlnechHepa o6osznaunm wuepes I(f).
HeorpunarensHast  cybrapmonmueckass  GyHkmuss — f(z)  Ha3piBaeTcs  JIOTapUPMHUUECKU-
cybrapmonunueckoit, eciu In(f(z))—cybrapmonnueckas Gynkuus. Uurepnperupyst kpyr D, kak
MOJIeNb IIOCKOCTH B reomerpuu JloGaueBckoro, o6o3Haunm uepes O (Zz;,z,) HEECBKIHI0BOE
PaCcCTOSIHME MEXy TOUKaMU Z,,z, U3 kKpyra D :

1. 1+u zZ, =z,

o(z,z,)==In ,TIe U = —=|.
2 1-u 1-2z7z,

[TonsiTue HOpMaNbEHOM (YHKIIMK, PACCMOTPEHHOE MJIi MEpOMOPGHBIX (PYHKIIMH U cOCTosIIee B

CBOICTBE TOPOXKIaTh HOPMAJIBHOE CEMEHCTBO Ha rpymme | Bcex KOHPOPMHBIX aBTOMOP(U3MOB
o0mnactu onpeaeneHus, ObLJIO 3aTeM MIEPEHECEHO HAa TAPMOHUYECKUE M CyOrapMOHUYecKrue (hyHKITUN

(cm., mampumep, [11]). B cinyuae eaunmunoro kpyra D rtpymma T cocTouT M3 »1eMEHTOB
T={S(z);S(z)=€“(z+a)-(1+az)”"', a— npoussonshas Touxa 8 D, O — npon3BoNbHOE
neiicTBUTENEHOE  umMcno §. IlpuaepxkuBasch 0003HAueHMIT W3 paboThl [4] CKaxeM, UTO
neiicTBUTENbHO3HAYHAS pyHKIUA f(z) €N, ecn Ha rpynme 1 Bcex KOHPOPMHBIX aBTOMOP(HU3MOB

enuHMYHOTO Kpyra D mopoxaaemoe e cemeiicteo Qynkmmii D :{f(5(2));S(z) T}
HOpMansHO B D B cMbicie Monrens , T. e. u3 moboit nocnenosatemsnoctu {f (S, (2))}

cemeiicrea D, rme S (z)eT MOXHO Wu3BJIEYb MOJIOCIEAOBATEIBHOCTD { f (S”k (2))},

PaBHOMEPHO CXOJSIIYIOCS Ha Jiio0oM Kommnakre K B [ wiv paBHOMEPHO PACXOMSIIYIOCS K —00
nm Kk +0 Ha K .

I'oBopsr, uro GpyHKIMS ©(z) MOTYMHEHA CyOrapMoHUYECKO PyHKIUU f(Z), €CIIi UMEET MECTO
COOTHOIIICHHE

u(z) = f(@(2)) O

rae @(z) ectb anamurtuueckas B D dynkuus, npuyem @(0) =0,

a)(z)| <1. UzBectHO (cMm. [3]),
uro ¢QyHkuus wu(z) Takke Oymer cybrapmonuyeckoit B D . MuoxkectBo N I’ HaswiBator

v ) ]
METPHYECKH IUIOTHBIM Ha HekoTopoil ayre ¥ L', ecnu mmmeitnas mepa mes(y'[1N)

o ! o
TIOJIOXKUTENIbHA JUIS KaXJA0H nyru ¥ C ¥ .BblpakeHUE MOUYTH B KaXIOH TOUKE ¢ € E oznauaer,

4T0 BCIOAY Ha [, KpoMe HEKOTOPOro MHOXKECTBA, JHMHEHHAs Mepa KOTOPOTO paBHA HYIIO.
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MuoxecTB0O FE  Ha3piBaeTCs MHOXECTBOM [ KaT€rOPUH, €CIAM OHO SBJIETCS OOBEIUHEHHEM
CUYETHOT'O CEMEHCTBA HUT/Ie HE IUIOTHBIX MHOXKECTB. MHOXXECTBO, HE SIBJISIOIIEECS MHOXKECTBOM [
KaTeropuu, siBIsieTcss MHOKecTBOM [/ kateropmu. MuoxkectBo E C I’ HassiBaeTCst 0CTaTOYHBIM
MHOXECTBOM, €CiM ero jgomonHeHwe g0 I [ xareropuu. [y nanpHeilmero chopmMyinupyem

U3BECTHYIO TEOpPEMY €IUHCTBEHHOCTH ISl JIOTapUPMHUECKH-CyOrapMOHHYECKUX — (DYHKITHHA
(em.[12]).

Teopema A. ITycTs norapudmuuecku-cyorapmonmnueckas 8 D dynxims f(Z) umeer yrnossie

Tpesieibl, paBHblE HYJIIO Ha HekoTopoMm MHoxkecTBe £ C I',mes E > 0. Torna f(z)=0.

2 OIPAHMYEHHOCTD IPEJIEJbHBIX MHOKECTB CYBI'APMOHHUYECKHNX
®YHKIIUN

PaccMOTpHM ClIeyIOIIYIO TEOpEMY.

Teopema 1. Ilycth cybrapmonuueckas B D QyHKims f(2) OrpaHuyveHa ‘ f (Zn) <K, rne
K > O, n= 1,2,... Ha HEKOTOPOU MOCIIEI0BATENbHOCTH {zn}, z, eD,n=12,.., lim z,|=1,
lim o(z,,z,,) <M <+o (2)

U Kaxpas Touka Hekotoporo MmHoxectBa £ CI',mesE >0, ssnsercs mnpenensHoit s

OCJICA0BATCIIbHOCTH {Zn} . Eciu B HGKOTOPOI\/'I TOYKC é: MHOJXCCTBA E HUMCCTCA TaKasd

TUINICPUOUKINYICCKas o0nacte H(g, _¢, ¢), I KOTOpOﬁ CYHICCTBYCT IPCACI lim f(Z)Za u
z¢&

HeeBkmunoBoe paccrosaue ot rumepmmkios  L(E,—¢) u L(E,9) no nmamerpa A’
coenuHsomero Touku & u —¢&, Gombine win papao M /2, To ‘05‘ <K.

JlokasaTeabeTBo. He orpannumBas oOIIHOCTH MOXHO CUHTATh, YTO MHOXKECTBO £ LEIHMKOM
nesxut Ha Hekortopoit ayre 1} CI' u uro koHmeBble Toukm myrm T, ABNAIOTCS MpeaeTbHBIMH
ToukaMu MHOxecTBa [ . Wmes JokasaTenbcTBa BIEPBEIC HCIONB30BaHA B pabore [8].
IIpeanonoxkuM HpoTHBHOE, T.e. uTo & > K. PaccMoTpuMm BHauane ciydaii, korja f (Zn) <K.
Torma wWMeeM, 4YTO HayuHas € HEKOTOporo HoMepa N BCe TOYKHM MOCIENOBATENBHOCTH
{Zn},n =1,2,...,z, €D, nomxusl nexars Bue obmactu H(&,—@,p). C npyroii cropoHsl, u3

yCIJIOBHIA TeopeMbl | ciieayer, 94To Touka & SBISETCS MPEAeTbHONW TOYKOM JIJISl TOCIIEI0BATEIbHOCTH
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{Zn} W, 3HAYUT, JJI1 OECKOHEYHOTO 4YMCJIa 3HA4YEHUH 7 Touku Z, W Z,,, JeXaT Ha
npotusononoxkueix runepuuknax  L(E,—@) u  L(E,p) nmbo BHe 3aMkHYyTOM obnacTu

H(&,—@,p). CnenoBatenbHo, it GECKOHEYHOTO 4yuCla 3HAYeHuit n O (Zn,Zn +1) 2 M | aro

HEBO3MOXHO B crmily cooTHomieHusi (2). IlomydeHHOe mpoTHBOpeUHe TOKa3bIBae€T YTBEPKICHHE

TeopeMsbl 1 B ciryyae, Koraa f (Zn) < K. Amanorumuno paccMaTpuBaercs ciydaih f(z,)=—-K Ilpu

3TOM IPEANOJIAraeTcs, 4To & < —K ¥ CHOBA NIPUXOJUM K IIPOTUBOPEYHIO.

PaCCMOTpI/IM HCCKOJIBKO CJIGI[CTBI/Iﬁ N3 TCOPCMBI 1.

<K,

Caencreue 1. Ilycts cybrapmonmueckas B D ¢ynximms f(Z) orpanudena ‘ f(z,)
n=1,2,... HAa HEKOTOPOH NOCJIENOBATEIBHOCTH TOYEK {Z,,}, n=12,.., lim|zn|=l, MHOX€ECTBO
n—»0

Tpe/IeNbHBIX TOYek KOTOpoi ecTh MHoxkecto E,mesE >0 wu limo(z,,z,,)<M <+0o. Ecim B

n—>0

HEKOTOPOii Touke & € £ CYLIECTBYET YIJIOBOM npenen U, To ‘0!5‘ <K.

3ameuyanue 1. OtmeruMm, uTO Jaxke y cyOrapmMoHmyeckux (yHKIUI f(2)e N wms

CYIIECTBOBAHHs YIJIOBOTO Ipejena ¢ B HEKOTOpoOi rumepiukindeckoit oonactu H(E,—@, @) B
TOYKE f €I ne cnenyer cymiecTBoBaHMe yriioBoro npeznena QA B 910i TOYKE. COOTBETCTBYHOLINA

npuMep npuBeaeH B padore [11].

Caencreue 2. Ilycts f(z)—cybrapmonuueckas (yHKMsS kiacca I M yIOBJIETBOPSAET

CIIETYIOIITUM YCIIOBHUSIM:
1) ‘ f (Zn)‘ <K,n=12,.. ua HEKOTOPOU MOCIe0BaTEILHOCTH
{z,},z,€D,n=12,., lim|z,|=1;
n—o0
2) MHOKECTBO MpPENeNbHBIX TOUEK MOCIIeI0BATEILHOCTH {Zn} ectb MHOXKecTBO E,mes E>0;
3) l{i_l)’liO‘(Z”,ZnH) <M < +o;

4) B xaxzoii Touke & € F CYILLECTBYET MOCIEA0BATEILHOCTD {tf } e A&, 97 ,05) , Takasl, 4To

limo(tf,t5,) < L <+ou lim f(5) = a,.
n—o0

n—>0
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Torma moutn B Kaxoii Touke & € £ ¢ynxums f(Z) mmeer yrioele mpemersi A, st

KOTOPBIX ‘055‘ <K.

JlokasaTeancTBo. OGo3HaunM uepes 1 ZEHK( f) wmuoxecreo touexk & €E wa T, B

KOTOPBIX CYIIECTBYIOT COOTBETCTBYIOIIHE MPEeibl (= BIOJIb MOCIEA0BATEILHOCTEH {tf } .

W3 ycnoBuii cieactaust 2 ciaeayer, uro mes I = mes E > 0.B CUJIy U3BECTHOT'O YTBEPXKICHUA

u3 pabotel [15] B Kakmoil TOuke f eF ¢ynxuus f(z) umeer yrmosoii mpemen A . Orcrona

YTBEPKJICHUE CIIEICTBUS 2 CIEYET U3 YTBEPXKACHUS CIEACTBUA 1.

3 T'PAHUYHBIE TEOPEMbI EAMHCTBEHHOCTH JJIAA IOTAPUOMHUYECKU-
CYBIrAPMOHUYECKHUX ®YHKIIUI

B kauecTBe mpuMeHEeHHs T€OpeMbl | paccMOTpPUM OJHY TPaHUYHYIO TEOpEMY €AMHCTBEHHOCTH
JUTST JIOTapu(MHUYECKU-CYOrapMOHUYECKHUX (DYHKIIUH.

Teopema 2. ITycts norapudmudeckn-cyorapmonnueckas B D ¢ynkims f(z) ymoenerBopsier

ycaoBuro  [im f(z,)=0 1O HEKOTOPOH IIOCIEAOBAaTEIbHOCTH TOYEK {zn} ,z,€D,n=12,..
n—»0
MHOKECTBO IpEAEIbHBIX TOYEK €CTh MHOkecTBO E I, mesE >0, limo(z,,z,,,)<M <+ u B
n—»0

KaXJIOM TOUKE ‘f ek CYLIECTBYIOT YIIOBbIe mpenensl &y . Torma f(z)=0.

JlokazaTeabeTBo. JleiicTBUTeNBbHO, paccmaTpuBas B TeopeMe 1 B kadectBe K moboe ckomb
YTOHO Manoe mojoxuTensHoe uncino & > 0, cormacHo yTBepxkeHHIO TeopeMsl | TONydnM, uTO
0< A < &, a, 3HAUUT, B KOKION TOUKE é: el o e = 0. Cornacuo TeopeMe A 0 €IMHCTBEHHOCTH

Juis norapupMudecku-cyorapmonnyeckux Gyskuuit f(z) =0, yTo u TpeOOBAIOCH JOKA3ATb.

CaeacrBue 3. [TycTh f(z) — norapupmMuvecku-cyorapmMoH1IecKas byHKIMSA u

YIOBJIETBOPSIIOTCS BCE yCIOBUS TeopeMbl 2. Ecim pynkmust u(z) noguunena 8 D dynkuuu f(z),

T0 u(z)=0.

Joxka3arenbcTBo. /[leiictBurensHo u3 cooTHomeHus (1) cnemyer, uro [n(u(z)) noaynMHEHa

cyorapmonndeckoit pynkuuu In( f(w(z))) 4, 3HAYUT, COTNIACHO U3BECTHOMY YTBEpKIeHHIO (cM.[3])
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Oynet cyOrapMoHUYeCcKou (byHKIMEH. CrnenoBarensHo, u(z) — norapupmMuUecKu-

cyorapmonnyeckas pynkmus. M3 cootnomenus (1) u u3 toro, uro @(0)=0 u |a)(z)| <1 cnenyer,

YTO ¢ MOMOIIBIO AHAIMTHYECKOH (GyHKIMH @(z) TNpousBoibHas 3amkHyTas obmacte G < D,
conepxamas Touky Z =0, oro6paxkaerca B 3amkHyTyr0 obmacte G1 C ‘CO‘ <1, conepxantyio
touky @ =0 . B cuny yreepsxaenus Teopembl 2 f(z) =0 u, 3Hauut, u3 cootHomenus (1) u(z)=0

B 000 3aMKHyTOM 06nacty G < D . O1ciona cnetyeT yTBepsk/IeHHUE CIIECTBUS 3.

PaccMoTpuM clieAyroIyro TeopeMy O CYIIeCTBOBAHHH YIJIOBBIX MPEAEIOB Y CyOrapMOHHYECKHX
¢yHkumii kmacca Ji.

Teopema 3. Ilycts f(z)—cybrapmonnueckas Gynkuus kiacca 9t u £ — HekoTopoe MHOXkeECTBO

Il xateropum Ha HekoTOpoi myre ¥ C 1 . JlomycTum, 4To B KaKIOM TOYKE f € £ cymecrtsyer

HEKOTOpas MOCJIEIOBATEIbHOCTh (Z5V e A& 0, 0,),limz, =&, TSt KOTOpOI
n—>00

limo(z,,z,, ) <M <+00 U BBIIOJIHEHBI CIETYIOIINE YCIOBUSL:

n—>0

1) npenensroe muoxectso C(f,&,{z5}) orpanneHo ceepxy;
2) CyLIECTBYeT TAKOe METPHYCCKHU IUIOTHOE Ha )/ MHOxkectBo IV | uto st moGoii Touku

e N, cymectByer Takas  IIOCIIE€I0OBATENBHOCTh {qf }, mas  xoTopoit

4.} > & lima(g,q5.) <L <+, {q]} € MG, 0/, 00), m B C(f,E4a7}).

Toraa cymectByer MHoxectBo £,,mesE, >0, B xaxmoii Touke koToporo QyHKuus f(z)

HUMECT YTIJIOBBIC I'PAHUYHBIC ITPCACIIbI, PABHBIC ,B .

HokazateanbcTBo. [IpuHMMass BO BHHUMaHHWe, 4YTO Uil MPOM3BOJbHOW (yHkIHH  f(2),
omnpenencHHod B D, mHoxectBo K (f) Il xateropun u ee nmomonHenue jao I [ kateropum [3]
nonydnMm, 4ro MHoxectBo F =K(f)E sBiusercs wmHokectBoM [l kateropuu. Jlist

cyorapmonnveckux ¢yakmmii  f(z) €It uzBectHo (cm. [15]), yro ecmm e K(f), TO
C(f,S,A(8) = C(f, &, h(S, p)) mmsa mobsix yrinoB A(S) uxopxa h(S,¢).

W3 ycnoBust 1) cormacHo wu3BecTHOMY yTBepkaeHuto (cm. [18]) B kaxmoit Touke &€ F
npenenbuple MHOXectBa C(f,&E,A(S)) s moboro yrma A(S) orpaHuyeHsl CBEpXy U,

CJIEAOBATCIIBHO, OTH TOYKH HE ABJIAIOTCA TOUKaMU HneCHepa.
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Hcxonst u3 U3BECTHOTO Pa3NIOKEHUs JUIsl cyOrapMoHndeckux (QyHkuui kiacca Jt (cm. [2]) Bce

TOYKM MHOXkecTBa F', KpoMme, ObITb MOXKET, HEKOTOPOro MHoxkecTtBa E, — E [ kateropuu, OyayT
npuHaiexarb MHoxkecTBY M (f). Tax kak mobas cyOrapmonuueckas ¢yHkuus kiacca Ji
HenpepbiBHA, TO npezensHoe MHOkecTBO C(f,&,D) 3aMKHyTOE M CBSI3HOE MHOXECTBO. B cuiy

teopembl KommmHreyaa o makcumansHocTH (cM. [1]) 1 onpenenenuto Touek Meiiepa

C(f.¢.h(S,p))=C(f.5,D) (3)

B kaxkpoi Touke el \E,. Tak kak mnpenenpbHoe MHOxecTBo C(f,& (&, p)) (cm.[18])
OrPaHUYEHO CBEpPXY, TO B CHIy COOTHomeHus (3) mpeaenbHoe MHOxecTBo C(f,&,D) Takke
OIpaHUYEHO CBepXy B 000l Touke &€ F\E,. IloaToMy B Kaka0i Takoil Touke & CyIECTBYET
HekoTopas okpectHocTh U(E), B KoTopoit pyHkuus f(z) orpanudena cepxy. O003HauUM uepe3

7' nmepeceuenue ¥ ¢ ykazaHHON OKPECTHOCTBIO Ha I .
C momompio dynkuun Z = @(®) koHPOPMHO OTOOPAsUM eTMHMUHBIH Kpyr D, |a)| <1 na

ykasannyto okpectrocts U (&) . Torma dyrkums W (@) = f(¢(®)) cybrapmonnueckas pyHKuus,

orpaHuueHHas cBepxy B kpyre D), m mostomy moutm Bcroxy Ha I |a)| =1 umeer pamuanbHbIe
npenesnsl. Tak Kak npu KOHPOPMHBIX OTOOPaKEHHUX MOYTH BCIOAY HEKacaTeNbHbIE TYTH MEPEXOIAT

B HeKacaTenbHble MyTH (cM. [7]), TO MOYTH B Kaxmoil Touke & € mes (71 NK(f )) byHKIMS
f(z) umeer mpemen B: mno mexotopomy Hekacatemshomy mytn L. B cuiy wmssectHOro
YTBEPKIAEHHUSA O TOM, 4TO €CIIH & € mes(]/1 NK(f )) , 7o (cMm. [15]) pyrkuus f(Z) umeer yrnoBoit
npezen [, MONyduM CYIIECTBOBAHHE YTJIOBBIX TIPEENOB MOYTH BCIOTY Ha 1yre '

Ho ¢ sipyroif CTOpOHBI, COrNacHo ycioBuio 2) Ha MuoxectBe E, = N(\y',mes E, >0, yrnossie

npenensl yHKuuu f(z) I0MKHBI OBITh paBHBI £, YTO U TpeOOBAIOCH 10Ka3aTh.

U3 yrBepxkaeHuss TeopeMbl 3 CleQyeT €Iie OJHa TeopeMa EIWHCTBEHHOCTH IS
norapupmMuiecku-cyorapMoHnueckux QpyHkuuit kinacca Jt.

Teopema 4. Ilycts f(z)-—norapupmudecku-cyorapmonnueckass ¢GyHKIus kimacca It u

E —nexoropoe muHOokectBo [/ kareropun Ha nyre [. Jlomyctum, uTto B Kaxaod Touke &€ F
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CYLIECTBYET ~HEKOTOpas —IOCIENOBATENbHOCTL  {z°} € A(E,p,,9,), limz, =&, mas1  KOTOpPOH
n—>0

limo(z,,z,,) <M <400 1 BBIIOJHEHBI CIEAYIOIIUE YCIOBHI:

n—>0

1) npenemsnoe muoxkectBo C(f,&,z°) OrpaHUUEHO CBEPXY;
2) CyLIECTBYeT TAKOE METPHUECKH [IOTHOE Ha ' MHOxkecTBO IV | uto st 060ii Toukn
EeN,0eC(f,&,{g°}), re nocne10BaTEIBHOCTD {qf} e A&, 0, 0)), (gt > & n

%O-(q:faq;:—l) < L <+,

Torma f(z)=0.

Joka3aTeabcTBO. J{€HCTBUTENBHO U3 YTBEPKIECHUS TEOPEMBI 3 CIIEIYET, YTO YIJIOBBIE MPEIEIbI
dyskuun  f(z) Ha Hekotopom MHoxkectBe £, mesE >0, pasus 0. Cormacuo Teopeme A o

€IMHCTBEHHOCTH JIOTapU(PMHUUECKU-CYOTapMOHNYECKUX (QYHKIMH MoydnuM, uto f(z)=0.

3ameuanue 2. OrTmeTHM, 4YTO TeOpeMbl, HOJOOHBIE TeopeMe 4, paccMaTpUBAIMCh IS
MepoMopdHbIX QpyHKIUH B padote [10].

CaencrBue 4. Ilycts f(z)—norapudmuuecku-cyorapmMoHndeckkass (QyHKuus kiacca It u

YIOBJIETBOPSIOTCS BCe ycnoBus TeopeMbl 4. Eciu Gynkmus u(z) noguunena 8 D dynkuuu f(z),

T0 u(z)=0.

Jls mokaszaTenbcTBa ChneACTBUS 4 MPOBOAATCS T€ XK€ PACCYXKACHHS, UTO M MPHU JOKA3aTEIhCTBE
clenACcTBUA 3.

4 3AK/IIOYEHUE

Takum o0pa3oM, B HACTOSIICH pabOTe MOTYyYEHBI TEOPEMBbl 00 OTPAHMYEHHOCTH MPEACITbHBIX
MHOXECTB, O CYIIECTBOBAHMU YTJIOBBIX MPEACIOB M O E€IMHCTBEHHOCTH HEKOTOPHIX KIIacCOB
cyOrapMoHWYecKUx (YHKIUN, OMPENETICHHBIX B EIUHUYHOM Kpyre. OTH TEOpPEMbl MOXKHO
paccMaTpuBaTh Kak CyOrapMOHMYECKHWE AaHAJOTH HM3BECTHBIX TEOPEM, MOJYYEHHBIX paHee s
MEpPOMOPQHBIX U TOITOMOPPHBIX HYHKIIUH, OTIPECIICHHBIX B €TUHUIHOM KpPYyT€E.

Baaronapuoctu: PaGorta BeimosHeHa npu (UHAHCOBOM MOAJEPKKE TOCYAAPCTBEHHOTO KOMHTETA
no Hayke MOH PA B pamkax nHayuyHoro mpoekta Ne 18T-1A019 u B pamkax ¢uHAHCOBOM
MOJIICPIKKH TPOEKTA pa3BUTHs Poccuiicko-ApMSIHCKOTO Y HUBEPCHUTETA.
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CTEMEHHOM 3aKOH pacIpeesIeHUs] MaTPHUIIBI TUIOTHOCTH.

AHHOTanusA. B HacTosAmEee BpeMsl TEOPUM HEIKCTEHCUBHBIX CIIOXKHBIX CHCTEM CYIIECTBEHHO
Pa3BUBAIOTCS B YCKOPEHHOM PUTME, IIPU KOTOPOM IOSIBJISIOTCS HOBBIE HJIEH, NO3BOJISIOIINE
riy0Xe MOHATh MX NPUPOAY, BO3MOXKHOCTH M orpaHudeHus. Kaxnas Takas Teopust uMeeT
MIMPOKUNA CIIEKTP BAKHBIX MPHUIOKEHUH, CBA3AHHBIX C (PU3UKOH CTATUCTHUECKUX CHCTEM,
BEPOSITHOCTHBIE CBOMCTBAa KOTOpBIX ONMCHIBaIOTCA He ['MOOCOBBIMH, a CTENEHHBIMU
pacnpenenenusMu. Cpeln MHOKECTBA HEIKCTEHCHBHBIX CHCTEM 0CO00€ 3HAYEHHUE HUMEIOT
Majble KBAaHTOBBIE CHUCTEMBI, OCHOBAHHBIC HAa HEAJJUTUBHOU MapaMETPUUYECKOU SHTPOIUHU
Tcannuca, CBSI3aHHOW C MaTpPUIEH IUJIOTHOCTH, OIMCHIBAIOIIWNA CHUCTEMbI, KBAHTOBBIE
COCTOSIHUSI KOTOPBIX M3BECTHBI HE MOJHOCTHIO. [Ipy M3ydeHun moJoOHBIX CUCTEM BO3HHUKAIOT
MHOTI'OYMCIIEHHbIE HOBBIE MaTeMaTHUYecKue MpoOieMbl, TpeOyrole cBoero pemeHus. B ux
Yuciie, OHOW M3 BaXHBIX, ABJSIETCS MpobiemMa pa3paObOTKU HeaJAUTUBHONW TEPMOIUHAMHKH
KBAHTOBBIX CUCTEM B paMKax CTATUCTUKH Tcaimca.

B nmanHO# paboTe mpW ONMUCAHMM KBAaHTOBO-MEXAHHMUYECKOW HEIKCTEHCUBHOM CHUCTEMBbI
Bcienq 3a (on HeliMaHoMm mnpennosaraeTcsi NpPaBWIBHOCTh OCHOBHBIX JBYX Hayal
TEPMOJAVHAMUKH. DBBINIOJIHEHHBI aHAJIW3 OCHOBBIBAETCA HA CTEIIEHHOM pPaBHOBECHOM
pacnpesielleHuy MaTpULbl IUIOTHOCTH, MOJIYYEHHOM U3 YCIOBUS aOCOJIOTHOIO 3KCTpeMyMma
KBaHTOBOW 3HTponuu Tcaminca Npu 3aJaHHOCTU CPEAHEN YHEPTUU U CPEHETO YUCIIa YACTHIL
JUIs aHCaMOJii KBAHTOBBIX CHCTEM, a TaKXKe Ha OCPEAHEHUHM HaOJII0JaeMbIX BEJIWYHMH IO
ACKOPTHOMY pacrlpeeNieHuto. B pe3ynpraTe monydeHo 0000IIeHrne Ha KBAHTOBBINA clydait
HYJIEBOTO 3aKOHAa TEPMOJMHAMHUKHU JUIS JBYX HE3aBHCHMBIX IOJICHUCTEM IPU HX TEIUIOBOM
KOHTAaKT€ M BBEJCHA TaK Ha3blBaeMas (pU3MuecKas TeMIepaTypa, OTJIWYHas OT MHBEPCHUU
mMHOxuTens Jlarpamxa 3. C npusnedeHneM 0000MIEHHOTO IEPBOrO 3aKOHA TEPMOANHAMHKI

U npeoOpaszoBanus Jlexxannpa u Ha ocHOBe BBeAEHHOW »HTponuu Kiay3myca moirydeHsl
TEPMOJMHAMUYECKHE COOTHOIICHHSI B KBAHTOBOW CTAaTHCTHKE Tcamiuca, KOTOpbIE OTIUYHBI
OT BBIBEJICHHBIX paHee TPAJAWIMOHHBIM JUIi HEIKCTCHCHUBHOW CTAaTUCTHKHM criocobom. Ha
OCHOBE CBOMCTBA BBHIMYKJIOCTH paziuyaromieit nadopmaiun Patre—Kannamnana, 0600ménHoM
Ha KBAHTOBBIN ciydaid, 00CyKIaeTcsi BTOPOil 3aKOH TepMOANHAMUKH. V3yueHbl CIOHTaHHBIE
NepexXopl MEXIy CTALMOHAPHBIMU COCTOSHHUSIMHU CIIOXKHOM KBAaHTOBO-MEXaHUYECKOM
CHUCTEMBI U JI0Ka3aHa H-teopema bosnbiimana.

Pa3BuThlii  moaxo[ — MpennojaraeT  MCHOJb30BAaHME  HEIKCTEHCHBHOM  KBAaHTOBOU
TEPMOJMHAMUKHA B PA3JIMYHBIX KOHTEKCTaX, KACAIOLIUXCS, B YACTHOCTH, MOJEIUPOBAHUS
KBAHTOBBIX TEIUIOBBIX 3((EKTOB B HAHOYCTPOMCTBAX U APYTUX KBAHTOBBIX TEXHOJIOTHIX.

2010 Mathematics Subject Classification: 85A35, 91B50, 82C40.
Key words and Phrases: Quantum Nonextensive Statistics, Entropy of Tsallis, Power Law Distribution of
Density Matrix.
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Summary. At present, theories of nonextensive complex systems develop substantially in an
accelerated rhythm, at which new ideas emerge, which allow a deeper understanding of their
nature, possibilities and limitations. Each such theory has a wide range of important
applications related to the physics of statistical systems, whose probabilistic properties are
described not by Gibbs, but by power distributions. Among the set of nonextensive systems,
small quantum systems based on the nonadditive parametric entropy of Tsallis associated with
the density matrix, describing systems whose quantum states are not fully known, are of
particular importance. When studying such systems, there are numerous new mathematical
problems that need to be solved. Among them, one of the most important is the problem of
developing nonadditive thermodynamics of quantum systems based on Tsallis statistics.

In this paper, when describing a quantum-mechanical nonextensive system, following von
Neumann, the correctness of both basic principles of thermodynamics is assumed. The
analysis of the quantum system is based on the power-law equilibrium distribution of the
density matrix obtained from the absolute extremum condition of the Tsallis quantum entropy
with a given average energy and average number of particles for an ensemble of quantum
systems, as well as averaging the observed values for the escort distribution. As a result, a
generalization to the quantum case of the zero law of thermodynamics is obtained for two
independent subsystems with their thermal contact, and a so-called physical temperature is
introduced that is different from the inversion of the Lagrange multiplier 3. Using the
generalized first law of thermodynamics and the Legendre transformation on the basis of the
introduced Clausius entropy, modified thermodynamic relations were found in the Tsalsis
quantum statistics that are different from the previously derived method for a non-extensive
statistical mechanics. The second law of thermodynamics is discussed on the basis of the
convexity property of the Ratier — Kannapan information, which is generalized to the
quantum case. Spontaneous transitions between stationary states of a complex quantum-
mechanical system are studied and the Boltzmann H-theorem is proved..

The developed approach assumes the use of nonextensive quantum thermodynamics in
various contexts, concerning, in particular, the simulation of quantum thermal effects in
nanodevices and other quantum technologies.
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1 BBEJIEHHE

Kak Temepr cTamo TOHATHO, CTaTUCTUYECKass MexaHuka bombnmana—Iub606ca wu
CTaHJapTHAs] TEPMOJAMHAMHUKA HE SBIISIOTCS BIIOJIHE YHUBEPCATBHBIMH TEOPUSIMHU, TOCKOIBKY
OHM MMEIOT OIpaHUYCHHbIE 00JIACTH MPUMEHUMOCTH. JTO CBSI3aHO, B YaCTHOCTHU, C TEM, UTO B
OCHOBE CTaTHCTUKHU bonbiiMana—[ 1b0ca JIeKUT MOCTyIaT O MOJIHOM MIepeMEITHBaHIH TTOTOKA
«}azoBbIx TOUYEK» B (Pa30BOM MPOCTpaHCTBE (THUMOTE3a MOJICKYJISPHOTO Xaoca). A 3To
O3HAYaeT, B CBOI oOuepenb, 4TO (a30BOE€ MPOCTPAHCTBO HE COMCPKUT 3aMperIEHHBIX
COCTOSTHMH U 001a/1aeT OOBIYHBIMU CBOMCTBAMU HETIPEPHIBHOCTH, TJIAJAKOCTH, €BKIHIOBOCTH.
[Ipu 3TOM THIIOTE3a TIEpEeMEIIMBAHISI, TOTIOTHEHHAS MIPEATIOIOKEHIHEM 0 OECKOHEYHOM YHCIIe
CTerneHei CcBOOOAbI, MPUBOAUT K HKCIIOHEHIMAIHLHOMY pAaCHpPElEICHUI0 BEPOSITHOCTU
COCTOSTHUH CHCTeMBI (M3 KOTOPOTO CIEAYeT, B YaCTHOCTH, CBOMCTBO aJIMTHBHOCTH
9KCTEHCUBHBIX TEPMOJMHAMUYECKHUX MEPEMEHHBIX), WIH, B Cllydyae KHHETHUYECKON Teopuu
ra3oB, K MaKCBEJJIOBCKOMY PACHpPEeIEHUI0 CKOPOCTEH.

Bmecte ¢ Tem cymiecTByeT IIMPOKUI KJIacC  CIIOXHBIX CHUCTEM, DJIEMEHTBHI KOTOPBIX
B3aMMOJICHCTBYIOT TJO0QNIBbHO, YeMy MPEANIECTBYeT CHUKEHHE CHUMMETPUU CHUCTEMBI,
CBs3aHHOE ¢ (POPMUPOBAHUEM KOJUIEKTUBHBIX MOJ MHTEHCUBHBIX NlepeMeHHbIX. B (usuke u B
JIPYTHX €CTECTBEHHBIX HAayKaX, HCHOJB3YIONIMX METOAbl CTATUCTHYECKONH MEXaHUKH,
M3BECTHbI MHOTOYHCJICHHbIE MPUMEPhI MOJOOHBIX CHCTEM, MOBEICHHE M CBOMCTBA KOTOPBIX
SIBJISTFOTCSI  @aHOMAaJIbHBIMA C TOYKH 3pEHHUS KIACCUYeCKOW cTaTUCTHKU. CyIecTByer
MHOKECTBO CHUCTEM, B KOTOPBIX HMEIOTCS HEJOKaJIbHbIE KOPPEISIUH, CHIIbHbBIE
B3aMIMO3aBHCHMOCTH MEXIy OTICIbHBIMU (BCEMH) OJJIeMEHTaMu cucteMbl. CroxHas
MPOCTPAHCTBEHHO-BPEMEHHAsl CTPYKTypa TMOJOOHBIX CHUCTEM MPUBOAMT K HapYyLICHUIO
NPUHIIANA AJAUTUBHOCTH IS TaKUX BAXKHEHIIMX TEPMOJUHAMHYECKUX BEIUYHMH, KaK
SHTPOMUS WIN BHYTPEHHSS SHEPTHSI.

JIOBOJBHO IMIMPOKHUK KIJIACC TOJOOHBIX CHCTEM (XOTS JaJlieko HE BCEX) aJIeKBaTHO
OTIMCHIBACTCS HEAKCTCHCUBHOM (HEATUTUBHOMN ) CTATUCTHYECKON MEXaHUKOM, OCHOBAaHHOMW Ha
napameTpuueckux sHTponusix Tcammuca [1] u Penbu [2], KOTOpbIE, OJHAKO, COXPAHSAIOT
THOCEOJIOTUYECKYIO CTPYKTYPY (JIOTUYECKYIO CXEMY MOCTPOEHHMSI) KJIACCUUECKON CTaTUCTUKU
[3-6]. BasxHbIM IPEUMYIIIECTBOM HEIKCTEHCUBHBIX CTATUCTHUK MO CPABHEHHIO C KJIACCUYECKOU
cratuctukoii  bomprimMana—Iu0O0Oca  sBisgeTcsT  aCHUMITOTHYECKHWN  CTEINEHHOW  3aKOH
pacmpeneneHuss BepOsSTHOCTEH (TPOSBISIONIMIICS TPU MaKCHMH3AIMH COOTBETCTBYIOLIUX
napaMeTpUuecKUX SHTPOMUI), KOTOPBIA HE 3aBUCUT OT SKCIIOHEHIMAIBLHOTO MOBEACHUS,
o0ycnoBieHHOTO pactpeaencHuem ['nbdoca.

CrnenyeT 3aMeTUTh, UTO HEIKCTEHCUBHbBIE CTATUCTUKU (HAIIPUMEp, CTATUCTUKU Tcaiuca u
Penbn) mpencraBmsier coboit Bc€ ke 000OINeHHWE, a He albTepHATHBY KIACCHYECKON
cratuctuke bonmpimana—['1066ca, TOCKOIBKY OHU PacIpOCTPAHSIOT 00JIACTh MPUMEHUMOCTH
CTaHJApTHOW CTAaTUCTUYECKOW TEOPHUM Ha HEIKCTEHCHUBHBIE CHUCTEMBI TOJBKO IMYTEM
pacipeHust MaTeMaTuyeckor opMbl UX SHTpONHUifHOTO PyHKIIMOHaNa [7-10].

B HacTosmiee BpeMs TEOpUHM HEIKCTECHCHBHBIX CIIOKHBIX CHCTEM CYIIECTBEHHO
Pa3BHBAIOTCS B YCKOPEHHOM PUTME, MPU KOTOPOM TOSIBISIOTCS HOBBIC UICH, ITO3BOJISIOIINE
MIy0)kKe TOHATh WX MPUPOAY, BO3MOXKHOCTM | orpaHudeHus (cMm. bubmmorpaduto,
npeicTaBiIeHHyl0 Ha caiite http:/tsallis. -cat.cbpf.br/biblio.htm, xotopas mnocTosHHO
oOHoBsieTcs). Kaxkas Teopusi UMeeT MIUPOKH CIEKTP BaXKHBIX MPUIOKEHHH, CBI3aHHBIX C
(GU3UKON CTAaTUCTUYECKHX CHCTEM, BEPOSTHOCTHBIE CBONCTBA KOTOPBIX OMUCHIBAIOTCS HE
ru00COBbIMU  (HE TayCCOBBIMH), a CTENCHHBIMH paclpelneieHus M. B 4YacTHOCTH,
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HEIKCTEHCUBHAS CTaTUCTHKA Tcaiuca YCHeNIHO TPUMEHSETCS KO MHOTHM CJIOKHBIM
cCUCTEMaM, HayuHasg OT HENWHEHHBIX AU(PQGY3UOHHBIX YpaBHEHHUM|, O0O0O0OMIEHHBIX
kuHeTHueckux ypaBHenuil [11], cuctem ®okkepa-Ilnanka, H-teopembl bonbimMana [6],
yIEeTbHOM TEIIOEMKOCTH TapPMOHUYECKOTO OCHUIUISITOPA, 10 U3YYEHHUS] KOCMHUYECKUX CHCTEM
C TaTbHUM CHJIOBBIM B3aHMMOJICHCTBUEM, MEXK3BE3THON TYpOYICHTHOCTH U TEOPUU (PPAKTAIIOB
[9], »BomroIIMU acTpoduszndeckux auckoB [10, 12, 13], TopoacKoil TpaHCIIOPTHON CHCTEMBI
[14], Ouopu3uKH, YKOHOMUKH, HEHPODU3UKU 1 MHOTOE IPYTOE.

Cpeau MHOXKECTBA CIIOKHBIX CHUCTEM OCOOYI0 Ba)KHOCTb HMEIOT MaJible KBaHTOBBIE

CUCTEMBI, OCHOBAaHHbIE Ha HEaJJUTUBHOM NapaMeTpuueckoil »HTponuu Tcamimca Sq(ﬁ),

CBA3aHHOM C MATpPHULEH MIOTHOCTH p, ONHCHIBAIOIIEH pa3IMYHBIE KBAHTOBBIE COCTOSHHSL.
[Tpu n3ydeHUH MOAOOHBIX CHCTEM BO3HUKAIOT MHOTOYMCICHHBbIE HOBBIE MAaTEMAaTHYECKUE
npoOiieMbl, TpeOyroIue CBOero pemeHus. B ux gucne, oAHON W3 BaKHEHIIMX, SBISETCS
npobiieMa TMOCTPOCHHUS TEPMOAMHAMHKU KBAaHTOBO-MEXaHMYECKHMX aHcamOieill B pamkax
HEAKCTEHCUBHOM CTaTUCTUKH Tcauca.

B nmanHo# pabore s omuMcaHUs KBAHTOBOW (DM3UYECKON CHUCTEMBI MBI BOCIIOIB3YEMCS
GopManu3MoM MaTpHIBI (OIIEpaTOpa) MIOTHOCTH P, C HOMOLILI KOTOPOro Hanbojee yIoOHO
ONUCHIBATh CUCTEMbI, KBAHTOBBIE COCTOSIHUSI KOTOPBIX M3BECTHBI HE MONHOCTHIO [15]. Kpome
atoro, ciuenys ¢on Helimany (1964), Oymem WHCMOAB30BaTh OOBIYHBIN (HopMaTH3M
(EeHOMEHOIOTUYECKOH TEPMOAWHAMHKH, TPU 3TOM pPOJb KBAHTOBOM MEXaHUKU CBEAETCS
JUIIb K TOMY, YTO Hallleé PAacCMOTpPEHHE OyIeT OTHOCHUThCA K KBAaHTOBO-MEXaHUYECKUM
00BEKTaM — TPABHIBHOCTH K€ OOOMX OCHOBHBIX HAadall TEPMOJUHAMHUKHU IMPEATIOIAraeTcs
[15]. C yuérom sTOro OynmeT rmoka3aHo, Kak MOKHO MOJYyYUTh PABHOBECHYIO CTATHCTHYECKYIO
TEPMOJIMHAMUKY HEIKCTEHCHUBHBIX CHUCTEM M OIPEACIUTh €€ CBOWCTBA HA OCHOBE JABYX

(GyHKIIMOHAJIOB — KBAaHTOBOM IMapamMeTpuieckoi sHTponuu Tcamnuca Sq(ﬁ) 1 00001IEHHOM

KBAaHTOBOH  OTHOCHTEJIBHOM  SHTponuM  (KBAaHTOBOM  pasnuyamromeil  uHpopManmu

Parbe—Kannannana Kq (f):&) ). DTo wuccrnenoBanue OyneT O0a3UpOBATHCS HAa CTEIICHHOM

PaBHOBECHOM DPACHPEEIEHUN MATPULbI IUIOTHOCTH, MOJYYEHHOM U3 YCIIOBHUS aOCOIIOTHOTO
JKCTpEMyMa SHTPOIIUU Sq(ﬁ) IIPY 33JaHHOCTU CPEAHEH DHEPIrUU U CPEJHErO 4YUCia YaCTHUIL

JUis aHcaMOJIsl KBAaHTOBBIX CHCTEM, a TAKXKE€ HAa OCPEJAHEHUU €ro CIy4alHbIX JUHAMUYECKUX
napameTpoB (Ha0JIt0JaeMbIX) 110 3CKOPTHOMY pachpezeneHnio. byneTr noiaydeno o6o01eHue
Ha KBAHTOBBIN CIIy4all HyJIEBOI'O 3aKOHA TEPMOJAMHAMHUKH JJIS ABYX HE3aBUCUMBIX MOJCHCTEM
IPY UX TEIUIOBOM KOHTAKTE M BBEJCHA TaK HasbIBaeMas (hu3nueckas TeMIeparypa, OTIndHas
or uHBepcun MHoxuTens Jlarpawxka [. Ilpu e€ wucnonp3oBaHuM, C MNPHUBJICUECHUEM

0000IIEHHOTO TEpPBOTO 3aKOHA TEPMOAMHAMHUKM M MpeobOpasoBanus Jlexanapa, Oyayt
HailleHpl MOAM(UIMPOBAHHBIE TEPMOAMHAMUYECKHE COOTHOLIEHHUS, OTJIMYHBIE OT
BBIBOJAMMBIX «OOBIYHBIM» Ul CTATUCTHKH criocobom. Y, HakoHel, Ha OCHOBE (PYHKI[MOHANA
JUI KBaHTOBOW OTHOCHUTENBHON 3HTPONHMM, OOOOLIEHHOTO HAa HEIKCTCHCHUBHBIE CHUCTEMBI,
Oyzer oOcyXIaTbcs BTOPOH 3aKOH TEPMOJMHAMUKH, OyayT MCCIENOBAaHBI CIIOHTAHHBIC
IIEPEXObl MEXAY MPOU3BOJIBHBIMU COCTOSIHUSIMH CIIOKHOM KBAHTOBOM CHCTEMBI U JOKa3aHa
H-teopema bonbiiMaHa B paMKax HEOKCTCHCUBHON KBAaHTOBOW CTATUCTUKHU.
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2. OCHOBHBIE OITPEJEJIEHUAA U CTATUCTHYECKHE CBOHCTBA
KBAHTOBOM SHTPOIINU AJIS1 HEDKCTEHCUBHbBIX CUCTEM

B ocHOBY m3yueHUst pa3IMuHbIX CTATUCTHUYECKUX KBAHTOBBIX aHCAMOJIel HEIKCTEHCUBHBIX
CUCTEM MOXHO IMOJIOXKUTh IKCTpeMalIbHbIe CBOMCTBA KBAHTOBOM MH(DPOPMAIIMOHHOM SHTPONUU
(BBen€éHHOU BrepBbIe B pabore [35]) W HCMONB30BAaTh WX MJS HAXOXACHUS PA3IAIHBIX
MaTpUIl IJIOTHOCTH, 3aMEHSIIOMMX (DYHKIUU pacrpeesieHUus] BEpOITHOCTEH B KJIACCHYECKOMN
cratuctuke. OTMETHM, KCTaTd, 4YTO MpH o0000meHun aHcamOnedr ['mbGOca Ha ciydait
KBaHTOBOW craTucTUKH, (oH Heiiman [34] mcXoaun MMEHHO W3 SKCTPEMaJbHBIX CBOWCTB

BBEJIEHHON WM DHTPOIHMH KBAHTOBOTO COCTOSHHS S(ﬁ)E—Tr(ﬁ lnf)), rae P — Marpuia

(onepaTop‘)) IJIOTHOCTA MHUKPOCHUCTEMBI, MpU TOMOIHM (popmMaan3Ma KOTOPOH, COTIACHO
Teopeme ['mrcona [16], onmuceiBaeTcst M00asi KBAHTOBO-MEXaHHUYECKask CUCTEMA.

Trp(x,x')=1. (1)

B KBaHTOBOM HEIKCTEHCUBHOW CTATHCTUKE MPHU BEPOSITHOCTHON HOPMUPOBKE
A " _ * i
MaTpUIbl  IJIOTHOCTH p(x,x)—zrwr\ur(x)\pr(x) (B MaTpUyHOM X -TIPE/ICTaBJICHUH,
OTIMCHIBAIONIEH CMEIIaHHbIE KBAaHTOBBIE cocTosiHUS [15]), kBaHTOBas uWHGOPMAIMOHHAS
sHTponust Tcammmca S q(ﬁ) 3agaércsl  CIEeNyIoUUM  O0OOIIEHHBIM (DYHKIIMOHAIOM OT

orepaTopa INIOTHOCTH [1]:

5,0)= 1 Tr(p-5"). @

31€ech SHTPONUIHBIN HHAEKC § (mapameTp AedopMaliK) IPEACTABIsIET COO0M BEIECTBEHHOE
uypcno (mpuHamiexkamee obmactu g€ R), koropoe xapakrepuzyer HEIKCTCHCHUBHYIO

0COOEHHOCTh (HEAaJAUTUBHOCTh) KBAaHTOBOW CHUCTEMBI. 3aMETHM, UTO ILIIypoBas CTPYKTypa
ompeneneHuss HSHTporuu (2) BakHAa TEM, YTO JEJIaeT SHTPONHUI0 (YHKIIHOHAIBEHO
HE3aBHUCHUMOM OT YHUTAPHBIX MPEe0Opa30oBaHUM B MIPOCTPAHCTBE COCTOSIHUM, T.€. 3Ta hopmyna
CIIpaBeUIMBA [IPY JI0OOM HPEICTABICHHU ONEpPaTopa P, a HE TOIBKO HPH €ro MAaTPHIHOM X -
npejacrasienuu [17].

MoXHO TIOKa3aTh, 4YTO TapaMeTpuyeckas KBaHTOBas OJHTporus (2) MoxeT ObITh
MPEJICTABICHA TAKXKE B CIEAYIONINX SKBUBAICHTHBIX (hopMax:

Sq(f))=—Tr(ﬁqlnqﬁ)=—Tr(;3an())z—<anﬁ>l, 2"
A Al A~ A1 - n
m A=A T A2 Tl Qe g 3)
q 1-¢ q g-1 q

— Tak Ha3pIBaeMble JaedopMupoBaHHbIe Jorapudmsl [18], oOmamarorue, Kak JIETKO

ybenuTscs, crenyomum cBoiictBom: npu g —1, In qAA - InAA, Ln qAA S InA. [Tpu ero

i . o o
) [lanee oneparopsl OyaeM 0003HauaTh OYKBOH CO «IUISAIKOM HaJ HEH.
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WCIIONIB30BAHNK KBaHTOBas oHTpomus Tcamiuca Sq(f)):—Tr(;Sq In, p) TepexoauT B

KJTACCHYECKYI0 KBAHTOBYIO >HTpommio ¢on Heiimana S,(p)= —Tr(ﬁ lnf)) , SIBJSIFOLIYIOCS, B

CBOIO 0Yepe]ib, KBAaHTOBBIM 00001eHreM HTponuu [ 166ca B KJ1aCCUYECKON CTaTUCTHISCKOM
MEXaHHUKe.
B TpaauimoHHONM KBAaHTOBOM CTaTHCTHKE JIFOOOW CIydyalHOW JMHAMUYECKON MEPEeMEHHOM

A cTaBUTCS B COOTBETCTBUE IPMUTOBBIN orepatop [15] A Tak, 4To cpeqHee 3HaYEHHUE ITOM
IIEPEMEHHON B  COCTOSIHUM MHKDPOCHCTEMBI, OIMCHIBAEMOM MATPHIIEH IUIOTHOCTH P,

Beruncnsercs 1o dopmyne:(A); =Tr(PA). B HEIKCTEHCHBHON KBAaHTOBOH CTaTHCTHKE
Tcamnuca sl BEIYUCICHUS CPEAHETO 3HA4YeHUs (A ) q TUHAMUYECKON mepeMeHHOM A U eé

duykTyaru A qA MOTYT OBITh HCHOJB30BaHbI pa3nuuHble GopmynupoBku [3]. Hamee mbl

BOCITIOJIB3YEMCS CIICAYIOIIHM UX OIMPCACIICHUEM:

. A 59 A A A A n
(R, =Te(B A)=1HLA) g KoK —(K) . Te(pa K)=0, (&)
q q Tr’\l] q q q
p
rac
P,(x)=p"/ Tr(p") ()

— TaK Ha3bIBa€MOE HOPMHUPOBAHHOE 3CKOPTHOE pacnpeaenenue [3], i koroporo Tr(P q) =1.

2.1. HeaaiuTUBHOCTH KBAHTOBOM HTpOonMH Tcajsmca s He3aBUCUMBIX CHCTEM

Outponusi (2) HWMEeT MHOTO TOJe3HbIX cBoWcTB. [lokaxkeM cHauama, 4Yro JUIst
HE3aBUCHMBIX KBAaHTOBBIX (DU3MUYECKUX CHUCTEM OHA HeaJIMTHBHA. JIEHCTBHUTENBHO, ITYCTh
COCTOSIHHE CHCTEMBI, COCTOSIIEN M3 JBYX IMOJICHCTEM, OIKMCHIBAETCA COBMECTHBIM
MyJIbTHIUTHKATHBHBIM cTatncTiaeckuM onepatopom U2 =pD® 52 rre pM) u p@ —

OTIEPaTOPHI TUIOTHOCTH OTIEIBHBIX TOJCHUCTEM (3/1eCh M Jajnee CUMBOJIOM & 0003HAaYEHO
MaTpUYHOE TPOU3BeACHKE). Torga SHTPONUU OTIACNBHBIX IMOACHCTEM U O0Ias YHTPOIUS
CUCTEMBI 33JaI0TCS CIICAYIOINMU BhIPAKCHHUSIMHU:

s{M=s, (p)= ﬁ{l—Tr(ﬁ(l))q, s2=s, (5= ﬁ{l —Tr(ﬁ(Z))q,

A A 1 A q 1 A ~\
Sél'z): Sq [p(1)® p(z)} = —q — {1 -Tr (p(l'z)) } = —1{1 -Tr (p(1)® p(z)) }

q p—
()
NP YCIOBMH HOPDMHMPOBKH 1T (ﬁ(l'z)) =Tr (ﬁ(l)) = Tr(ﬁ(z)) =1. Ucnomssys dopmyny (*),

MOJYYHM, C Y4ETOM HM3BECTHOTO COOTHOIICHHS | Tr(AA ®]§) = Tr(A)Tr(ﬁ) [15, crenyromiee
BBIPAKCHHUE
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Il

1- Tr(ﬁ(l))q 1- Tr(ﬁ(z))q 1- Tr(ﬁ(l))q Tr(ﬁ(z))q
B qg-1 ’ g-1 - g-1

OTCIO,Z[a cne;[yeT CBOfICTBO HCAAAUTHUBHOCTU 3HTpOHI/II/I I[BYX HC3aBUCHUMBIX CHUCTEM B
KBAHTOBOMU cTaTUCTHKE Tcaminca

o (i095)-5, (), () ramas, ()5, 67). 0

g g _gq12)
—Sq +Sq Sq .

Takum oOpa3oMm, HEAAIUTUBHAS KBAHTOBAs DHTPOIHS Sq (f)(l)® ﬁ(z)) SIBJIETCS

CYOIKCTEHCHUBHBIM  (CYHNEpIKCTEHCUBHBIM)  ¢yHKIHOHanoM 1pu g>1 (g<1) mu
9KCTEHCUBHBIM (YHKIIMOHAJIOM TOJBKO B MpeJesie cliadoil CBSI3U JABYX IOJACHUCTEM, KOrja
qg—1.

Bmecte ¢ TEM, 3CKOPTHOC OCPCAHCHHUC TMPUBOAUT K CBOﬁCTBy AJIUTUBHOCTHU OJIA
OCPEAHEHHOM SHEPTUU COBOKYITHOW KBAaHTOBOW CUCTEMBI

L2)_ g0 | 5@ _y TP
B P=ED +E?), re Eq_(H)q—Tr(PqH).

~ B2 n 52 1N n
A !
3necy H(x,x") = o _2+E > CD(‘x]- —xk‘) [18(x; — x;) — oneparop suepruu
m—10x f j#k i=1
cucteMbl ¥3 N OJIMHAKOBBIX OECCIUHOBBIX YACTHI[ MACCHI 171 , B3AMMOJIEHCTBYIOIINX MEKLY
co0O0H C MOTEHIIHAIOM CD(‘x‘) .

2.2. IKCTPEMAIBHOCTH 00JIHIIOT0 KAHOHMYECKOT0 pacnpeieieHnst

[Ipexxne Bcero, OTMETUM, YTO PA3IUYHBIC CTATUCTHUYECKHUE aHCAMOIU KBAaHTOBBIX CHCTEM
(mogo6HO TPaAUIIMOHHBIM) SKBUBAJIEHTHBI B TEPMOAMHAMHYECKOM OTHOLIEHHUH, YTO CBS3aHO,
B YaCTHOCTH, C MaJOCThbIO (DIyKTyauui sHEpruu, yucia yactul u oowvéma [17]. [danee mbl
BOCITOJIB3yeMCsl Hanbosiee yA0OHBIM JIJIsl HAIIMX IIeJIe OOJbIIMM KaHOHUYECKUM aHCcaMOJiemM
KBAHTOBBIX CHCTEM, OIMCHIBAIOIIMM KOHTAaKT C TEPMOCTAaTOM M PE3EPBYyapoOM YacTUIl U
oTpeeIIeMbIM 3aIaHueM CPETHEN SHEPTUU U CPETHETO YMCIIa YACTHII.

PaccmarpuBast ancaMOib CHUCTEM C TTOCTOSITHHBIM OOBEMOM (HAXOJISIIHUIACS B TETUIOBOM H
MaTepUaIbHOM KOHTAaKTE C OKPYKEHHEM), ONpPENEIMM MATPHUIly PaBHOBECHOH IIOTHOCTH

p(x) (T.e. cTaTUCTUYECKHIl OIMEpaTop pPABHOBECHOTO pACHpENENeHUs) U3 YCJIOBHUA
aOCONIOTHOTO  JKCTpeMyMa KBAaHTOBOM WH(GOpManuoHHOW dHTpormu Tcammuca (2),
HalJICHHOTO TIpPHU  33JaHHOCTH OCPEIAHEHHBIX OIEPATOPOB IUIOTHOCTH 3Hepruu H(x) u

IIOJIHOTO uncna yactun N(x):
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(H), =E, =Tr(PH )= const, (N), Nq=Tr(PN):const, %

q

a TaK)Ke TIPY COXpaHEHUH HOPMUPOBKH (1).
CornacHo BapuanMoHHOMY npuHiuny JlkeiHca [20], paBHOBECHas MaTpulia IUNIOTHOCTH

P, OKCTPEMHU3UPYIOIIAs» YHTPOIHIO Sq MIpU YKa3aHHBIX OrPAaHUYEHMSIX, ONPEICNIeTCS U3

YCIIOBHS PABEHCTBA HYJIIO MEPBOM BApHALIUH 10 P CIIEAYIOIEro 0606meERHOro Jlarpankuana

R X R Tr (ﬁqﬁ) Tr (f)"l\f ) X
L(p)z—Tr(anqp)—B +Bu ~ATrp. (8)
Cq Cq
3nech
¢, =Tr (@q ) )

— TaK Ha3biBaeMblil koaddunment Tcammuca; B, (BU) u A — ompenensiembie U3 ypaBHeHuit (1)

u (7) nmarpaHXeBbl MHOYKUTENIH, KOTOpPHIE CBS3aHbl C OIPAaHUYEHMEM Ha OCpPEAHEHHBIE
ONepaTopsl IUIOTHOCTM SHEPrUM M IMOJHOTO YHCJIA YacTUL KBAHTOBOW CHUCTEMBI B
HEaJJAUTUBHON CTaTUCTUKE Tcaminca; mpy 3TOM BEIWYMHA IapaMerpa [l MUMEET CMBICH

XUMHYECKOTO MOTEHIIMAIA KBAHTOBBIX JACTHIL.
Omnpenensss abCOMOTHBIN dKcTpeMyM (yHKunoHana (8) wu3 ycmous SL(P)/dp =0,
HAXOJMM JUISi HEDKCTEHCHBHBIX KBAHTOBBIX CHCTEM CJIEAYIOIIEE MPEICTABICHUE OOJBIIOTO

KaHOHMUYECKOTO pacIpeie]IeHus oreparopa IoTHOCTH P(x, B q) :

p(x B )= {1 (1-9)B [(ﬁ(X)—Eq)—u(I\f (x)—ﬁq)}}l/(l q):

Q B)

on equ{—ﬁq[(ﬁ(x)—ﬁq)—u(l\f (x)—ﬁq)}}, (10)
rac

Q, (B = Trfexp, [ -, (1 ~E)-u(N - )] (1)

— CTaTHCTUYECKAst CyMMa COCTOSIHUI JUIsl OOJIBIIOr0 KBAHTOBOTO aHCAMOJIsl, OIpesiensemMas u3
ycinoBuss HopmupoBku (1); mapamerp JB - B/c g HasbBaeTCH oOpatHOW ¢usuueckoi

memnepamypoti paBHOBECHON KBAHTOBOWM CUCTEMBI, Tpf =1/ g3

Eq = Tr(fﬂ) = Tr{equ [—Bq ((ﬁ—ﬁq) —u(l\f— I\fq))}}q/ (Qq)q (12)

— 3HaueHne kod(pdunuenta Tcammuca B paBHOBECHOM cliydae; 3HAK THIIBIBI «|J » 37ech U
namnee
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A

HaJl OCPEAHEHHBIMU JMHAMHUYECKHMHU IEPEMEHHBIMM A  O3HayaeT, 4TO OCpEIHEHHE
IIPOBEJEHO C TIOMOIIIbIO paBHOBECHOTO pacnpezenenus (10).

2.3. OJkcnonenTa Tcannuca n ne¢popMupoBaHHbIi Jorapupm

B ¢opmymne (10) ncnonp3oBaHa Tak Ha3biBaeMas aeopMupoBaHHas SKCIIOHEHTa Tcammmca

[3]

exp i [1 fa- q)AA }1/(1—07) , ecan Spec[l +(1- q)AA] >0;
q

0, B apyrux cayyasx,
(13)
IJIc  HEPaBEHCTBO Spec[l +(1- q)A} >(0 o3Ha4aer, 4YTO CYIICCTBYET €CTECTBEHHOE

«OTKIJIIOUEHHE», KOTJa CIEKTp OIepaTopa B KBAJPAaTHBIX CKOOKAaX HMMEET OTPHILATENIbHBIC
3HA4YEeHMUs, CBSI3aHHBIE C IEWCTBUTEIHHOCTHIO Cle/ia.
Jlerko mpoBepuTh, uTo B npenene § — 1 ¢pynkuus (13) npuHuMMaeT cTaHIapTHBIN BUA:
exp; A = lim exp, A = lim exp, A =expA, (Vx). (14)
go1+0 1 g1-0 1
Ucnone3ys onpenenenus (3) u (13), MOXXHO YOEAUTHCS, YTO UMEIOT MECTO CIIEAYIOIIUE
COOTHOIICHUS ISl 1e(pOpMUPOBAHHOM SKCTIOHEHTHI [3]:

equ(lnqAA):lnq(equAA):AA, (Vx;Vq), (15)
(equAA)(equ ﬁ)zequ [AA +BA+(1—q)AA}§}, (16)
d(equAA)/dAA =(equ/£)‘i. (17)

CooTtBeTcTBEeHHO /ISl epopmupoBaHHOTO Jorapudma In . A umeeM:

In (AB)=In, A +In B+(1-q)(In, A)(In,B), (18)
1nq/£—1 =—AT! lnqA: , 1nq(1§/§—1) =Aq—1(1nq1§—1nq/si), (19)
dlnqAA/dAA =1/A1. (20)

Otr GpopMyIibl OYIyT UCTIOTB30BaHbBI JasIee.

2.4. Hexoropble CBOWCTBAa PABHOBECHOI'0 pacipeaeeHHus

N3 Beipaxenus (10) ciemyeT COOTHOIICHHE

(EQq)H’:1—(1—q)[3q[Aqﬁ—pAq1\f] @1)
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Ecmu yMHOkHTB (21) Ha p? 1 3aTeM B3ATH MIIyp, TO MOJTYyYUM PABEHCTBO

A

(@)1 Tx() =Te (7 1-1-g)p, (a1 -ua N JI=TeG57). @)

U3 KOTOporo, ¢ wucnoib3oBaHueM (1) m (7), MOKHO HAWTH Ba)XHOE€ COOTHOIICHHUE IS
paBHOBecHOTO 3HaueHus ko3 dunuenra Tcammuca

& =Tr(p") =(Q))" " =1+(1-9)S,. (23)
Hcnonb3ys (23) u BeiTekaromee u3 Gpopmysl (10) BeipakeHue
A ~ ~ ~ q
5 =Tr(R7) = =q _ —
&, =Tr(5") = (Q,) Tr{equ[ B, (A1 —ua N )}; : (24)
TIOJTYYHM eII€ OJTHO TpeCTaBICHUE 0000IEHHON CTATUCTUYECKON CYMMBI

Q,(B,) = Tr{exp . [—B . (A JH—pa N )};q . 25)

Jlanee Be3je KBAaHTOBO-MEXaHMUYECKYIO (DIYKTYaIHIO AqA Ha0II0aeMO BETMYUHBI A

6YI[CM 3aaaBaTh COOTHOIICHUCM

AA=A-A=A-Tr(PA), (26)

A

I7Ie «PaBHOBECHOE» 3CKOPTHOE paclpe/ieieHne Pq OTIpeneNseTcsi, KaK JIETKO MOXKHO

yOeautsces, popmyInoit
P By = fexp, [ -8, (4,1 - N ) ]I/ 0,0, @)
3necn
Qq(Bq,u) = Tr{equ [—Bq (Aqﬁ —pAqI\f )}} = Tr{equ [—Bq (Aq}i —quI\f )}}q .

Hakonen, npu ucnonb3oBanuu pacnpenencHus (27) u Gopmynsl (25) MOXKHO TOJTYYHUTH

CIEYIOIYI0 (GOpMY 3alHCU IJsi CPEAHETO 3HAYCHHUS A:q =Tr (P;A) mo0oit HabmogaeMon

A

A B paBHOBECHOW KBaHTOBOH CHUCTEME

£ -0, o gn T )-

Tr{/i [equ (~B,AH + (AN )T} /Tr[equ (~B,4,H +(up,)A,N )T (28)
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2.5. IKCTPEMAJIBLHOCTD 00JIBIIOT0 KAHOHHYECKOI0 pacnpeaeJeHust

3aMeTI/IM, YTO OKCTPEMAIIBHBIC CBO¥CTBA TI00OBIX KBAHTOBBLIX HEOKCTEHCHUBHBIX aHCaMOIeH
MOKHO ITOJYYUTH U3 CICAYIOIICTO HCPABCHCTBA:

51! >0 >0;
Tr(6Ln,8)-Tr| 6| = | Lnp [ " ™ =% (29)
q p 771<0, ecau q<0,

rae P ¥ G — NPOU3BOJIBHBIE CTATUCTHYECKHE OTIEPATOPHL.
JlelicTBUTENBHO, IOCKOJIBKY [T uncia > (0 umeem (cM. Teopemy Ne 42 B MoHOTpaduu

[19])

= —1, ecruq=0, (30)

TO, moacTasisst B (30) v = 6()_1 (rme p ¥ G — HOJOKUTENLHO-ONPEAETEHHBIE ONIEPATOPHI) U
YCPEAHSIS IIOTy4EHHOE BBIPAXKCHHE II0 PACIPECICHHI0O G, MONyYnM, B cilydae korga 4> 0,
HEPABEHCTBO

A

>Tri6|1-2 |l=1-1=0, (31)

Tr{6Ln
q G

o Q>

ITockonbKy 00a omeparopa P U G HOPMHPOBAHBI Ha €IMHUILY M ONEPATOPHI MOJ 3HAKOM
HInypa nepecTaHoBo4Hbl. Bocnonb3oBasmmcs popmysoi (19), 6ynem nmers

A ANg-1 ~ ~N\G-1
Ln, Slo|g In, ° =6‘f—1(1nq€s—1nqﬁ)=an6— ° Lnp.  (32)
p) (p p p

[lopcraBnsiss Temepb 3TO COOTHOLIEHHWE B HEpaBeHCTBO (31), momydnMm «BEpxXHEE»
HepaBeHCTBO (29). Mcnonb3ys aHaIOTUYHBIH TOAX0/, J1€rko yOeauThes B TOM, uTo npu g <0

MMEEeT MECTO «HIKHEEe» HepaBeHCTBO (29).
JlokaxxeM Temepb, 4TO B CIy4ae KBAHTOBOM HE3KCTEHCUBHOW CTAaTUCTUKU JKCTPEMYM

byukinnonana (8), T.e. OOJBIIOE KAHOHHUYECKOEC paClpeaeacHHe P, COOTBETCTBYET
MakcuMyMmMy —(MMUHMMyMy) KBaHTOBOM oHrponmu  Tcamiica Sq(f)):—Tr(ﬁan ﬁ)

coorBercTBeHHO mpu >0 (g<0) cpeam Bcex BEPOATHOCTHBIX pACIpPENENEHU ¢
OJIMHAKOBBIMU CPEIHEH SHEPTUEU U CPEIHEM YHUCIIOM YACTHII.

IIycte P — OONBIIOE KAHOHUYECKOE paCHpeNelieHne, a G — HOPMHPOBAHHBIN
CTaTUCTUYECKHUI OMEPATOP, COOTBETCTBYIOIIMI TOM K€ CPEAHEN IHEPTUU U CPEIHEMY UYHUCITY
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yacTtull, kak u (10), a B octasibHOM — nipou3BoibHBIN. [Ipu noacranoske (10) B HEpaBEeHCTBO
(29), momyunm

~A\7-1
§q(6)s—Tr(6an€s)3—Tr 6{3} Lnp |<S,(). (33)

p

JleficTBUTENbHO, TOCKOJIBKY Ln ] A=A""In . A , TO, ¢ yu€tom (15) u (19), 6ynem umethb

Ln, p= Ln, {Qq exp, [—Bq ((Aqﬁ — pAqI\f ))}} =

- {equ [—B . ((A H—pa N ))}}q_1 [—B . ((A JH—pa N )) S q(é)}, (34)
OTKYyJla CIIeyeT
—Tr{a(a/é)q_lmq 6} _ —Tr{&‘f [—Bq ((a,H —pa,N)) - s]](é)};Qg‘l =S,(). (9

Taxum o6pa3om, OoblIoe KaHOHUYECKoe pactipeneneHue (10) cooTBETCTBYeT MAKCUMyMY
KBaHTOBOW HMH(popMannoHHoil suTponuu Tcamumuca npu >0 cpeau Bcex BEpOATHOCTHBIX

pacnpenesieHnii ¢ OIMHAKOBBIMU CPEHEN PHEPTUe M CpeaHEM YUCIOM YacTull. Mcnonb3ys
AQHAJIOTMYHBIA TOAXOJl, MOXHO JIETKO YOEIUThCS B TOM, 4TO mpu mnojctaHoBke (10) B
HepaBeHCTBO (29) momyunm, uto pacnpenenceane (10) coOTBETCTBYET MUHUMYMY SHTPOTTHH
Tcamnuca npu g <0.

2.6. PaBHOBecHbIE TEPMOJIMHAMHUYECKHE COOTHOILIEHUS

IMoncraBnsst pacnpenenenue (10) B (2) u ucnonb3ys (23), moaydum cleayrolee
BbIpaXCHHE JJI1 paBHOBECHOU 3HTponuu Tcamiuca 1yisi 60JIb1I0r0 KaHOHUYECKOTo aHcamOIIs
KBaHTOBBIX CUCTEM:

- Lo 1-E Q)11
S, =—Tr(pLn,p)=-—" _&0)
i 1-g 1-g

q
Onpenenum Tenepb 1eHOPMUPOBAHHBIM OOJBIION TEPMOIMHAMHYECKHI TOTCHIMAI B
KBAaHTOBOW CTaTUCTUKE Tcamuca CaeayroluM COOTHOLICHUEM:

=In, Qq. (36)

= g
= = 1 ~o- 1Q) =T
Qq=Eq—ESq—MNq:Eq—ET—HNq. (37)

[Tpu nud depeHrpoBaHUH SHTPOITUU §q o F:q B pe3yJibTaTe OyneM uMeTh

asq/aqualanq/aquﬁ. (38)
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JeiictBurensHo, ucnonb3ys Gopmynsl (17) u (20), a takxke cootHomenus (11) u (25),
MOJIy4YUM

OSq ~ Glanq aQq _ ~_q%_ 07 aequ{..} (..}

~ ~ ~ =~ r — = =
q q
aEq oQ . 8Eq aEq o{..; OE

g8 g, (39
c

A

3neck BBeEHO 0003Hauenue {..}J=-f (A H- LA N |. AHAJIOTHYHO TOJTYYUM
AR q ¥

0S, /N, =—Bu,. (a=1,..,M). (40)

B pesynbrate Oyaem MMeTh CIEIYIOIIHE COOTHOIICHHUS PABHOBECHON TEPMOIUHAMUKU
KBAaHTOBBIX HEDKCTEHCUBHBIX CUCTEM:

S,=In Q. Q =F-p'S —uN_, (41)

asfq/aﬁq:a(lnqéq)/aﬁqzﬁ, oS,/ oN, =By, 42)
2 p6)=F, ——p0,)=-N (43)
opr T AT

[To moBony cootHomenuit (41)-(43) creqyer uMeTh B BUAY cleayroiiee. Bennunna Qq
XapaKTEpU3YETCsl MUKPOCKONMYECKUMH 3HAa4eHUAMM dHepruun H(x) um ymcina vactuny N g
BBIYMCIICHHBIMU OTHOCHUTEIIBHO CpEIHEN H3Hepruu Eq U CpEAHEro 4Hclia YacTHI] Nq

*
COOTBETCTBEHHO. ECiM BBECTH HOBYIO CTAaTUCTHUYECKYIO CyMMY Qq , KOTOpasi onpenensercs

MHUKpPOCKONUYeCKMMH BenvunHamu H(x) u N g OTHOCHTENLHO HYyJIEBOM TOYKH, COIJIACHO

dopmyne
N1 = O V1 _B(1=-a)E —uN
Q)= Q) " -B1-q)(E, 1N, ) (44)
U TIepPEeONpe/IeTUTh KBAHTOBBIN OOJIBIION TEPMOAMHAMUYECKUI OTEeHIHAT (HOpMyIon
-~ _ -1 *

TO cooTHolIeHUs (41)-(43) paBHOBECHOW KBAaHTOBOH TEPMOJMHAMUKHM IPUHMMAIOT I1OYTU
KJIACCUYECKYI0 (hopMy

Sg= B(Eq _“I\fq _QQ) (46)
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%(lan;)z—a%(Bfl;)z—F:q, (47)
ﬁ(lans):—%(BQ;):Nq, (48)
a§q/aﬁq:[3, oS, /N =By (49)

Cnenyer 3aMeTuTh, 4TO BBEJIEHHBIE BBIIIE TEPMOJAWHAMUYECKUE COOTHOLUEHUS
00yCJIOBIE€Hbl CTaHIAPTHOM MPOLEIypOold HaXOXKJIEHHs PaBHOBECHOIO paclpe/ieieHus
MaTpuibl IUIOTHOCTM Ha OCHOBEe IpuHOuna JIKelHca OKCTpeMyMa KBaHTOBOM
IapaMeTpuYecKo >HTponnu Tcamiyca U MOTOMY NPUMEHUMBI U1 BECbMa IUPOKOro Kpyra
KBaHTOBBIX AHOMAJBHBIX  SIBJICHUM, OIUCHIBAEMBIX HEAJJUTHUBHOM  CTaTUCTUYECKOMN
MEXAHHUKOH.

3. MOAN®PUIINPOBAHHASA KBAHTOBASA TEPMOJINHAMUKA
HESKCTEHCHUBHbBIX CUCTEM

BwMmecte ¢ Tem, npuHUMas BO BHUMaHUE TOT (akT, YTO CTPYKTYpa OCHOBHBIX COOTHOILICHHH
CTAaTUCTUYECKOW TepMOAMHAMUKKM ['mOOCa CyIIECTBEHHO 3aBUCUT OT aAJUTHUBHOCTHU
KJIACCUYECKOM HHTPONHWH, KpailHe BaXXHO BBICHUTH, KakuM oOpa3oMm, B ciydae

WCIIOJIB30BAaHUA  (PU3WYECKON  TeMIepaTyphl Tph MOTYT OBITh  MOJU(PUITUPOBAHBI

aHajornyHsie cooTHomeHus (40)-(43) B HeaAmUTUBHOM cTatucTHKe Tcamuca.

3.1. TepmoauHaMu4ecKoe paBHOBeCHE IBYX He3aBHCHMBIX CHCTEM
PaccMoTpuM  ams 3TOro  TEpMOAMHAMHUYECKOE PaBHOBECHE JBYX  HE3aBUCHUMBIX

HEIKCTECHCUBHBIX KBAaHTOBBIX CHCTEM C DSHTponusMH Tcammuca Sél)z Sq (ﬁ(l)) u

(2)=
Sq =S

q(ﬁ(z)), NPECTaBISAIOMNX Cc000i OOIIYI0 3aMKHYTYIO CHUCTEMY C IOCTOSHHBIMH

3HAQYCHUSIMU COBOKYITHOM SHTPOINUU Sél’z)z Sq (6(1’2)):const U COBOKYIHOM 3HEpPruu

CUCTEMBI Eél’z): Eq(1)+ Er;z) = const .

CornacHO CBOMCTBY (6) HEaAJUTUBHOCTH (-3HTponHHu Tcajuca, COBOKYITHYIO SHTPOIIHIO
KBaHTOBOH CHCTEMBI MOKHO 3alMCaTh B CIEIYIOIIEM BUIE

509 =0 14652+ $O 14550 ] -e5 S 2. (50)

3neco u nanee €= (1-¢q). BappupoBanue 3S ‘;1’2) u SEél’Z) JUJIS1 TIOJTHOM 3aMKHYTOM CUCTEMBI
C TOCTOSIHHBIMHM 3HAY€HHUSIMU SHTPOIMUU Sél'z) U SHEpruu Eél’z) MPUBOJUT K PaBEHCTBY
SS(;LZ) =0= 88;1) [1 + 8852):| + SS‘;Z) [1 + SSl;l)J IUIL SHTPOIIMM W PABEHCTBY SEL;LZ) =0=

SEél) + SE(;z) Ui cpeaneit suepruu. OObeTUHSS UX, B UTOTE MOJTYyYHM YpaBHEHHE
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) ) (2) (2)
SSq /SEq _BSq /BEq

= (1)
14650 1+es®

niu, ¢ yaétom (37) u (49),

B B
= =—=B,. 52
1+(1-gs{’ 1+1-gsi? ¢ Py ©2)

OTHolIeHNE SKBUBAJIEHTHOCTH (52) OmpenenseT ycIOBHE TEIUIOBOTO PAaBHOBECHUS NIBYX
KBAaHTOBBIX (-CHCTEM M fABJA€TCA 000OIIEHHEM HYJIEBOTO 3aKOHA TEPMOJMHAMUKH Ha

HEaJIUTUBHBIE KBAaHTOBO-MEXaHMUeCKHe cucteMmbl. OHO TOKa3bIBA€T, YTO B OTIUYHE OT
KJIACCHYECKOTO KBaHTOBOro ciydast (§— 1) ¢wusmueckas temmeparypa Tph HE SIBIISIETCS

00paTHOM BeTMYMHOW MHOXUTENS Jlarpanxka, B_l, HO
=[1+—1Ls |[T=cT. (53)

OdeBHIHO, YTO KBaHTOBas (hU3MUECKasi TeMIeparypa Tph’ OTJIMYHAs OT WHBEPCUU

MHOkHUTENs Jlarpanxka 3, oTBedaeT 3a «IrJI00aIbHBIN) HEPTrEeTHUCCKUN (TEIUIOBOM) OamaHc

MEXIy pa3IMYHBIMA YacTSIMH HEA[UINTUBHOW KBAaHTOBOM CHCTEMBI, KOTOPBIH CHIBHO
OTIIMYAETCS OT JIOKAILHOTO TEIUIoBOro ©OamaHca. JIokampHBIH  OallaHC  MOXKHO
OXapakTepu30BaTh 00IIel adcomoTHOM Temmepatypoid T =1/, u3MepsieMoll TePMOMETPOM,

HO Jr00oe wu3MepeHHe (U3UUECKOUH TeMIeparypsl Tph CBSI3aHO C HEOOXOAUMOCTHIO

BhIUUCIEHUS Kod(duuuenta Tcammca ¢ g » 3ABUCALIIETO OT NMapaMeTpa Hea/UTMTHBHOCTH (] .

Takum o6pazoM, oTiauure GU3NIECKON TeMIepaTypbl OT HHBEPCUU MHOXKHTEIA Jlarpamka
 mpuBoaUT, BOOOIIE TOBOpS, K HEOOXOAMMOCTH BHIOM3MEHEHHS IOJIYUEHHBIX BBIIIE

TEPMOJAMHAMUYECKUX cooTHomeHUH (40)-(43) nns HeaITUTUBHBIX KBAHTOBBIX CHUCTEM. B
pabote [2]1 B KauecTBe OCHOBHBIX MPEANOCHUIOK, B3ATHIX 32 MCXOJAHBIA MYHKT IOCTPOCHUS
MOAU(PUIIMPOBAHHON MaKPOCKONMUYECKONM TepMoauHaMuKu Tcammuca ¢ (QU3HYECKOM
TEMIIEpaTypoil, TpeIaraeTcsi HUCHOJIb30BAHWE TIIEPBOIO 3aKOHA TEPMOIAMHAMUKUA H
npeoOpa3zoBanus JIlexanapa.

3.2. MoauduunpoBaHHble TepMOAUHAMHMYECKHE PABEHCTBA Ui KBaHTOBO -
MEXaHH4YeCKOro ancaMoJis

BBeném no ananmoruu ¢ pusnyuecKoi TeMmepaTrypoil KBAaHTOBOM CHCTEMBbI Tph KBaHTOBOE

¢uznyeckoe JaBICHHE Pq NyTéM pacCMOTPEHUSI MEXaHHYECKOIO paBHOBECHUS JIBYX

HE3aBUCUMBIX (] -CHCTEM. B 5TOM citydae SHTPOIMS COBOKYITHOM KBAHTOBOM CHCTEMBI JIOJKHA

MaKCHMHU3HUPOBAThHCS ¢ QuKcanueii obmero oobéma V2= yDp vy const . B pe3yabTaTe

Oyzem UMeTh
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ssM /sy 5@ /sy p
q - — q > __P , (54)
1+sS(§) 1+SSE§ ) Tph

TIe Pph — KBaHTOBOE (PU3MUYECCKOE JABJICHHE, KOTOPOE OMPEICIIICTC COOTHONICHUEM

T, 8, T,35

1+(1-g)8, 8V ¢, 8V

(35)

SlcHo, uTO ompeAenéHHbIE TaKUM O00pa3oM KBaHTOBbIE (u3MuecKas TeMmIeparypa |
¢u3nyeckoe AaBICHHE O003aTENBHO JOJDKHBI NPUBECTHM K MOAM(UKALUU ONpeaeraeHus
TepMOoAuHamMHueckoi 3HTponuu Knaysuyca [23].

VYpaeuenune (38) (B=68q/8Eq) yKa3plBaeT HAa TO, 4YTO TMapamMeTpel [ |

Eq = Eq(S q’Pph’N ) 00pasyroT napy nepemMeHHbIX Jlexxanapa. OTo MPUBOAMT K CIEAYIOIIEMY

OTIPEICTICHUIO OOJIBIIIOTO TEPMOIMHAMHYECKOTO TTOTCHITHAIIA:

' -5 _ _ _B _ 1/(1-q) | _
Q/(T,V,u)=E,~TS, N, =E, Tlnq[cq J uN

(B 9TOM pasnene 3HaK «TWIbJIbD» OyaeM oIycKaTb). DTO BBIpaKEHHE, OJIHAKO, SIBISETCS
HEYJOBJIETBOPUTEIbHBIM, IOCKOJBKY OHO HE HAIlMCAaHO C TOYKU 3peHHUs (U3nuecKoit

TEMIEPATYPhI: TEPMOAMHAMHYECKUN MOTSHIIHAI JOJDKEH OBITh (DYHKIIHEH Tph , @ HE 3aBUCETH

ot abcomoTHOU Temneparypsl 1 .
[lo awnamormm c paboroil [22], KOTOpOHl MBI Jajiee BOCHOJIb3YyeMCS, IEPEoNnpeacInM
OOJIBIITION TePMOIUHAMUYECKUN MOTeHIIHAN (38) creayrommm oopa3om:

1/(1-
Qq(Tph,V,uu):Eq—Tphln[cq( q’}—qu. (56)

[Tpu yuére coornomenuit (23), (43) u (53) MOXHO yOEAUTHCS B TOM, YTO BEJIMYMHA Qq Ha

CaMoM JieJie sIBJIIeTCS (PyHKIMEH Tph . Bappupys dynkmuio Q g » B PE3YIIbTATE Oy THM

lncq Tph
SQq =6Eq - STph——SSq —MSNq—NqESu. (57)
(1-4q) o

Ecnu Tenepb ncmonp30BaTh MEpBHINA 3aKOH TEPMOANHAMUKH B opMynupoBke KapaTeomopu
[23]

§'Q, = 8E, +8W, =0E, +P,,8V -usN _, (58)

rae S'Qq u S’Wq— Majble M3MEHEHHS KOJMYECTBA TEIUIOThl (TaK Ha3bIBa€MOil

HEKOMIICHCUPOBAHHOM TEIUIOTHI), TOABOJMMOM K (-CHCTEME WM OTBOAMMOW OT HeE, W

paboThl, KOTOPBIE OMPECISIIOTCS BhIpAXKEHUSIMU [24-26]
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Tr[&fﬂ(ﬁ _E )} . A1
SrQq = - q , 8qu = _<8H>q - _M , (59)
Trp? Trp1
TO BeIpaykeHue (57) MOKHO TepenucaTh B BHJIC
_§80 — _Phsg —
SQq —SQq Pp SSq Nq8u. (60)

-9 ",

Orcrona cienyer, 4YTO OIpeleieHre TepMoJAUHaMuuecko osHTpornuu Kiaysumyca
MOAUGPUIIUPYETCS 1711 HEAJIUTHBHBIX KBAHTOBBIX CUCTEM CJIEAYIOIHUM 00pa3oMm:

88, =c,8Q, /Ty, (61)

BBeném Tenepp B paccMOTpeHHE CIeIyole MOIU(PHUINPOBAHHBIE XapaKTePUCTHUECKUE

(YHKIMU KBaHTOBOW CHUCTEMbI: OOOOIIEHHYIO SHTanbnuio H (S Nq):Eq +PphV,

q’ ph’

CBOOOAHYIO DJHEpPruro [ enpMroibia Fq(T,V,N q)=Eq—Tph [lnc;/(l_q)} U CBOOOJHYIO

sHepruro [mbbca G (T N q):Fq +PphV. 3amMeTuM, 4YTO BCE XapaKTepUCTUUYECKHE

ph’
¢GyHKIMN 007a1aI0T CIIEAYIONIMM CBOMCTBOM: €CJIM M3BECTHA XapaKTepUCTHUYECKas (QyHKIUS,
BBIPOKEHHASI Yepe3 COOTBETCTBYIOIMINE (CBOM IS KKIOW XapaKTEPUCTHUECKOW (PYHKITHH)
NIepEeMEHHbIE, TO U3 He€ MOXKHO BBIYUCIUTH JIIO0YI0 TEPMOJIMHAMUYECKYIO BEIUYHHY.

B srom HeTpyaHO yoeauThcs. B wacTHOCTH, U3 ypaBHEHHIA

Tph
SEq = ?ssq - PphSV + udN g (62)

Tph
OH = g SS + V5P ok T u8N (63)
= SV +udN 64
SGq =— } +V6Ph +u6Nq, (65)
SQq =— (1 q):lST w— P hSV - Nq8u (60)

CIIeIyIOT 000OIIEHHBIE TEPMOIUHAMUYECKIE COOTHOIIICHHUS
OE [0V =|\0F, / oV =-P

(o8, /2v), , =(eF;/ )Tph/Nq - (67)
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(aEq /asq)V’N; (qu /asq)Pph,N; T, /¢, (68)
(oH, / apph)sq,N; (G, /0Py, )Tph,qu v, (69)
(an / anh)V/Nq =(0G,/oT, )Ppthqz ~Inc, /(1-q). (70)

Kak u3BecTHO, B TepMOAMHAMUKE TEIIOEMKOCTh BellecTBa B HambOosiee oOIIeM BHIE

ONPENETACTCS CIEMYIOMUM 00pasoM: ¢, = T(@S / 6T)Z. 31ech €, — TEIIOEMKOCTh B TAKOM

MpoIEcCe, B KOTOPOM COXPAHSETCS MOCTOSIHHBIM MapaMeTp z, rAe z — J00bie 0000EHHBIE
KoopauHaTel. Hambonee pacnpocTpaHEHHBIME SBISIOTCA M300apHasl TEIUIOEMKOCTh U
A30XOpHAas TEITOEMKOCT:

_ -1 _ -1
¢y =Tic (asq/anh)Pph, cqv =Ty (08, /0T,,,). - (71)

Tak Kak B COOTBETCTBUH C (hOPMYIIOW (8}/ / 8x)z= (8y / 8u)z (6u / ax)z (cripaBeUIMBOM ISt
Ciydast AByX IEPEMEHHBIX, Koraa Y = Y(X,z) U u = u(x,z)) UIMeeM

(68,/0T,, )Pph= (08,/0H, )Pph(qu/anh )Pph u(65,/0T,,) =(05,/0E,) (oE,/eTy,) .(72)

68 70 oS _/oH =c /T 0S /OE | =c |T
a u3 (68) um (70) cnemyer, dTO ( o/ OH, )Pph g/ Ty » ( o q)v ¢y / Tyy> TO
cootHomieHus (71) MOXKHO 3amucarh B BUZC

¢,y =(0H,/ anh)Pph e =(0B0T,,) - (73)

Haxowell, ypaBHeHHE, YCTAHABIMBAIOLIES CBA3b MEXK/LY TEIIOEMKOCTAMU C,, U Cy;, MOXKET

p
OBITH MMOJIYYEHO CIIEAYIOUIMM 00pa3oM. B coOTBETCTBUM C COOTHOLIICHUEM

(6z/0m) =(0z/ox) (ox/om) +(0z/oy), (oy/om), . (74)

SBJIAIOIIUMCS CIEJCTBHEM BBIPOKEHUS AN MoJHOro auddepennnana GyHkuun z = z(x,vy),

MO>KHO 3amucaTh (ToJylarast m = x )

(6s,/ anh)Pph = (e, /0T,;) +(os, /av)Tph (ov/ anh)Pph . (75)

Orcrona, ucnonb3yst ypaBHeHne Makcsemia (0S q/GV)Tph= (6Pph/T o)y [23], mosysum

¢, ~cy =Ty, (P, /anh)V (ov /ot )Pph . (76)
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OTO BBIpAKECHHE MOXHO IMPEJICTaBUTh B APyroM Oojiee yI0OHOM BHJIE, €CIIU HCIOJIB30BAThH
CBSI3KY TPEX MPOMU3BOIHBIX (az/ ﬁx)y (6x/ éy)z (8y/ Gz)x =-1 (crmencTBue COOTHOIICHHS

(74) mpu m=x, n=2z), U3 KOTOPOH CIIeAyeT

(eB/ aT,) =-(ov/ T, )Pph (P, av)Tph . (77)

C yu€tom (77) cBI3b MEXKIY TEIIIOEMKOCTSIMU MTPUOOPETAET MOUTH KIIACCUUECKUI BU;
21, (avier, ) /(eviep 78
¢, —Ccy ==, ph( / ph)Pph/( / ph)Tph. (78)

Taxum obpazom, ctannapTHas popma A TepMOJUHAMUYECKUX COOTHOIIEHHH (67)-(70) u
termoémkoctedt  (73) MO3BOJISIET 3aKJIKOYUTh, YTO OHU OCTAIOTCS HWHBapUaHTHBIMU
OTHOCHUTEJIBHO HEAJIMTUBHON MOIU(HKAIMUA WX KJIACCHUECKUX aHanoroB. IloguepkHéM TOT

BaXHBIA (akT, 4ro Temmeparypel T =1/ u Tph :1/Bq HE 3aBHUCIT OT BBIOOpa HYJIS

SHEPTUi, W TOITOMY OHH JIONMYCKAIOT (PU3NYECKYI0 HHTEPIpETalfio. 3aMeTUM, 4YTO B
JIOTIOJTHEHUE K CTpYKType JIexkanapa pa3audHbie Ipyrue BaKHbIE TEOPEMbl U CBOMCTBA TaKKe
OCTalOTCs ( -WHBApUAHTHBIMH [3].

4. KBAHTOBAS OTHOCHUTEJIBHASA DQHTPOIINSA B CTATUCTHKE
TCAJVIMCA. OBOBIIEHHASA H-TEOPEMA BOJIBIIMAHA

Hapsimy ¢ KBaHTOBOM MNapaMETPUYECKOM OSHTpormed S q(f)) =(q- 1) Tr (f) - f)q)

00001I€HHAasT KBAHTOBAsi OTHOCUTENIbHAS SHTPONHUS (WM KBAHTOBas MH(OpMAIMS pa3TUuuus
Parbe—Kannanmana [25, 27, 28])

K, (p:6)=[1-Tr(p"6" )]/ (1-9) =

- Tr[f)lnq (3,3—1)} _ Tr[f)q(ln p-In, a)} - —Tr(ﬁq In, 6) ~5,(p) (79)
TAKKC OTHOCHUTCIA K HaI/I60J'Iee CYHIGCTBCHHBIM CTAaTUCTHUYCCKUM XapaKTepI/ICTI/IKaM KBAHTOBO-
MEXaHUYECKOH (-cucTeMbl. SIBssACh (QyHKIIMOHATIOM, OHA XapaKTEPU3yeT NEPEXO0J CUCTEMBI

OT COCTOSIHUSA ¢ MaTPMIEH TJIOTHOCTU P B COCTOSIHUE C MAaTPHMIEH G, KOTJa CTaTUCTHYECKHE

HaOJIIOJIEHHS BEAYTCS OTHOCUTEIBHO COCTOSHUS P .

MoskHO moka3ath, 4TO B mpefene ciaaboit cazu g — 1 BennunHa Kq (;3 : 8) MEePEeXO/IUT B

TPaJUI[HOHHYIO KBAHTOBYIO OTHOCHTEIBHYIO SHTPOIHIO MATPHUIBI G II0 OTHOUICHUIO K
MaTpulle p (MM B KBAaHTOBYIO pa3Inuaolryto nHpopmanuo Kynsoaka—Jleii6nepa [6])

g—1 q o)

limK_ (p:6)=K(p:6)= Tr{f) (m@ﬂ =-Tr[pIn&]-S,(p). (80)
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JeiicTBuTeNnsHO, B Ipenene § — 1 umeem

gl [1 - Tr(ﬁq?sl_q)J — ¢ ITy {@ [1 ~(p /&)"‘1}; - 8_1Tr{f{1 —expln(p/ &)‘H}; 0

Dg—lTr{,s[1—1—sln(f)/6)]}=Tr plIn =K, (p:6). (81)

a o>

4.1. BeimykiaocTh 0000111éHHON KBAHTOBOI OTHOCHTEJIbHOM SJHTPONIMHU

[Tokaxem, 4urO BHTpONUs Kq (f):&) SBIISICTCS  BEILICCTBEHHBIM, BBIMYKJIBIM U
T0JIOKUTENBHBIM (OTPULIATENbHBIM) (GYHKIIMOHAJIOM C MUHUMYMOM (MakcuMyMoM) mpu g >0
(q<0). OTO MOXHO CHENaTh, MCIONb3ysd KBAaHTOBYIO OTHOCHUTENBbHYI 3HTponuio (79),

npeoOpa3oBaHHYIO K BUITY
A A A ~ ~f~ 1 A\G—1 ~
Kq (p : G) = Tr(anqp)—Tr[p(p / c)q an Gj|
1 HepaBeHCTBa (29), 3anrcaHHbIe B BUJIC

R R NPV | . 120, ecwug>0;
Tr{pLn_p)-Tr " Ln }
(p qp) [p(p/ﬁ) 7° <0, ecug<O.

B pe3ynprare nonyunm

K (p:6)20, q20; K (p:6)<0, g<0. (82)

Takum 0Opa3om, 006001IEHHAS KBAHTOBAass OTHOCHUTEIJIbHASI SHTPOIHS HEOTPHIlATEeNIbHA, T.€.

byHKIIMOHAT Kq (6: ﬁ) npu ¢>(0 yooBIeTBOpsAET TaKOMYy K€ O0OOIIEHHOMY HEPaBEHCTBY

Kueiina Ky (ﬁ:é)ZO (ABNSIOIIEMYCSl KBAaHTOBBIM aHaJOrOM HepaBeHcTBa ['mbb6ca s

nHdopmanuu paznuuus KynsOaka—JleniGnepa [7], kak ¥ KBaHTOBasi OTHOCUTEIbHAS SHTPOIHS
¢on Hetimana (K, ([3 : 6) > (), a TOTOMY MOXKET UCIIOJIB30BAThCS I TeX ke 1eneil. OqHako

B paccMaTpUBAaEMOM Cllyyae MMeeTcs cBoOojaa BbIOOpa mapamerpa AepopMaluH ¢, YTO
HI03BOJISICT AIEKBATHO MCCIICA0BATH HEOKCTEHCHBHYIO KBAHTOBYIO CUCTEMY.

Ilpu p=G uMeeM paBEHCTBO K, (;3 ;3) =0. TakuMm 0OpasoM, KBaHTOBasi WH(OPMAIUS

pasnmuuus Parbe—Kannanmana siBisieTcst 3HaKoonpeaenéHHon Gpynkiueit JlsimyHoBa.

4.2. HeaaauTHBHOCTHL KBAHTOBOI1 OTHOCHTEJIBLHOM SHTPONHUH AJISA HE3ABUCHMBIX CHCTEM

[IycTh COCTOSIHME (U3MYECKON KBAaHTOBOW CHCTEMBI ONMCHIBAETCS HOPMHUPOBAHHBIMH
COBMECTHBIMH PACHPEIEIICHUAMHU ONEPATOPOB IIOTHOCTH [3(1 2) = p;®p, n S1,2)=61®5,

npu CTAaTHCTHYCSCKOM HE3aBHCHUMOCTH JABYX q)HSI/IIIeCKI/IX cucteM. KBaHTOBBIC OTHOCHTEIIHLHBIC
SHTpOIIMU IS HCOKCTCHCUBHBIX COBOKYHHOﬁ U OTACIIBHBIX CHUCTCM OIPCACIIAIOTCA
BBIPAXKCHUAMU
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A LA _ -1 NS
Kq (P(l,z) : ‘5(1,2)) =& [1 - TT(P?M)G(LZ))} ) (83)

A A — Agal- A A - Agal—
K, (p1 : Gl) =g [1 —Tr(p]5, q)} . K, (p2 : 62) =g [1 —Tr(p35, q)} . (84)
IJie YCIIOBHSI HOPMUPOBKH MMEIOT BT
Tr f)(l,z) =Trp; =Trp,, Tr 6(1,2) =Tr6, =TrG,. (85)

Orcroma cneayer, 4To KBaHTOBas uH(popManms paznmmuus Pathe—Kannanmana oOmamaer
CJICAYIOIUM CBOMCTBOM IICEBAOAAIUTHUBHOCTHU IJI1 HE3aBUCHUMBIX CUCTEM

Ky (B89 ) =
=Kq(ﬁ1:81)+Kq(f)2:62)+(q—1)Kq(f)1:61)Kq(ﬁ2:62). (86)
Ilpu g=1 wu3 (86) ciemyer CBOMCTBO aJAMTHBHOCTU M KBAaHTOBOM uHpopmarms
pasmuns Kynas6aka—Jleitbiaepa K (f):&)ETr[ﬁ]n(f)é_lﬂ B TPaJUIMOHHON KBAaHTOBOW

MexaHHuKe ¢ Mepoit pon Heiimana.

[IycTte paBHOBECHAas HEAaNIUTHBHAs KBAaHTOBAas CHUCTEMAa HAXOOUTCA B TEpPMOCTAaTe C
temneparypoit 1/f. [ns ompenencHus paBHOBECHOTO OINEpaTopa IJIOTHOCTH G HAXOIUM
0e3yCIOBHBIN IKCTPEMYM JIarpaHkKUaHa

L(8)=-Tr(6Ln, 8)-Bc, Tr(6"H ) -1 Tr6, e ¢, =Tré".

B pesynpTare mojsydyuM clenyroliee KaHOHUYECKOE pachpeiesieHue s HOPMHUPOBAHHOU
MaTpHILIbl INIOTHOCTH B KBAaHTOBOM cTatucTuke Tcauuca:

A~ ~ A ~\V/-q)
(1., = Qq(lﬁq){l—(l—q)ﬁq[(H @-E)]| ", )
rie
F:q:Tr[éqHA(x)J/Tréq, B,=B/,. & =Tr&", (88)
0,6, =Tr{exp,[ B, (Hx)-E) (89)

— CTaTHUCTHYECKas CyMMa.
Hcnone3yst kKaHOHWYECKOe pactpeneicHue (87) mns tepMmocraTa ¢ Temmeparypod 1/

MOXXHO  HAWTH  COOTBETCTBYIOLME  3HAYCHUS  OHTPOIUHU Eq :lnq Qq, SHEPIuu

quTr(éqH)/Tréq n cpoboaHoii sueprun F, =Eq—B;1§q JUIi KBAHTOBOW CHCTEMBI,
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HaxOJIAIICHCS B PABHOBECHOM COCTOSIHUH. J{uddepeHupys BeIpakeHue S q= In g Qq, MOYHO

MOJIYYUTh IMOJHYKO CHUCTCMY TCPMOAWMHAMUYCCKUX PABCHCTB IJIA 3aMKHyTOI>'I CHUCTCMBI,
O6OGH.[3IOH.[YIO KJIaCCUYCCKUC KBAHTOBBLIC COOTHOLICHHSA HAa PABHOBCCHBIC KBAHTOBBIC (] -

cuctemsl (cp. ¢ hopmymnamu (41)-(43)):
d§q:Bdﬁq, d(Bﬁq):Equ. (90)

PaccmoTpuM Terneps CIIOHTaHHBIN MEPEXO0 MEKY IIPOU3BOJIBHBIM COCTOSTHUEM CUCTEMBI C

MaTpUIIEH TUIOTHOCTH P M €r0 PaBHOBECHBIM COCTOSHHEM C MATpPHMIEH IUIOTHOCTH G.

[Toxcrassis (87) B BeIpaKeHUe C qKq (6 : ;3) , B pe3yJIbTaTe MoJIyqYuM HEPaBEHCTBO

cK, (f) : 8) =g ! [Eq— ¢, Tr (ﬁqél_q)} =

1-¢ 1-c

= o, - 87 (1B, 110 - £)) = e ey E ) =
=S,-$, +Cq6q[(Eq _Eq)} =S, -8, +B, Tr[ﬁq(ﬁ(x)—ﬁq)}

oD
coBmajaromiee npu §=1 ¢ U3BECTHBIM TEPMOJMHAMHYECKHMM HEPABEHCTBOM UL
uHpopmanuu paznnuus Kyns0aka—Jleitbnepa st aqiuTUBHBIX KBAaHTOBBIX cucTeM [6, 17].

4.3. Hepasencro Kiaysuyca
Bapeupys oneparop ¢ qKq (;3 : é) OTHOCHTENILHO MATPHI[BI IUIOTHOCTH P, T.€. CUMTAs, YTO
p— 6 +38p u Tr(8p) =0, monyuum
EqSKq([S:[3):—SSq(ﬁ)+BqTr{8;§‘7(H(x)—F:qﬂ. 92)
31ech UCIOIB30BaHO NMPEOOpazoOBaHHE
Sy(B) =& Tr(p—p7) > &7 Tr(p—p7) +&7 5 Tr(p—p7) = S, +35,(5).
VYuuTeiBas Tenepb BeIpakeHue (59) s BapuaIliu KOJIMYECTBA TEIUIOTHI, TOCTYIAIOIICH B
CHUCTEMY S’Qq = Tr[&@"(}f - Eq)} /¢ g » IEPETHIIIEM BBIDAXKEHHE (88) cexyromum oOpazom
¢,5K, (p: ,5) =B8'Q, - 55,(p)- (93)

Wcnone3yss  Temeph  MOJOKHUTEIBHOE — YHUTApHOE — oTOOpaxeHue P —> p+dp = A(p)

(TTOTTHOCTBIO COXPAHSIOIIEE CleT), MPECTAaBUM BapHAIIHIO SKq (;5 : ;3) B BHJIC:
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8K, (;3 : 6) - SKq(A(;S) : 8)—8Kq(f) : 8). (94)

B paGorte [25], 6buUIO MOKa3aHO, YTO TOJNBKO KOrjga mapamerp aedopMmanud ( JEKHT B

unrepsaie g € (0,2), To cipaBeInBO HEPABEHCTBO

8K, (A(@):é)—aKq(,szé)s 0. (95)

CnenoBatenbHo, Tipu yu€te (87)-(89), MOXHO mOMyduTh cheayromee (GyHIaMEeHTaTIbHOE
HepaBeHCTBO Kiaysuyca

B&'Q, <85,(3). 7<(0,2), (96)

CBSI3BIBAIOILEE SHTPOIUIO 3aMKHYTOW KBAHTOBOM CUCTEMBI C TEIUIOTOM U TEMIEPATypOHu.
Takum oOpa3om, BTOpOW 3akoH TepMmoauHaMHUKH (90) B KBaHTOBOW TEpMOJIMHAMHKE
Tcamnuca Takke CHOpaBeUIMB, YTO COIJIACYeTCsl C TMPUHLUUIOM TEPMOJWHAMUKH B
KJIACCUYECKOM KBaHTOBOM TepMmoauHamuke [15]. OmHako B OoTIMuYME OT MOCJIEAHEH, OH
CIpaBeUIUB TOJBKO JJISi 3HAYEHHH SHTPONMUHHOIO WHJEKCa, OTPAHUYEHHOTO WHTEPBAIOM
gq€(0,2). OnHako A7 KBAaHTOBBIX CHUCTEM C ¢ >2 OH Hapymaercs. OTMeTuM emg OJHO

00CTOATENBCTBO. B Kiaccudyeckoit TepMOAMHAMUKE BTOPOW 3aKOH OMNpEeNsieT HaIllpaBICHUE
peabHO OCYIIECTBISIIOIMXCs npoueccoB. CrenoBarenbHO, anauabaTHUecKue HeoOpaTHMBbIE

mponecchl (6'Q =0) B KBaHTOBOHI TepMoAMHaAMKKe Tcajuiuca, coriacHo HepaBeHCTBY (90
q 9 b

MOTYT IMPOMCXOJHMTh B HANPABICHUH POCTa JHTPOIMHU TOJNBKO JUIS 3HAYCHHI Hapamerpa
nedpopmaruu g € (0,2).

4.4. H-teopeMa B KBaHTOBOM cratuctuke Tcauiuca

CpaBHuM Temepb 3HaueHusi SHTpormii Kiaysmyca Uit AByX COCTOSIHMM —KBaHTOBO-
MEXaHMYECKOM CHCTEMBI ¢ PACTIPEIENIEHUIMH P U P TIpH ycioBum [ u60ca, T.€. pH OMHAKOBOCTH
CPEIHUX PHEPTUI

Tr(HP,) = Tr(HP,). 97)

- 1-q
C yuérom ycnoBus ¢, = (Qq) >0 wu cBoiicTBa BhIMyKJIoCcTH (82) MHPOpPMAIMHN pa3TUIUS

Parpe—Kannanmana, u3 (85) mosyunm
K, (p:5)=S,)-5,6720 q€(0,2) (98)
N3 nepasenctB (92) ciemyer 00oOméEHHas TeopeMa ['mOOca: KBaHTOBas (-3HTPONHMSA
PABHOBECHOIO COCTOSHUS MAKCHMANbHA S q(é) >S5 q(f)q) npu 0<g<2.

N3 (92) Taxxke BbITEKAaeT, YTO TMPU YBEJIUYEHUH DHTPOIUU Sq(ﬁq)agq(ﬁ),

IMMOJIOKUTCIIbHAA MCpa I/IH(I)OpMaI_II/II/I pasimuua YMCHbIIACTCA, T.C. HUMCECT MCCTO YMCHBLIUICHUC
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CTaTUCTUYECKOW YHNOPSJOYEHHOCTH B MHUKPOCOCTOSHHUSAX KBAHTOBOW HEIKCTEHCHUBHOM
CUCTEMBI.

CornacHo cBOMCTBY BBIMYKJIOCTH (82), KBaHTOBas wHH(oOpmManus pasnuuus Parbe—
Kannanmana sBmsieTrcss 3HakoompeaenéHHon Qynkmuen JlamynoBa. UToObl cocTostHEE
MOJTHOTO PaBHOBECHS OBLJIO YCTOWYMBBIM HEOOXOAMMO BBHIMOJHEHHE CIIEAYIOIIETO

HepaBeHCTBa':

dr. A 2 d A\ & (2
— : =—— - <0 mpu O0<g<2.
it [CQK‘? (6 p)} dt[sq (P)=$, (p)} 0 mpn 0<g 9
TakuM 00pa3oM, MpU CTPEMIICHHH CUCTEMBI K PaBHOBECHOMY COCTOSIHUIO BO BPEMEHHOM
sBOIONMKM HHpOpMaIs paznudusi ymeHbmaercsa. M3 (93) cinegyer 3akoH Bo3pacTaHUS
sHTponuu Tcaiuca co BpeMEHEM B KBAHTOBOM HEAJJIUTUBHOW CTATUCTUYECKON MEXAHUKE

dSq(p)/dt>O mpu 0< <2, (100)

KOTOpBIM CIpaBeyIuB MpU NPUOIMKEHUHM K COCTOSHUIO TOJHOTO CTaTUCTHYECKOTO
paBuoBecusi (H -teopema Bonbumana). Takum 00pa3oM, MPOMCXOIUT  XAOTHU3AIHSI

MaKpOCKOHH‘IeCKOfI CHUCTCMBI IIPU CIIOHTAHHBIX IIEPEXOoaax.

5. 3AKIIOYEHMHE

O06nacTh HEIKCTCHCUBHOW (HEAIIUTUBHON) CTaTUCTUYECKOW MEXaHUKH B HACTOAIIEE
BpeMsi TiepekuBaeT (pasy MHTEHCHUBHOTO pa3BuUTHs. OOCYXKIAIOTCS pa3ludyHbIC MOAXOIBI U
UJeH, B TOM YHCJIE METOJIbI WCCJICJOBAHMSI PABHOBECHBIX M HEPABHOBECHBIX COCTOSIHHM,
0asupyronecs: Ha CTATHCTUYECKUX MOJEINSAX C MapaMeTpHuecKuMH (YHKIIMOHAIAMHU JIJIst
SHTpomHi. B ciydae KBaHTOBBIX CHCTEM, OIMCHIBAEMBIX METOJIOM CTATUCTUYECKUX
OMepaTopoB (MaTpullaMH IUIOTHOCTH) KOMIUJIEKCOB YaCTUL, OBbUIM paHee MOJTyYEHbI
00001IeHuS psia STUX PYHKITMOHAIOB J71s cTaTUCTUK Depmu—/lupaka u bo3ze—JiHmTeliHa.

B mpencraBnenHoit pabGore Ans ONMUCaHHWS KBAaHTOBO-MEXAHMYECKOW HEIKCTEHCHBHOM
CUCTEMBl HCIIOJIb30BaH (OpMajan3M MATPHUIbl IUIOTHOCTH, ONMCHIBAIOUIUI CHUCTEMBI,
KBaHTOBBIE COCTOSIHUSI KOTOPBIX M3BECTHBI HE TMOJHOCThIO. Kpome 3TOro, mupoxo
WCIIOJIB30BaH OOBIUHBIN  (popmManu3M (HEHOMEHOJIOTHYECKON TEPMOJIMHAMUKH, TMPUIEM
MPaBUIBHOCTh OOOWMX OCHOBHBIX Hayal TEpPMOAWMHAMHKH, Bcied 3a (o HeiimaHowM,
noapasymeBaeTcs. C y4€ToM 3THX MPEANOI0KEHUM MOJydYeHa PABHOBECHAs CTaTUCTUYECKAs
TEPMOJMHAMUKA  KBAHTOBBIX  HEAIKCTEHCUBHBIX  CHCTEM M ONpeaeNieHbl €€
TepMoJuHamMuueckue cBoiicTBa. [IpoBenéHHOe paccMoTpeHue Oazupyercs Ha JABYX
¢yHKIMOHATaX — HA KBAaHTOBOW MapaMeTpudeckoil sHTpornuu Tcamnnca u Ha 0000ImIEHHON
KBaHTOBOW pasnuyaroniedi unHpopmammu Parbe—Kannanmana. BeimonHeHHBIE B paboTe
aHaJM3 KBAHTOBOM CHUCTEMbl OCHOBBIBA€TCS Ha CTENIEHHOM PAaBHOBECHOM pAaCIpECICHUN
MaTpULIbl TUIOTHOCTH, IOJIYYEHHOM U3 YCIOBUS a0COJIOTHOTO 3KCTPEMyMa KBaHTOBOM
sHTporuu Tcanuca mpu 3aJaHHOCTH CPEIHEM SHEPrUd M CPEAHETO Yuciaa YacTHl] IS
aHcamOJIsl cHCTeM, a TakKe Ha OCPEeTHEHUH HAaOII0aeMbIX MO 3CKOPTHOMY PaCIpeeeHHIO.

) Hamomuaum, ato dynkIueit JismyHoBa aiis JTaHHON CHCTEMbI HA3bIBAETCS 3HAKO-OMpeneIEHHas QyHKIUS,
KOTOpas oOparmaeTcss B HyJIb B TOYKE paBHOBeCHs cHUCTeMBl. COCTOSHHE PaBHOBECHS SIBISACTCS aTTPAKTOPOM,
KOTJ]a TMPOUW3BOJHAS MO BpPeMEHHM OT (yHKIuH JISmyHOBa WMEET 3HAK, MPOTHBOMNOJOXKHBIA 3HAKY CaMOU
¢$yHKIHH.
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B pesynprare modydeHo 0000mIeHHME Ha KBAaHTOBBIM Ccloy4yaid HYJEBOrO 3aKOHA
TEPMOJUHAMMKH JJISl IBYX HE3aBHCHMBIX IOJCHCTEM IIPU MX TEIUIOBOM KOHTAKTE U BBEACHA
TaK Ha3blBaeMasl (pu3nuecKas TeMIeparypa, OTJIMYHas OT MHBepCUU MHOXUTeNs Jlarpanxka f3.

C npusnedeHneM OOOOIMIEHHOTO TEPBOTO 3aKOHA TEPMOJAMHAMUKH U MpeoOpa3oBaHUS
Jlexxanzpa HaieHbl MOAW(UIIMPOBAHHBIE TEPMOJMHAMHYECKHE COOTHOLICHHS HA OCHOBE
BBeIEHHOM 3HTponuu Kiay3uyca, KOTOpbIe OTIWYHBI OT BHIBEICHHBIX paHEee TPaIUIMOHHBIM
JJISL CTaTUCTUYECCKOM MEXAaHUKH CHOC060M. C wucrmoiabp30BaHUEM CBOMCTBA BBIITYKIIOCTH
0000ménHOM pasnuyaromeii nHopmaimu Patbe—KanHammana oOCykaaeTcss BTOPOH 3aKOH
TCPMOAUHAMHUKN KBAHTOBBIX CHUCTCM. I/I3y‘-I€HBI TAKIKC CIIOHTAHHBIC TMICPEXOAbl MCKIY
CTAIlMOHAPHBIMU COCTOSIHUSIMU CJIOKHOM KBaHTOBO-MEXaHHMYECKOW CHCTEMbI M J0Ka3zaHa H-
teopeMa bonbiMana.

Pa3BuThlii moaxo[ — MpennojaraeT  MCHOJb30BaHME  HEIKCTEHCHBHOM  KBAaHTOBOWU
TCPMOANHAMHUKN B PA3JIMYHBIX KBAHTOBBIX TCXHOJIOTHAX, CBSA3dHHBIX, B YaCTHOCTH, C
MOJIEJTMPOBAHUEM TEILJIOBBIX KBAHTOBBIX 3(PPEKTOB B pa3IMUHBIX HAHOYCTPOHCTBAX.

REFERENCES

[1] C. Tsallis, “Possible generalization of Boltzmann—Gibbs statistics”, J. Stat. Phys., 52 (1-2), 479-
487 (1988).

[2] A. Renyi, Probability Theory, Amsterdam: North-Holland Publ. Co., (1970).

[3] C. Tsallis, Introduction to Nonextensive Statistical Mechanics. Approaching a Complex World,
New York: Springer, (2009).

[4] EK. Lenzi, R.S. Mendes, “Collisionless Boltzmann equation for systems obeying Tsallis
distribution”, Eur. J. Phys., B, 21 (3), 401-406 (2001).

[5] S. Abe, “Heat and entropy in nonextensive thermodynamics: transmutation from Tsallis theory to
Rényi-entropy-based theory”, Physica A: Statistical Mechanics and its Applications, 300 (3), 417-423
(2001).

[6] R.G. Zaripov, Printsipy neekstensivnoy statisticheskoy mekhaniki i geometrii mer besporyadka i
poryadka. Kazan: 1zdatelstvo Kazanskogo Gosudarstvennogo tekhnicheskogo universiteta, (2010).

[7] A.V. Kolesnichenko, K postroeniyu neadditivnoy termodinamiki slozhnykh sistem na osnove
statistiki Kurado—Tsallisa, Preprint IPM No 25 (Moscow: KIAM), (2018). doi:10.20948/prepr-25.

[8] A.V. Kolesnichenko, K konstruirovaniyu termodinamiki neadditivnykh sred na osnove statistiki
Tsallisa—Mendesa—Plastino, Preprint IPM No 23 (Moscow: KIAM), (2018). doi:10.20948/prepr-23.
[9] A.V. Kolesnichenko, “Dvukhparametricheskiy entropiynyy funktsional Sharma—Mittala kak
osnova semeystva obobshchennykh termodinanik neekstensivnykh sistem”, Mathematica Montisnigri.
42, 74-101 (2018).

[10] A.V. Kolesnichenko, Statisticheskay mekhanika i termodinamika Tsallisa neadditivnykh system.
Vvedenie v teoriiu i prilozheniia, Moskwa: LENAND. (Sinergetika: ot proshlogo k budushchemu Ne
87), (2019).

[11] A.V. Kolesnichenko, B.N. Chetverushkin, “Kinetic derivation of a quasihydrodinamic system of
equations on the base of nonextensive statistics”, Russian Journal of Numerical Analysis and
Mathematical Modelling, 28, 547-576 (2013).

[12] A.V. Kolesnichenko, M.Ya. Marov, “Modification of the jeans instability criterion for fractal-
structure astrophysical objects in the framework of nonextensive statistics”, Solar System Research. 48
(5), 354-365 (2014).

[13] A.V. Kolesnichenko, “Modifikatsiya v ramkakh statistiki Tsallisa kriteriev gravitatsionnoy
neustoychivosti astrofisicheskikh diskov s fraktalnoy strukturoy fazovogo prostranstva”, Mathematica
Montisnigri, 32, 93-118 (2015).

50



A.V. Kolesnichenko

[14] A. V. Kolesnichenko, “On construction of the entropy transport model based on the formalism of
nonextensive statistics”, Mathematical Models and Computer Simulations, 6 (6), 587-597 (2014).

[15] J. von Neumann, Mathematical Foundations of Quantum Mechanics, Princeton (NJ): Princeton
University Press, (1955).

[16] A. M. Gleason, “Measures on the closed subspaces of a Hilbert space”, Mathematics Journal
(Indiana University), 6, 885-893 (1957).

[17] D. Zubarev, V. Morozov and G. Ropke, Statistical Mechanics of Nonequilibrium Processes,
Vol. 1, Basic Concepts, Kinetic Theory, Akademie-Verlag, Berlin, (1996).

[18] C. Tsallis, “Nonextensive Statistics: Theoretical, Experimental and Computational Evidences and
Connections”, Brazilian Journal of Physics, 29 (1), 1-35 (1999).

[19] G. H. Hardy, J. E. Littlewood, G. Polya, Inequalities (2nd ed.). Cambridge: Cambridge University
Press, (1952).

[20] E.T. Jaynes, “Information theory and statistical mechanics”, In com.: «Statistical Physicsy.
Brandeis Lectures, 3, 160 (1963).

[21] S. Abe, Y. Eds. Okamoto, Nonextensive Statistical Mechanicsand Its Applications, Series Lecture
Notes in Physics, Springer: Verlag, Berlin, New York. (2001).

[22] S. Abe, “Heat and generalized Clausius entropy of nonextensive systems”, Eprint
arXiv:condmat/0012115, 3, 1-14 (2000).

[23] A. Minster. Chemische thermodynamic, Akademie-Verlag Berlin, (1969).

[24] C. Jarzynski,”Equalities and inequalities: irreversibility and the second law of thermodynamics at
the nanoscale”, Annu. Rev. Cond. Matt. Phys, 2, 329-335 (2011).

[25] S. Abe, A.K. Rajagopal, “Validity of the Second Law in Nonextensive Quantum
Thermodynamics”, Physical Review Letters, 91 (12), id. 120601 (2003).

[26] C. Jarzynski, D. Wojcik, “Classical and Quantum Fluctuation Theorems for Heat Exchange”,
Physical Review Letters, 92 (23), id. 230602 (2004).

[27] S. Abe, “Quantum g-divergence”, Physica A: Statistical Mechanics and its Applications, 344 (3),
359-365 (2004).

[28] S. Abe, “Nonadditive generalization of the quantum Kullback—Leibler divergence for measuring
the degree of purification”, Physical Review A4, 68 (3), id. 032302 (2003).

Received March 23, 2019

51



MATHEMATICA MONTISNIGRI
Vol XLV (2019)

THERMODYNAMIC PARAMETERS OF MIXTURES WITH SILICON
NITRIDE UNDER SHOCK-WAVE LOADING

K. K. MAEVSKII

Lavrentyev Institute of Hydrodynamics of the Siberian Branch of the Russian Academy of Sciences
Lavrentyev Avenue 15, 630090 Novosibirsk, Russia
E-mail: konstantinm @hydro.nsc.ru

DOI: 10.20948/mathmontis-2019-45-4

Summary. The results of numerical experiments on modeling thermodynamic parameters
such as value of pressure, compression and temperature for shock wave loading of pure sil-
icon nitride Si3N4 and mixtures based on it are presented. The model TEC (thermodynamic
equilibrium components) and its modification model TEC2 allow to describe thermodynamic
parameters of SizNy4 with different value of porosity, in a wide range of pressure from 5 to
3000 GPa using model relation and the experimental data of SizN4. The developed model is
used to take into account the Si3Ny phase transition under shock-wave action. The results of
calculations are compared with the data obtained on the basis of experiments for pure Si3Ny
value of porosity 1 and 1.037; for mixture of Si3Ny and periclase MgO value of porosity 1.12.
The value of pressure and compression for shock wave loading of nonporous mixture of alu-
minum nitride AIN and SizNy are calculated.

1 INTRODUCTION

In this paper, thermodynamically equilibrium model TEC [1, 2] is adapted to shock wave
loading of a mixture of powders, including nitrides, when one or more components of the mix-
ture undergo phase transformation. The researches of the behavior of porous mixtures of powder
materials under shock-wave loading are of interest for many problems of modern science and
technology [3-8]. Given the large variety of mixtures, it is desirable to use the equation of
state (EoS) only components of the mixture. The construction of EoSs have been carried out
for many years, but given the complexity and diversity of the materials, work in this direction
continues [9—-17]. The developed models well describe the behavior of pure substances, but are
difficult to use in researching of mixtures. It is necessary to take into account the interaction
of components for researching shock-wave loading of mixtures. It is preferable to use a simple
equation in this case. The construction of simple EoSs is of particular interest in the modeling
of thermodynamic parameters of mixtures [18-25]. In the developed model, the fairly simple
EoS is used; it gives good correspondence to the experiment in wide range of pressures, both
for solid and porous pure materials.

Interest in the investigation of compressibility of such mixtures is associated as with the
possibility of creating materials that have the required properties and the properties of the ma-
terials themselves. The synthesis of materials, including multicomponent materials, under in-

2010 Mathematics Subject Classification: 74A15, 74J40, 76105, 80A10, 82D20.
Key words and phrases: equation of state, silicon nitride, shock wave, high pressure, thermodynamic
equilibrium.
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tense shock-wave action is an effective way to create new functional and structural materials,
in particular different types of ceramics with desired properties on the basis of nitride mixtures.
The active researches of the properties and methods of obtaining such materials are carried
out [26-32]. Mixtures of different compositions, including Si3Ny4 as a component, are consid-
ered in [33—-36]. The researchers of SizN4 and mixtures based on it are the purpose of this work.

In phase transition region, thermodynamic characteristics of materials were determined from
the assumption that material in this region is a mixture of low-pressure phase and high-pressure
phase [37-40]. The results of modeling for this method with the phase transition are given in
[41-44] for nitrides and a number of other materials. The beginning of phase transition process
is determined by the condition that pressure reaches the critical value obtained on the basis of
experiments.

2 CALCULATION MODEL

The numerical simulation of thermodynamic parameters of shock-wave loading of both pure
materials and mixtures is based on the assumption that all components of the mixture, including
gas in pores, under shock-wave loading are in thermodynamic equilibrium model TEC [1,2,45,
46], it takes into account the interaction of components and uses the author’s EoS. The thermal
EoS for the condensed component with current density p and initial density pg is as follows:

P(p,T) = pocg/n((p/po)" — 1)+ Tpey (T — To). (1)

Here ¢ is the value of sound speed of under normal conditions, Ty is initial temperature, cy is
specific heat capacity in this case constant. The value n is determined by the derivative of the
volume elasticity modulus under initial conditions.

The function I reflects the contribution of the thermal components in the model [1,2,45,46].
The conditions of dynamic compatibility at the wave front are written: the mass-flow conserva-
tion conditions for each mixture component and the momentum and energy flux conservation
conditions for the mixture as a whole. The obtained equations together with EoS for each com-
ponent are sufficient to find dependencies of type P(U) or D(U) (P, U, and D—pressure, mass
and wave velocities), which can be interpreted as shock adiabat of a multicomponent mix-
ture [1,2]. The model TEC for high-porous samples well describes experimental data up to
pressure value of 300 GPa [46].

The presence of experimental data on the dependence of heat capacity cp on temperature
allows to modify the equations that determine the state of the condensed component, increasing
the area of reliable description to 3000 GPa. The cold component of the pressure is described
also as well as in model TEC by the equation of Tait. Tait equation and its modified versions are
one of the most well known empirical state equations. The Tait equation of state for describing
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data on the density of sea water up to 50 MPa was originally published by Peter Guthrie Tait in
1888 [47]. The pressure form of the Tate equation of state is identical to that of the Murnaghan
equation of state. Thermal components of pressure and specific energy Pr and E7 are considered
in the following form:

14+a7
P(p, 7)1 = cvopTo(T — 1k . @)
1+2a7+ (a3 —a2+a1a2)T2
E =F(7)— Tok [ 3
(p,7)r =F(7) —cvoTo 0+ a0 n(p/po), 3)

by 1 by 1+byT
F(t)=cyop |(t—1)|A—— | ——1—— )1 . 4
(7) Cvoo{( )( bz) bz( bz)n(1+b2 “)
In this case, T = T /Ty is the relative temperature, cy is specific heat capacity under initial
conditions Parameters are obtained according to the experimental data. For determining param-
eters k, ay, and a,, we can use function I'. The values of A, by, and b, are determined from the

correspondence to experimental data for ¢p(7). The model with this EoS is defined as model
TEC2 [48].

3 MODELING RESULTS

The results of modeling the thermodynamic parameters for SizN, density pg = 3.184 g/cm?
and py = 3.07 g/lcm? and the data obtained by experiments from [26,28] are shown in figures 1
and 2. The beginning of the phase transition for silicon nitride is determined at pressure of
30 GPa. The calculations for the silicon nitride was considered transition phase -SizNy4 in
the high-density phase of c-Si3N4. The calculated lines and data obtained from the experiment
are shown in figure 2 with density shift for m = 1.037 (porosity m is ratio of density of solid
substance to the density of sample). It was shown earlier that the model describes the decrease
in the wave velocity with the growth of mass velocity [49] in the phase transition region, and the
temperature dependences of nitrides under shock wave loading [46]. The results allow modeling
of thermodynamic parameters of the mixture, which contains nitrides as components, using the
model parameters for pure nitrides [41].

Figure 3 illustrates the results obtained for nonporous mixture of AIN and Si3N4 with equal
volume fractions and an initial density py = 3.335 g/cm?>. For comparison, the data obtained on
the basis of experiments for AIN and Si3Ny are presented. It is assumed that the phase transition
of the components of the mixture begins under the same conditions as for pure substances. The
beginning of the phase transition for AIN is determined at pressure of 20 GPa, as well as for
Si3Ng—at 30 GPa. The beginning of the phase transition is assumed in the pressure range 33—
36 GPa for a mixture of Si3N4 and potassium bromide KBr in a ratio of 10/90 by weight in [50].
The phase transition from 3-Si3Ny tin ¢-Si3Ny is discovered above 36 GPa [28].
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Figure 1: Shock adiabat of Si3Ny. Calculation by model TEC at m = 1 (/) and 1.037 (2). Experimental data:
1—[28]; 2—[26].
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Figure 2: Shock adiabats of Si3N4. Symbols are as in figure 1.
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Figure 3: Shock adiabats of AIN and Si3N4 mixture. Experimental data: /—AIN [26]; 2—Si3Ny [28].
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Figure 4: Shock adiabats in pressure—density coordinates for Si3sN4 and MgO mixture with m = 1.012 (/) and 1.25
(2). Experimental data [51].
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The parameters of mixtures of SizN4 with oxides were modeled, for which there were data
in [51]. Figure 4 shows the calculation of the mixture of Si3N,4 and periclase MgO. The mixture
with mass fractions Si3N4(95) MgO(5) and density pp = 3.164 g/cm3 was modeled. The average
porosity value determined from [51] m = 1.012. For comparison, the calculation for a higher
value m = 1.25 is shown. The curve 2 for the mixture with m = 1.25 is above curve / with m =
1.012 before and after the phase transition region, which is typical for more porous materials.
The phase transition ends earlier for more porous material, so curve 2 is below curve / in the
phase transition region, taking into account the higher internal energy at the same density values.
The modeling of this mixture is of interest due to the fact that MgO has a high-pressure phase
transition [52]. The calculations are preferably performed on TEC2 for mixture with MgO.

4 CONCLUSIONS

Thus, the model allows calculating thermodynamic parameters of mixtures with nitrides un-
der shock wave loading. The model parameters selected on basis of experimental data allow
reliably describing the thermodynamic characteristics of silicon nitride and mixtures based on
it. The assumption about thermodynamic equilibrium makes it possible to take into account the
interaction between components, which becomes essential especially in case of porous media.
The main objective of the research is achieved. The numerical experiments on modeling ther-
modynamic parameters for shock wave loading of pure Si3N4 with value of porosity 1 and 1.037
and for two mixtures SizNy with MgO and Si3N4 with AIN are performed. This model makes it
possible to determine the compositions and ratios of the components of mixtures in order to ob-
tain the specified characteristics under shock-wave loading of solid and porous heterogeneous
materials.

Acknowledgments: The paper is based on the proceedings of the XXXIV International Con-
ference on Interaction of Intense Energy Fluxes with Matter, Elbrus, the Kabardino-Balkar Re-
public of the Russian Federation, March 1 to 6, 2019.
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Summary. We investigate new method for calculation of radiance of scattering
medium by bi-directional Monte-Carlo ray tracing with photon maps. Usually photons
are collected by an integration spheres at the ends of camera ray segments, or a cylinder
along that segments. Meanwhile in our method several integration spheres are distributed
at random along the first camera ray segment. The rest segments do not collecting pho-
tons. The method optimal for a particular scene is the one which produces the least
noise, so one need to be able to estimate it. In this paper an analytic calculation of noise
in the general bi-directional Monte-Carlo ray tracing is derived and then applied to the
proposed method. Then the analytic estimates of noise can be used to find optimal pa-
rameters and /or to choose between single integration sphere, multiple integration spheres
and integration cylinders.

1 INTRODUCTION

A bi-directional Monte Carlo ray tracing is well-known as a powerful method of cal-
culation of a virtual camera image. The forward part of the method traces the light
rays from light sources and creates photon maps which allow calculating luminance and
illuminance of scene surfaces. Then the backward part traces the light rays from camera,
estimates the luminance in the hit point and then accumulates it along the camera ray
path into the pixel.

The method can be implemented via several techniques [1, 2, 3, 4] of which the photon
map visualization approach [5, 6, 7, 8] is the mostly usable now. Most of these methods
calculate global illumination in the form of photon maps and then visualize them as the
luminance of secondary and caustic illumination [5, 7, 9]. There is an approach that
implements the reverse calculation scheme, i.e. generates a visibility map as spheres
of the illuminance integration in the direction of observation, which are “filled” with
the light photons related to the caustic and the secondary illumination [6, 8]. In these
methods the camera ray is traced stochastically until it terminates due to some criterion,
for example, after the given number of diffuse events is reached. An integration sphere to

2010 Mathematics Subject Classification: 78-04, 65C05, 65C20.
Key words and Phrases: scattering medium, bi-directional ray tracing, Monte-Carlo ray tracing.
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collect Forward Monte Carlo ray tracing (FMCRT) rays is set in each point of scattering.
After a forward ray hits that sphere we calculate the surface luminance for the view
direction equal to the camera ray direction before the sphere center. This luminance is
then scaled by the camera ray attenuation accumulated to this point and added to the
pixel luminance, [1, 6, 10].

In scattering medium the integration spheres are distributed over the volume, not
only on boundaries, see e.g. [11], [12]. Frequently it is advantageous to use integration
volumes other that spheres, e.g. cylinders [13]. One can find comparison and analysis in
[5, 12, 14, 13]; [15]. Alternatively, the integration volume can be a union of spheres [16].

Usually the bi-directional ray tracing with photon maps is applied progressively, i.e.
ray tracing goes iteration by iteration, and the error vanishes as time goes on. In each
iteration we trace camera rays and place integration spheres in the ends of the segments.
Then during FMCRT phase we estimate illuminance in the centers of integration spheres
from the photons that hit them.

It is important to have a reliable analytic estimate of the noise in the stochastic
rendering. Firstly this allows optimizing parameters of the method so that the noise
remaining after the fixed simulation time was minimal (or do that with the constraint on
the RAM used). Secondly there are several other inaccuracies besides the noise in the
method, e.g. bias. This latter is unavoidable because of the final size of the integration
area used for the illuminance estimation. And it grows rather quickly with area size.
Therefore it is advantageous to decrease this size. But in such a case number of used
photons is also reduced and thus the noise is increased. Therefore there exists the optimal
size which minimizes the total error. And to calculate it one needs to predict the noise.

In [17] the authors operated the simplest case when the integration spheres are in the
first camera rays hit so that position of the integration sphere for the given pixel is not
random. In [18] the camera ray is allowed to be “glossy” (nearly specular diffuse) scattered
before, so position of the integration sphere and view direction for it is random. This
introduces additional source of noise which is analyzed. The authors consider progressive
rendering when the radius of integration spheres decrease from iteration to iteration,
so after large simulation time the results are for a very small radius. They derive the
estimates of the bias and variance (noise) for some class of the radius decrease rule and
show that there is a range of parameters for which both errors vanish in course of time.

They however assume that there is only one camera ray per pixel in each iteration.
This is good when the integration sphere is set prior to the first random scattering of
the camera ray as in [17] or when this scattering is “weakly diffuse” (“glossy”) as in [18].
But this strategy is not optimal when the camera ray undergoes a wide diffuse scattering
before setting the integration sphere. Indeed, now the centers of integration spheres for
adjacent pixels are not close but can spread over the whole scene and even beyond the
visible area. The density of integration spheres can then be low and they capture only a
small fraction of the forward photons. In other words a substantial part of calculations in
the FMCRT phase are lost because these photons miss the sparsely distributed integration
spheres. The natural remedy is to increase the number of camera rays through pixel so
that the integration spheres to cover a decent fraction of illuminated area. This introduces
an additional control parameter: the number of backward rays per pixel. In principle it
can vary across the image and change with time. Setting it too low is not advantageous
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Figure 1: Several integration spheres along the camera ray segment. Left: positioning of the spheres.
Right: Camera ray propagation with sub-steps: it strides by (,, then with probability ¢ it undergoes
extinction otherwise goes the same direction

because a many FMCRT rays whose tracing took time are not used. But using too much
camera rays per pixel is also bad because this increases simulation time while the effective
number of FMCRT rays used in the given pixel saturates. Therefore there exists an
optimal relation between the number of forward and backward rays.

In this paper we derive an estimation of the noise as a function of the number of camera
rays per pixel which applies to a general case of bi-directional MCRT with progressive
photon maps. Then we apply it to calculation of luminance of turbid medium with
multiple integration spheres [16] and derive an analytic dependence of noise as a function
of the control parameters of the method: the number of forward and backward rays, the
average number of integration spheres per camera ray segment and so on. This analytic
estimate can be used to find optimal parameters.

2 MULTIPLE INTEGRATION SPHERES

In [16] we suggested to use integration volume composed of several integration spheres
distributed randomly over a camera ray segment. The basic idea is that when tracing an
camera ray we perform many “sub-steps” of length ( so that the ray goes straight during
several of them and only then an extinction which can be scattering or absorption occurs,
see Figure 1.

These sub-steps are independent from each other, the density of  being always the
same p¢(Q).

After the ray propagated the next step length ( its further destiny is decided at
random. With probability ¢ there is an extinction event (scattering or absorption is
then decided at random); otherwise the next step is made retaining the ray direction.
Absorption is processed as a “Russian roulette” killing the ray at random.

In [16] it was obtained that step length must be distributed as

p(¢) = ae™ (1)

o Oext/q (2)
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The total ray length after n such steps then has the density

_aslas)”
pa(s) = «e o (3)
The contribution of an FMCRT ray segment that crosses the BMCRT ray at distance

s to the pixel luminance C(s) is

C(s) = qE(s) X Oepre 7"**ds (4)
see [16], notice this applies to both single segment and whole forward ray trajectory. Here
osef(—u,v)
C(s) = —————F )
(5) = 2 )

and F is the total flux (sum over all light sources), f is the phase function and oy is
scattering of the medium and o.,; is its extinction.
Here and below we use the term “luminance” as an equivalent of “radiance”

3 GENERAL ESTIMATE OF NOISE IN BI-DIRECTIONAL MCRT

In bi-directional MCRT each forward ray interacts with each camera ray, and the

luminance of a pixel is
1 o5 1 & .
L=— — C(i,g 6
¥y 2o 3y 2506 ()

where ¢ enumerates forward rays, j enumerates backward rays, C (i,7) is the increase of
pixel luminance from interaction of the i-th forward with the j-th camera ray, Ng is
the number of forward rays and Np is the number of camera rays traced through this
pixel.

The above sum L is a random variable, and its noise is (L?) — (L)? where the average
is taken over the ensembles of rays. It can be thus understood as a repeated average over
the forward and backward ensembles. Let us square (6)

Np Np N Np
(NeNp)’L* = > N "Ci5)+ Y > C6, )5
i=1 j=1 =1 j#j5'
Nrp Np Nrp Np
+Y Y CEHCE N+ Y Cli,)CWE,5)
i j=1 it jA5

and average over the forward ray ensemble and over the backward ray ensemble. These
averaging are denoted as (-)r and (-)p and their order is arbitrary. This gives

() = tCe + B TP ey
e O+ NE=S B ()
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where we used the obvious fact that

(CGNCENr = (ClrGHOIP() i #i
(CNCE e = (C)ali

The noise is therefore

(IR = (L)? = (¢C28)e — ((Chm)3) (7)

(L) = {O)s)r (10)
4 ESTIMATION OF NOISE FOR MULTIPLE SPHERES

The noise is as sum of three terms, see (7), (8), (9), (10) where now C' is the contri-
bution of one forward ray to all n integration spheres set by the given camera ray:

C=3 Clw) (11)

C'(s) is contribution from one FMCRT ray to the single integration sphere at distance s
from the camera ray start,

m
=Y G (12)
=0
is position of the m-th sphere set after m sub-steps. Here and below (g, (1, (o, ... are
successive ray sub-steps between the 1st, 2nd, ..., integration spheres.

Notice the above estimate assume that each of Np forward rays is checked for inter-
action with each of Np camera rays. If the whole process runs progressively, iteration by
iteration and for the next iteration both forward and backward rays are all new, then this
estimates applies to one iteration only. The relative variance obtained in M (identical)
iterations will be M times lower (instead of replacing Np — M Np, Ng +— M Npg).

4.1 Calculation of the averages (C)z and (C?)p

The contribution from one forward ray (11), averaged over the BMCRT ensemble i.e.
sphere positions i.e. the (C)p is obviously
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(C)p = Y P(n) /000'”/000 Cpe(Co) -+ pelGa)do - - dy,

= qZ(l —q)" /Ooo . ../OOO (Z C(ém)> pe(Co) - pe(Gn)dCo - -+ dCom

n=0

where (, is given by (12).
The outer sum is over the number of integration spheres n and changing the order of
summation we arrive at

©s =300 / T / T CCpe(@) - PGl - dGon

(a(m)

The sum of steps C,, has density ave=0m (3), and using (2) and (4) we obtain

(€)= / G (1) Teape 7 dt (13)
0

Similarly, the squared contribution of one FMCRT ray, averaged over the BMCRT
ensemble i.e. the (C?)p is

(s = 3 P / T / ) (Zc@m)) pelo) -+ pelG)dCo - dG,
SO JETID DY RN R A R Lo

n=0
- o0 o n m—1
+2q nzzo(l - Q) A .. /0 Z Z C Cm Cm pg((:o) C(Cn)dgo coedCy

or, changing the order of summation,

> 0-gr /0 T /0 " o) - pelCu)dGo - Ao

=0
oo m—1

23 Y -0 [ [T G de,

m=1m/=0

The sum of steps (v has density ((Cm;l ve™m! (3). Then, (= G+ Crsr ++ -+
is a sum of two independent random variables, (,s and (11 + -+ + (. Since the
all sub-steps are equally distributed, the density of the sum of m — m’ — 1 of them is

—as (as)m—m/—l

Pm—m—1(8) = ae (m—m—1y1 SO
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~

(CHp = /000 C*(t)ae 1 dt 4 2(1 — q)

Oo — " (al =)™ 5 e
C(t ST dsdt
/0 /0 + s Z Z (m — m’)! a‘e S

m=0m/=0

and using the obvious identity

RS =~ Y K
ZZ ’)'_Z(m’)! Z (m—m’)!_z(m’)!

m=0m/= 0 m’=0 m=m/' m’=0

together with (2) and (4) we arrive at
(25 = g / G2 (£)0ome 4 2(1 — ) / / G(5)E (5 + )0, 07 sdt (14)
0 o Jo
4.2 Combined averages
Averaging (13) and (14) over the FMCRT ensemble, we arrive at
(@lalr = [ (@)t di (15)
0
(Ce)r =q/“%%u%w”mw
2(1—¢q / / C(s+1))02,e =D dsdt (16)

where (€)(t) (respectively (¢2)(t)) is contribution (respectively squared contribution) of
a single forward ray to the integration sphere located at distance ¢ from the camera ray
start averaged over the forward ray ensemble.

Notice that because of linearity of averaging, ((C)g)r = ((C)p)p and ((C?)p)p =

(C*)r)s. . .

For (8) and (9) we also need the averages ((C)%)p and ((C)%)r. The former can be
calculated as in the above Section just replacing C'(z) with (C)p(z), so (14) transforms
into

(CYh) :q/‘%vm%wﬂmw
+2(1 —g¢q / / (s 4 t)o?, e dsdt (17)

The remaining ((C)%) is calculated even simpler. Squaring the (C')p is given by (13)
and averaging over the FMCRT ensemble yields

<@%»:<(Agﬂmmw%wﬁf>=gméﬂ%@%@w;eM*mw@<w>
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4.3 Averages over the forward ray ensemble and correlations

For the above, we need contribution (or squared contribution) of a forward ray to the
given integration sphere at point ¢ averaged over the forward ray ensemble,

If we assume a forward ray hits the given integration sphere no more than once (which
is so if the latter is small), then one ray contribution if it hits the sphere is (5) and 0 if it
misses the sphere, so

(€)(t) = FHi(?) (19)
(€)(t) = WLRQHQ(t) (20)

where

™ 27 F
H,(t) E/O /0 fm?_ sin 9dvdp

and F' is the angular distribution of radiance in the sphere center t¢.

Besides, we need correlations, i.e. average of the product of contributions of the same
forward ray to two integration spheres with centers at s and at s + ¢, (¢'(s)€ (s +1)).

The product €(s)€(s + t) is not 0 only if the forward ray hits both spheres. In
principle it is possible that it hits one sphere, then bounces somewhere, returns and hits
the second one, but in case of small spheres it has too small probability (about O(R?)),
so we neglect this and consider only the case when the same one segment hits both
spheres. The probability of that event equals the area of overlap of the projection of the
two spheres onto the plane perpendicular to the segment times attenuation of the ray
between the spheres. The above area is the of overlap of two circles of radius R whose
centers are separated by [ = tsinv where ¢ is the angle between the view direction and

the forward ray. This area is (arccos # 1— (2 R) ) /7 times lower than the whole

sphere projection 7R2, and attenuation of the ray is e e=tts?l o the probability that

C(s)€(s+1)#0is

R? x arccosL—L 1— L i o~ 20catt]cos 9|
2R 2R 2R

and if this happens, €'(s)% (s + t) is the square of (5).
Recalling that (4?) is that same squared (5) times probability of hitting the sphere
i.e. mR?, we obtain

@t =0 [ [ 4 (S2) et o p)smiaids (e)
T

where ¢ is the azimuthal angle of rotation about the view direction,
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arccosz —xv/1 — 22, |z| <1
Az) =
0, x>1

and

F
thzf

is taken at the center of sphere which the forward ray with direction (¢, ) hits first i.e.
at the camera ray point p

s, cosY >0
=< - 22
P {t, cosv <0 (22)

4.4 The total noise
Substituting (15), (16), (17), (18), (19) and (20) into (7)—(9) we obtain

fooo <C€2> (t)o-exteigemtdt

NpNp

fO fO S+ )> exte Uezt s+t det
NrpNp

q 1 > 2 —0Oegtl
_ 1 - ext
s ( NF)/ ()2 (1) Toupe " dt
2(1 —q) 5
1 _ Uezt(3+t)
NB ( NF) / / (s +t)oz,.e dsdt
+ ( B ) / / exteigezt(ﬂs)dtds

NFlNB ( /0 (€)(t)oenie "e‘”tdt)

It contains two integrals of correlations which for R — 0 are estimated as (25) and
(26).
Using (19) and (20), we have

W) -Gy 1 (qD1+amR<1—q>D2+(l_NL)%RDg)

(L%) = (L))* =

21 —

((L))? R*Np Ng
—i—NLB (1 — NLF) (qDy+ (1 —q)Ds) — NFlNB

where D; are some constants composed from space integrals of
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X
=
I

T 27 Fl
/0 M s sin ¥dddp

0

T 27 F
- d9dy
NS

and are thus independent from any ray tracing parameters, i.e. ¢, R and the number of
rays.

One can see that for small R but not very large number of rays the noise is smaller
for ¢ < 1 then for ¢ = 1 i.e. for the standard method.

T
3
=
I

5 CONCLUSION

In previous work [16] we developed a method of gathering of photons in scattering
medium which uses several integration spheres stochastically distributed over a camera
ray segment. The resulting disjoint integration volume is intermediate between usual
integration sphere (one per segment) and integration cylinder. In our method the con-
trol parameter ¢ allows to vary integration volume from a single integration sphere to
practically a cylinder which is a limit of the union of a large number of spheres.

We obtained analytical estimates of noise in the bi-directional MCRT and applied
them to the particular case of calculation of luminance of turbid medium, suggested in
[16]. It happened possible to derive a closed-form analytical expressions for the noise
and its dependence on the method parameters. These can be used to find the optimal
parameters and /or choose between single and multiple integration spheres or cylinders.

One must realize that the method (or parameter) that provides the lowest noise for
the given number of rays is not always really the best. One reason is that if integration
volumes occupy most of the medium domain, interaction of them with an FMCRT ray
is slow and this seriously decelerate ray tracing, thus the number of rays traced in the
same time of calculation drops and this increases noise. Second, the own luminance of
the medium is not the only image component but there is also the luminance of objects
“seen through” the medium. Usually both are calculated from with the same rays thus it
may happen that although because of better integration volumes the noise of the “own”
luminance of medium is still decreased in spite of the lower number of traced rays, the
noise in the rest part of image increases because there is no such “compensation” for the
rays count.

APPENDIX A. INTEGRALS OF CORRELATIONS

Let us calculate approximation for R — 0 of

/ / (€(5)C (5 +1))o2,,e =) dtds (23)
o Jo

and
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/ / (€(5)€(t))o2,,e =T dsdt
/ / C(s+1))o2 e ot 2H) dsdt (24)

where (€ (s)% (s +t)) is given by (21) and (22).

Both integrals are much similar and we begin with (23); as (24) differs from it only
by the extra factor e~7¢*** these calculations will apply to it as well. We thus begin with
(23).

Let us subdivide interval of integration in ¢ into 3 parts: the “main” [©, 7 — ©] and
two short intervals near the poles: [0,60] and [1 — ©, 7|. Then

fQ
/ / s + )b = dtds = 5 (1 + T + )
where
I, = / ( / ( / / <t8”“9) _"m“ww'h(ﬁ,gp,p)sinz?dz?dgo) dt) ds
2w
I, = / (/ (/ / <tsm19) "eztﬂcosmh(ﬁ,go,p)sinf}dﬁd@) dt) ds

2w
Iy, = / (/ (/ / <tsmz9) e~oenttleosVp 9 5 p)sin 19d19dg0) dt) ds

The idea is to take such small © that in the “main” part I; the integration area in
t is very narrow, so p =~ s thus integration over ¢ can be done analytically and after
some tedious transformations we obtain a simple approximation to I;. For the rest parts
near the poles, the range of ¢ is wide, and the point p is s in I, and s +t in Iy,. The
range of integration in @ is small which allows to estimate the integrals from above and it
happens that for R — 0 they are negligible as compared to I, so the sought-for integral
of correlations is close to I; for which we have a simple approximation. We shall see that
the small angle ©® must be chosen so that it as R — 0 it goes to 0 but slower that R so
that © — 0 but R/© — 0.

Now let us apply the above intentions quantitatively.

As the integrand vanishes for % > 1,in [ the t < R/© — 0. Therefore the point
p =~ s even for cos? < 0. Changing then the order of integration so that the one in ¢ to
be the first, we obtain

2
QR/ / / (/ dy) h(9, @, s)o2,e” 75 dddpds
B / / / 19 P, 8 e:pte Uextsdﬁdgpds
2m
(/ / h(9, o, s)dﬁdgp) o2 e 7 ds
o Jo
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Now let us come to the integrals in the near-pole areas. Assuming illumination and
phase function are not singular near the view direction, we can take h exactly at the pole
direction. Then, we can replace sin ¢} with 9 or m — ¥J:

[e%¢) R2 min 21%,1) » L
87T/o /0 t2/ Aly)ydy | e a2, dt | e==h(0,0, s)ds
o R2 min( %,1)
fn 87T/ / t?/ Ay)ydy | e 202, h(m, 0,5+ t)dt | e = ds

Since

Q

IQa

X Z—(1—4X?*) arccos X — X (142X?)v1— X?
| Aty =2 .
0

with very good accuracy is limited by mX?2/4, we have

2 o] [e’e) 2
I, < %/ (/ (mm(TR @)) e 20eatt gxtdt> e 7t*h(0,0, s)ds
0 0

< 27729063”]%/ Tezte “<**h(0,0, s)ds
0

where we used the inequality [ v 2e™du= X" (e ¥ — XEi(1,X)) < X
Similarly,

—/ <@2/ “2oentty2 B, 0, s+ t)dt

+4R2/ t—2 —20eztt gxth( ,0, S+ t)dt) e TextS I g
2R

e

The two its terms can be estimated as

/ </ e 2etto? h(m, 0,5+ t)dt) e %erts s
20ext R
< (/ h(ﬂ,O,s)aezte”des> (1 —e © )
0

2 oo
~ Teat Il (/ h(m, 0, S)O-emtegeltsd8>
o 0

and
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/ / t’Qe’Q"mtazmh(w,O,s+t)dt e 7rtSds
0

<o, / t2etdt (/ h(ﬂ,O,s)amteamst>
20'59@51% 0

< am% (/0 h(m,0, s)aemte"msds>

SO

Iy < 27‘-2@06th (/ h(ﬂ'; 0, 5>0'emteoeztsd8)
0

Therefore for R — 0 we can neglect I, + I, as compared to [;, and obtain

/ / (G(5)E (5 + 1)), =7+ Gt
0 0

4O-eztf2 o) 2 s B
N — h(v ddd ext€ Cd 25
2R /0 (/0 /O (7, ¢, p) w)a e 5 (25)

The second integral, (24) differs only by the extra factor e=?¢#**. Therefore the calcu-
lation done above applies to it as well and give in this case

/ / (€(5)E(1))o?,,e =T dsdt
o Jo

80_ea:tf2 00 2w s L
ny Teatl h(9, 0, p)d0dp | ome%d 2
e ([ [ e mavae) a2
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Summary. Theoretical model of the ions formation in a liquid dielectric and flows caused by
high electric field is proposed. The three-dimensional system of macroscopic pre-breakdown
electro-hydrodynamic equations is written. The influence of electric field on the molecule dis-
sociation rate is taken into account. The system includes the Poison equation for electric field
potential, equation of ion formation and the Navier—Stokes equations with the electric force. Au-
thor’s steady analytical electrodynamic solution of these equations for the electric field distribu-
tion and potential of spherical high voltage capacitor with liquid transformer oil type dielectric
is described. Analytical non-stationary and numerical steady solutions for velocity distributions
in liquid dielectric flows are obtained.

1 INTRODUCTION

Deviations from the Ohm’s law for slightly ionized solid media in pre-breakdown uniform
electric fields were experimentally discovered by Poole about 100 years ago [1]. In a weakly
conductive liquid media the same experimental effect was obtained by M. Wien about 10 years
later [2, 3].

Theoretically this exponential effect for considerable number of media was explained by
Frenkel for solid dielectrics and by Onsager [3] for liquid weak electrolytes and for weakly
conductive liquid dielectrics. The space charge and electro-hydrodynamic (EHD) flows have
been observed in these dielectrics at the pre-breakdown conditions [4].

The space charge formation, according to [5], occurs in the pre-breakdown fields until all
the EHD characteristics become steady. Herein, steady conduction can be as unipolar (corona-
discharge type), as quasi-neutral (plasma or electrolyte type). The last was considered early
in [5] and in the present work.

The pre-breakdown current—voltage theoretical and experimental characteristics of consid-
erable media in non-uniform electric fields are described by us in [6]. Purpose of present work
is researching of the electro-hydrodynamic flows, caused by these high non-uniform electric
fields. These intense flows are observed in transformer oil type liquids [7, 8] with complex
molecular structure [9]. The hydrodynamic transfer of high voltage space charge, appeared in
considerable liquids, is described in [10]. In the review [8] the surface high voltage electrode ef-
fects influence on considerable pre-breakdown electro-hydrodynamic flows is researched. This

2010 Mathematics Subject Classification: 76W05, 76D05, 76-04.
Key words and phrases: electro-hydrodynamics, liquid insulator, weakly conductive liquid media.
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influence must be taken into account at plan high voltage electrodes. When applied high voltage
field is non-uniform, the volume effects influence on considerable flows is dominated.

The transport properties of charged and neutral components of weakly conducting media
under consideration are investigated in [11,12]. In [11], using the quantum formula Kubo, a new
method for calculating the conductivity of dense media has been developed. The calculations
were carried out using the Monte-Carlo method as well as the molecular dynamics method. The
Wigner-Liouville equation was used. The graphs of dependence of the studied media electrical
conductivity on the initial parameters and their plasma non-ideality are presented. In [12], the
thermal conductivity of the silicon electron gas is simulated, using the corresponding Fermi—
Dirac distributions. Coefficients of thermal conductivity are obtained, and their dependence on
temperature is presented graphically.

The transfer processes in the considered irreversible thermodynamics are used in [13]. The
approach of the continuous medium and the local thermodynamic equilibrium are used. The
transfer equations are derived with recommendations for their use in the analysis of thermal
conductivity, electrical conductivity and diffusion. The formation of mixtures of liquids is used
when applying a simple mathematical model from the equations of irreversible thermodynam-
ics. The Navier—Stokes and heat inflow equations are solved. The formation of droplets during
the evaporation of a liquid is substantiated [14].

In [15], the equations of a low-density plasma magnetosphere are written in a strong mag-
netic field. The Vlasov equation of kinetic is used. The equation of the magnetohydrodynamic
mixture motion is derived. This method is used to study the evolution of the plasma under
consideration.

2 THEORETICAL MODEL OF ELECTRO-HYDRODYNAMIC PROCESSES IN THE
LIQUID INSULATOR

The following inequalities are valid for bulk charge concentrations n, impurities concentra-
tions n, and neutrals n, concentrations in a low-conducting medium:

nie < ny, np <K ny. ()

The above relations can be considered as a condition for a weak ionization (dissociation) or
low conductivity in the considered medium. The rates of volume ionization (or dissociation)
and recombination are supposed to be known as the thermodynamics functions of the above
mentioned concentrations, temperature and field intensity |E| (up to the breakdown values).
They can be represented in the following form:

Wi = Wi(na,np, T, [E) = Wi (14, np, T, 0) f(|EJ). @)
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Here, T is the absolute temperature; |E| is the intensity of the electric field. The rate of the ions
recombination is

Wi =Kmnyin_,
(by+b_)|e|z 3)
K: = ;
E&

W, denotes the rate of ionization (dissociation); W; is the rate of ion recombination; Z is the
valence; € is the dielectric constant of liquid insulator; b, and b_ are the mobilities of the
corresponding ions. The expression for K; (recombination constant) was obtained by Langevin
in 1903 and by Onsager in 1934 for particular case of weak electrolytes. This is the two-particle
ion—ion recombination, when the energy excess is absorbed by a medium.

Onsager had shown weak influence of sub-breakdown electrical fields on K, when direct and
reverse processes are ionization and recombination correspondingly. But in the case when these
processes are dissociation and reverse dissociation the influence of E on K; can not be neglected.
Besides weak electrolytes, the Langevin’s formula is valid for dense gases with chemical reac-
tions, where ionic conductivity is much greater than electronic one. Corresponding conductivity
occurs due to various processes.

Among them, there are the neutral molecules (with ionic chemical bonds) dissociation and
the neutral molecules (with covalent chemical bonds) ionization. The latter goes through the
electron ionization from some neutral particle with relatively low ionization potential and at-
taches it to another with relatively high electron affinity.

For the ion diffusion coefficient, we have used more known Einstein—Nernst relation:

ksTb

ZDy = ]

; “)

where kg 1s the Boltzmann constant, 7" is supposed to be a constant and equals to 300 K, because
the Joule heat is small for the pre-breakdown phenomena.

Function f(E) describes the dependence of the ionization (dissociation) rate on the electric
field intensity. The expression, describing it, was obtained by Frenkel for the solid dielectric and
generalized by Ostroumov in [4] for the case when Z > 1 with ion chemical bonds in molecules.
It was used in the present research, and has the form

|Ze|3/2

B VTEEkpT’

The value of valence Z for dissociating molecules of transformer oil was taken from [9], and

f(E)=exp (BE['?), B Z=2,  £=25 5)

the dielectric constant of transformer oil € was taken from [4]. This function f of the high field
shock ionization rate is not well known for gases.
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The equations, describing creation and annihilation of the space charge, high voltage con-
ductivity and the electric field distribution can be written as [5]

L L 9 A 1
Jdo ) ksTbAc  of O
—+(V,Vo) +b*(E,Vq) — —exp (BE['/?) + — =0,

ot Ze|] Z  esg €€

where ¢ is the bulk charge, V is the velocity vector, o is the electrical conductivity.

The well-known hydrodynamics equations should be added to equations (6) to construct
the closed system of equations. The first of them is the continuity equation for incompressible
media

divV =0. (7

We used the equation (7) to obtain electrodynamic equations (6). For our purpose it is enough
to consider the law of momentum conservation without considering the law of energy conser-
vation. The momentum conservation equation can be written as

du du du ap ’u  d%u
P(E*“(&) +V<a—y>> = _$+“<W+a_y2> ko

adv adv av ap 0%v 9% ®)
P(a*“(a) +v<3_y>> - ‘a_y“‘(ﬁw—yz) b

Some properties of oil and the initial conditions for the system of equations (6)—(8) are

i =0.00016 Pas, p =800 kg/m>, op= 10713 Ohm~'em™!,

C))
Pli—o =Py =10’ Pa, qli=0 =0, Vl]i=0 = 0.

Upon further calculation, the following boundary conditions were adopted: the condition of
adhesion on the surface of the electrode-wire and flat electrodes was set:

V|8A =0,

where dA is the boundary of the electrodes.
At the remaining boundaries of the computational domain, the condition of free flow was

set:
oV

on
2

bl

Q

where n is the external unit normal to the boundary dQ of the calculation domain Q.
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Figure 1: Graphics of the constant flow jets (12) for U = 4 kV and debit 0.1 L/s for different time moments.
The quasi-stationary analytical electrodynamic solution of equations (6) for the spherical

symmetry electrical potential distribution in quasi-neutral medium can be obtained from charge
conservation law (this well-known law can be obtained from equations (6) too). This solution

looks like 12
1 8 €€ . 8
O ) I =

1
Elexp (%Evﬂ) - 9(r0)| =U.

sign(¢9(ro)),

(10)

n 47'50'()7’2,

This quasi-neutral solution (10) is zero approaching of hydrodynamic space charge transfer
differential operator series [10]

g=Y (tvV) oEVT, (11)
i=0

where 7 is the charge relaxation time. Mathematical space of differential operators, obtained
in [10], is not the Banach one. The quasi-exponential dependence as dependence [6] for volt-
ampere pre-breakdown characteristics calculations of high voltage spherical capacitors can be
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obtained from (10). These deviations were explained in [3] for plan capacitors early. The Laplas
condition of pre-breakdown electric field, obtained in [7], can be also obtained from (10).

In contrary to the unipolar conduction solutions of our equations (6), the analytical formulae
for pre-breakdown volt-ampere characteristics can be obtained analytically only for the case
of cylindrical symmetry. This solution was obtained for slightly ionized gases in [16] early.
The non-stationary hydrodynamic solution of equations (6)—(8) with the use of (9) and (10) for
development of weakly conductive liquid jet flows from high voltage pinpoint electrode is

_ egoU%(t—1)sin? 0
N 32npr '

g (12)
The graph of solution (12) is shown in figure 1. According to this graph, the jet flows are more
developed, when time increases.

3 NUMERICAL CALCULATIONS

Numerical calculations of the isothermal two-dimensional system of equations (7)—(10) were
carried out for the “wire above the plane” configuration of electrodes mentioned above. The
need to determine the maximum speed of the fluid is important task due to the cooling prob-
lem of low-power non-pressure 10 kV transformers. We believe that the voltage inside such a
transformer is proportional to the generated one and can reach value of 500 V and higher. The
method applied and solving system of equations was described in detail earlier [17].

Calculations, mentioned in this paper, were carried out for the wire with square cross-section.
This was done because the transverse dimension of the wire is much smaller than the linear
dimensions of the calculation region. This region has to be not less than the distance from the
wire to the flat electrode, and, in its turn, should be quite large to minimize the influence of
boundary conditions on the calculation. As a compromise on the speed of calculation and flow
details outside the region of wire electrode such a grid was chosen, in which the size of each
side of the wire electrode equals to 8 computational cells.

When conducting full-scale experiments and in reality the cross section of wire electrode is
a circle. There is a question: how reliable are the simulation results with the square-shape elec-
trode and how much are they differ from the simulation results with a round-shape electrode?
To determine this, four calculations were carried out: two on a coarse grid, figure 2(a, b), with
a wire of square and “round” (as far as possible) cross-sections, and two on a finer grid with
a similar sectional view, figure 2(c, d). The calculations were carried out until the flow was
completely established.

Coarse grid parameters: 100 x 100 cells, cell size equals to 0.0005 m or 0.5 mm. Parameters
of the finer grid: 500 x 500 cells, cell size equals to 0.0001 m or 0.1 mm.
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(b)

(c) (d)

Figure 2: Square (a, ¢) and round (b, d) wire cross-sections on a coarse (@, b) and more detailed (¢, d) grids.

Figure 3 demonstrates the axial velocities of fluid motion between the electrode-wire and the
electrode-plane without taking into account the effect of the bulk charge. Voltage between the
electrodes equals to 500 V. Inter-electrode distance equals to 2 cm. Different configuration of
the wire cross-section and various fineness of the calculation grid are presented without taking
into account the effect of space charge. One can see in figure 3 that the result has not changed
qualitatively, but the shape of the electrode affects the quantitative result quite strongly. The
maximum flow speed on the straight line connecting the electrodes increases with increasing
fineness of the grid. In addition, when calculating on a fine grid in the region of a square-section
electrode, the reverse flow is noticeable at a distance of 18 to 20 mm from the flat electrode,
shown by the arrow in figures 3 and 4. Besides, the maximum of fluid velocity is greater if the
shape of the wire cross-section is close to rounded.
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Figure 3: Distribution of the axial velocity between the electrodes in the electrode system “wire above the plane”
in the axisymmetric electro-hydrodynamic flow of a weakly conducting liquid.

Velocity, m/s
—2.5e-03

0.0015

| “\‘ -0.0005

0.001

—0.002

-0.0

Figure 4: Streamlines and magnitude of the velocity for a weakly conducting liquid in an electric field without
taking into account the effect of space charge. The cross section of the wire-electrode is square.
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Figure 5: Same as in figure 4 but for the round cross section of the wire-electrode.

Figures 4 and 5 present comparative pictures of the motion of a weakly conducting liquid in
the region of electrodes at a voltage of 500 V using a grid of 500 x 500 cells. It can be seen that
in a case of the electrode with a circular cross section, the jets on both sides of the electrode
are combined in a single jet at a distance of 10 mm from the flat electrode. In a case of the
quadrate electrode, these two streams remain disconnected. It is also evident that the maximum
fluid velocities are observed not in the central jet on the connection line of the two electrodes,
but on both sides of the electrode-wire. And, as it was already mentioned earlier, there is a
noticeable upward flow near the square electrode. This is not observed near the electrode with
circular cross-section.

4 CONCLUSIONS

e For the pre-breakdown volt-ampere characteristics of transformer oil and liquid heptane,
the squared current—voltage dependencies are obtained, and with decreasing electrode
distance they become quasi-exponential. In addition, as the electrode distance decreases,
the pre-breakdown current increases; this agrees with the results of the experiments.

e This work shows how fineness of the calculation grid and the cross-section of the wire
electrode influence on the weakly conducting liquid flow in the inter-electrode space.
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Flow structures and velocity distribution are obtained both for square and round shape
of the wire electrode. The maximum axial velocity between the electrodes increases if
the wire with the round cross-section is considered. Besides that, it is shown that this
maximum axial velocity increases while using finer calculation grid. Further conclusions
about what cross-section form should be chosen can be made after conducting relevant
experiments.
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Summary. In a wide temperature range, including the semiconductor-metal phase transition
region and the near-critical region, the results of modeling the silicon phonon thermal
conductivity are presented. Since the transfer of thermal energy is carried out by phonons and
free charge carriers, it is necessary to take into account both the contribution of phonons and
electrons in the total thermal conductivity. In contrast to metals, heat transfer in silicon in the
solid state is determined by phonon thermal conductivity. Although the contribution of the
electronic component to the total thermal conductivity increases with increasing temperature,
the inclusion of phonon thermal conductivity is of particular importance in liquid silicon. At
higher temperatures, phonon thermal conductivity plays an important role in the modeling of
the mechanisms of interaction of pulsed laser radiation with silicon in the framework of the
two-temperature continuum model. Obtaining the temperature dependence of phonon thermal
conductivity in such a wide temperature range from experiment is problematic. In this work,
phonon thermal conductivity was obtained in the range 300 < T < 6500 K from molecular
dynamics simulation using the KIHS potential.

1 INTRODUCTION

Over the past decades, laser processing of silicon by short pulses has been developing
rapidly. The possibility of introducing of a large amount of energy into a densely localized
region through laser irradiation has been used in a large number of applications. Among them
are such as the production of nanomaterials [1-4], surface nanostructuring [5, 6], chemical
and physical synthesis [6—8]. Therefore, the fundamental mechanisms of the interaction of
short-pulse laser radiation with a silicon target cause a long-term steady interest of
researchers. A recognized tool for the theoretical study of laser interaction with a target is
mathematical modeling. The problem of the adequacy and reliability of simulation results is
associated with determining the properties of the target. The information on the temperature
dependence of thermal conductivity is a necessary characteristic of a target when modeling
laser heating of a substance using continuum models [9]. It is known that in accordance with
the classical concepts, in a solid there are two mechanisms of heat transfer: elastic lattice
vibrations and free electrons, therefore, thermal conductivity can be represented by lattice and
electronic components. However, the contributions of phonon and electronic thermal
conductivities at high temperatures are difficult to obtain from experiment. Therefore, in this
work, the study of the thermal conductivity of the silicon lattice is carried out in the

2010 Mathematics Subject Classification: 82C26, 68U20, 74A15.
Key words and Phrases: Molecular Dynamics Simulation, Near-Critical Region, Phonon Thermal Conductivity
of Silicon.
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framework of the atomistic approach, which gives an understanding of the thermal behavior
of silicon at the nanoscale.

Atomistic models are a system of differential equations that describes a set of interacting
particles (atoms, ions, molecules). When using atomistic models to study various properties of
substances, the most important role is played by the choice of the interaction potential
between the particles, since the reliability of the results obtained directly depends on it.

The construction of the interatomic interaction potential for silicon has a number of
features and is more complicated than for metals. Therefore, in order to determine the
applicability of the selected interaction potentials in certain particular conditions, careful test
calculations are required. This problem is especially acute in materials with covalent bonds,
which include silicon. In [10], based on a comparison of the interaction potentials, it was
found that the most suitable for modeling silicon are the Stillinger — Weber potentials (SW)
and KIHS [11-13]. In this study, the KIHS potential was used to simulate the phonon thermal
conductivity of silicon.

The thermal conductivity of phonons of single-crystal silicon was simulated over a wide
range of temperature values using the widespread LAMMPS (Large-scale Atomic/Molecular
Massively Parallel Simulator) application package [14]. It implements support for many pair
and many-particle short-range potentials, it is possible to write atomic configurations to a text
file, and thermostats and barostats are built-in. The computational algorithm is based on the
Verlet finite-difference scheme [15]. The velocity and pressure for the ensemble of particles
were adjusted using a thermostat and a Berendsen barostat [16].

The determination of phonon thermal conductivity in the framework of classical molecular
dynamics is a complex problem. Despite the fact that research on the theoretical
determination of the thermal conductivity of a silicon lattice has been going on for several
decades, it has not been possible to obtain the temperature dependence in a wide range
necessary for mathematical modeling, which confirms the complexity of the problem. The
results of modeling the phonon thermal conductivity of silicon, as a rule, contain values at
one, two, or three temperatures [17-21], either a temperature dependence, but only for the
solid phase [22-28], or a narrow range dependence near the melting point [29].

The most common methods for calculating thermal conductivity are the direct method
“heat source - sink” [17, 30, 31] and the Green-Kubo method [17, 30, 32]. The direct method
i1s nonequilibrium, it is based on the application of a temperature gradient on the modeling
cell, and therefore is similar to the experimental situation. The Green-Kubo method is
equilibrium; it uses current fluctuations to calculate the thermal conductivity using the
fluctuation-dissipation theorem [33]. Thermal conductivity, according to the Green-Kubo
method, can be expressed through the autocorrelation function of the microscopic heat flux. A
detailed analysis of the use of both methods for calculating the phonon thermal conductivity
of silicon was carried out in [17]. One of the advantages of the direct method, in comparison
with the Green-Kubo method, is the saving of computational resources, which is very
important, sometimes determining for choosing a modeling method. For example, as noted in
[17], for a direct method, a simulation time of 1 ns is sufficient to obtain a smooth
temperature profile, and the value of x converges to within £ 10%, the same simulation time
using the Green-Kubo method leads to statistical errors up to £ 50%. Both methods
demonstrate the effects of finite size. These effects arise if the mean free path of phonons is
comparable to the size of the simulation cell. For a system such as Si, the required size of the
computational domain to achieve a completely convergent value of x may be beyond the
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reach of atomistic modeling. Finite size effects impose a restriction on the smallest length of
the computational domain. The thermal conductivity of silicon can be obtained by a direct
method from modeling systems of different sizes and extrapolating the results to a system of
infinite size. The equilibrium Green-Kubo method, in comparison with the direct method, has
an advantage for calculating the thermal conductivity of highly anisotropic materials [30].

The Evans method [34, 35] is characterized by the combination of the elements of the
equilibrium (Green-Kubo) and nonequilibrium perturbation method developed in [36.37].
Like the direct method, the Evans method reduces the computational time required to obtain
the phonon thermal conductivity. Like the Green-Kubo method, this method is well suited
only to describe the properties of homogeneous systems.

Along with classical molecular dynamics, the ab-initio approach [19, 22], the method of
lattice dynamics and molecular dynamics based on the solution of the Boltzmann equation
[38, 39], are also used to determine phonon thermal conductivity.

In this paper, the direct method (DM) was chosen as the most simple and economical from
a computational point of view as an approach to determining the temperature dependence of
the phonon thermal conductivity of silicon using molecular dynamics (MD).

The aim of this work is to obtain the temperature dependence of phonon thermal
conductivity in the range from normal conditions to the critical region using the KIHS
potential [11-13] in the framework of the DM of molecular dynamics modeling. The obtained
temperature dependence of phonon thermal conductivity is planned to be used in the
continuum simulation of laser evaporation of silicon.

2 STATEMENT OF THE PROBLEM. COMPUTATIONAL ALGORITHM.

To determine the thermal conductivity of the phonon subsystem of silicon, a series of
calculations was performed based on molecular dynamics models. The phonon thermal
conductivity was determined on the basis of the DM.

DM is a method of nonequilibrium molecular dynamics (NEMD), where regions of a heat
source and sink are created in a modeling cell to apply a constant heat flux along the direction
of interest. The thermal conductivity x;,, is determined by the known heat flux according to
the Fourier law [40]

orT
W=-x, . (1)
where W is the heat flux, x is the coordinate in the direction of flux. The difficulty in applying
the direct method to solids lies in the fact that the size of the modeling region should be much
larger than the mean free path of phonons in a substance. For a crystal, this is difficult to do,
because requires a very large size of the computational domain and, accordingly, a very large
number of atoms. For example, 500 million atoms were used in [41]. Therefore, when
calculating with a small number of atoms, the thermal conductivity coefficient turns out to be
dependent on the length of the region due to phonon scattering at the boundary. Therefore, to
limit the size of the simulation cell and make the simulation feasible, you can use the scaling
procedure in which thermal conductivity is determined for several lengths of the simulation
cell along the x direction. Then, the inverse dependence of the thermal conductivity 1/xy,, is
constructed with respect to the inverse value of the length of the simulation cell, 1/L, and the
thermal conductivity is determined by extrapolating the data 1/L. — 0 [17]. Such a procedure
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is justified by the expression for thermal conductivity obtained from the kinetic theory [17,
31]. Another disadvantage of the direct method is that the temperature gradient must be large
in order to reduce the influence of temperature fluctuations. Also, the average temperature is
reached only in the middle of the region, and the rest of the region is at a temperature different
from the average value.

The simulation domain in the form of a parallelepiped with sizes of 10x10%20 unit cells
(lattice constant 0.543 nm) with periodic boundary conditions along three axes was
considered. As the interaction potential, the KIHS potential is used [13]. The region along the
x axis was divided into 20 intervals, and heating is performed in the first interval, and the heat
sink is in the 11th. At each time step, a fixed amount of heat dQy was pumped into the heating
region, and the same amount was taken from the sink region. The heat flux W was calculated
as

W = dO/(SNd1)/2, )

where dQ = NxdtxoQy is the total energy released, where 0Qy is the energy released in 1 time
step, N is the number of time steps, dt is the time step size, S is the cross-sectional area of the
region. Division by 2 is used due to periodic boundary conditions, i.e. heat distribution goes
in 2 directions. Then, the resulting temperature gradient was calculated, and the Fourier law
(1) was used to obtain thermal conductivity. The choice of time step depended on
temperature, and took the values from 3 fs at 300K to 1 fs at 4000K and higher.

3 MODELING RESULTS

Fig. 1 shows the time-averaged spatial temperature profile used to calculate the thermal
conductivity. The average temperature is 1690 K. In a small region (~ 8 nm), a very nonlinear
temperature profile is observed in the immediate vicinity of the source. The same strongly
nonlinear temperature profile is also observed near the sink. In the intermediate region, the
temperature profile is close to a linear dependence. This gap between the heat source and the
heat sink is indicated on the graph (Fig. 1) by dashed lines. In this interval, a temperature
gradient was measured. The presence of a heat source and heat sink and the use of periodic
boundary conditions create a current in two opposite directions. Since the heat flux passes
along a clearly defined direction in the lattice, a single simulation can be used to obtain
thermal conductivity along only one direction of the crystal lattice. Therefore, the heat flux
was determined by a series of calculations. For the crystal, calculations were carried out for 5
different sizes of the region from 20 to 320 unit cells with a constant cross section of 10x10
cells. The maximum number of atoms was 256,000.

The heat flux (2) was determined from the temperature difference between the heating and
heat sink areas, for which the instantaneous temperature difference was averaged over the
entire calculation time after establishing the stationary distribution. To increase the accuracy
of the calculations, the temperature difference was calculated not over the entire interval
between the source and the sink, but in its central part with a length of 0.8 of the full length.
The calculation time varied from 480 ps for a temperature of 350 K to 3.8 ns at 1550 K and a
higher temperature.

To calculate the thermal conductivity from the Fourier law (1), the scaling procedure
described above was used. The inverse dependence of the thermal conductivity 1/, was
constructed with respect to the reciprocal of the length of the simulation cell 1/L, and the
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thermal conductivity was determined by extrapolating the data 1/L — 0. For the liquid state,
only one calculation was performed for a size of 40 cells, for large sizes the results were
approximately the same. Fig. 2 shows the dependences of the reciprocal of the thermal
conductivity on the reciprocal of the size of the region for two temperatures 350 K and
1550 K.
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Fig. 1. Spatial profile of the temperature at one of the time instants.
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Fig. 2. Dependence of the reciprocal of the thermal conductivity on the reciprocal of the size of the
region for two temperatures.
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The results of calculations on the graph are shown by red lines and markers. Extrapolation
was performed using the least squares method at the three points corresponding to the longest
lengths of the region (red lines and markers in Fig. 2).

Fig. 3 shows the obtained temperature dependence of the phonon thermal conductivity
with the experimental data [42] and the data from [29] for the Stillinger — Weber potential, as
well as a theoretical estimate [44, 45]. The dashed line shows the extrapolation of the phonon
thermal conductivity to the critical point. In this work, we used the silicon critical point
parameters 7., = 6750£250 K, p.ir = 0.24+0.06 g/cm3, P..;; = 800+300 bar obtained from
molecular dynamics modeling with the KIHS potential in [43].

According to theoretical concepts [45], the thermal conductivity of the lattice of crystalline
silicon is calculated as follows

1 _
Klat(T)zgcvpa)FlF (3)

where w; is the velocity of sound, or the group velocity of thermal vibrations of phonons;

] ~1s the average mean free path of elastic waves - phonons; ¢, is the specific heat of the

lattice, p is the density. Figure 7 shows the approximation of the theoretical estimate (blue
line) obtained in [44]

Kia(T) = 15,85 %Tjp** W/mK

Phonon thermal conductivity is difficult to obtain from experiment, therefore, experimental
data are given for the total thermal conductivity of silicon.

Tm ! ——x(T) - Terit
100 E Trlweoretical :
] - dependence [44]
X : [29] !
£ { o [42] §
= ’ |
= i
MC_U
'Vapor

Tx10°, K

Fig. 3. Temperature dependence of the phonon thermal conductivity of silicon (this work),
experimental data for total thermal conductivity [42], and data from [29] for the Stillinger-Weber
potential. A theoretical estimate for the solid phase is also given [44].
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In crystalline silicon, phonon thermal conductivity is decisive. The difference between the
calculation data with the KIHS potential and the experimental values of the total thermal
conductivity is approximately 60% at 350K. At the melting temperature, the difference from
experiment doubles, which is explained by an increase in the contribution of electronic
thermal conductivity to the total thermal conductivity. A comparison of the results of
calculations with a theoretical estimate [44, 45] shows a qualitative coincidence.

At the semiconductor-metal phase transition, the phonon thermal conductivity decreases
stepwise, which is explained by the destruction of long-range bonds. At the equilibrium
melting temperature 7,, = 1687 K, the jumps in the phonon thermal conductivity of silicon is
88.9%. In the calculation of thermal conductivity with the Stillinger — Weber potential [29],
the jump estimate is 92.08%.

After melting, silicon from a semiconductor becomes a metal, because of which the
electronic component in the thermal conductivity becomes decisive [46, 47], and the phonon
component differs significantly from the experimental data on total thermal conductivity.

The difference between the phonon thermal conductivity in the liquid of the potentials
KIHS and SW [29] is 60%. At a temperature of 2000 K, the difference between the results
obtained in this work and the data obtained using the ab-initio approach from [19] is 30.8%
(0.91 and 0.63 W/(mK), respectively).

At the temperature 7> 5000 K, phonon thermal conductivity tends to decrease, which does
not contradict theoretical concepts. In the near-critical region, the phonon thermal
conductivity obtained from the simulation results is approximately 0.47 W/(mK) at
T = 6500K, approximately the same value at temperature 7' = T, (0,45 W/(mK)).

4. CONCLUSION

1. Based on a series of calculations by the direct method using molecular dynamics
modeling, the temperature dependence of the phonon thermal conductivity of silicon was
obtained in the temperature range 300 <T <6500 K. The KIHS potential was used in the
simulation.

2. Comparison of the simulation results with the KIHS potential (this work) with the
simulation results with the Stillinger — Weber potential [29] showed that for high-temperature
processes (7, <T <T.,.;) in silicon, the best results are achieved when the KIHS potential is
used, in contrast to low-temperature processes (7' < T,), where the classic Stillinger —-Weber
potential has an advantage.

3. Comparison of the results obtained at a temperature 7= 2000K with the results obtained
using the ab-initio approach [19] showed a slight discrepancy of 30.8% (0.91 and
0.63 W/(mK), respectively).

4. Comparison of the results of modeling of the phonon thermal conductivity with the
experimental values of total thermal conductivity [42] makes sense only in crystalline silicon
in the range 300 K <7 <1000 K, since at a temperature above 7> 1000 K the degeneracy of
charge carriers increases, the band gap decreases, which leads to a rapid increase in the
concentration of carriers and, accordingly, to an increase in the thermal conductivity of
electrons [46, 47]. The difference between the phonon thermal conductivity and the total
thermal conductivity with increasing temperature will only increase, especially after a phase
transition in liquid silicon. After melting at the equilibrium melting temperature 7, = 1687 K
from the side of the solid phase, the phonon thermal conductivity obtained from molecular
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dynamic modeling (MDM) is 2.9 times less than the experimental data and theoretical
estimate. From the side of the liquid phase, the phonon thermal conductivity obtained from
MDM is ~ 50 times lower than the experimental values of the total thermal conductivity.

5. In the near-critical temperature range of 5000 K <T <Tgi, the phonon thermal

conductivity decreases, which does not contradict theoretical concepts, and at T = Ty its
value is approximately x;,, =<0 .45 W/(mK).
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Summary. The article is devoted to a comparative assessment of the accuracy for solvers
of the OpenFOAM open software package. As a test problem, we consider the classical two-
dimensional problem of a supersonic inviscid compressible flow falling on a flat plate at an
angle of attack. As a result, an oblique shock wave is formed before the start of the plate. The
simulation results for the solvers considered in comparison are compared with the known
exact solution. Calculations for all solvers participating in the comparison were carried out
with the same setting of the parameters of the incident flow and angle of attack. Special
attention was paid to QGDFoam solver, which has controlled dissipative properties. For this
solver, within the framework of a general comparison, calculations were carried out with a
variation of the parameter that allows controlling dissipative properties. The results of
estimates of deviations from the exact solution in various norms for all solvers are given.

1 INTRODUCTION

A comparative assessment of the accuracy and efficiency of numerical methods and
algorithms for mathematical modeling of CFD problems has been the subject of special
attention of researchers throughout the development of mathematical modeling. Over a long
period, a certain set of CFD test problems has developed, and the verification of the efficiency
of the developed numerical method was based on testing the method on this set of problems.
These aspects are reflected in a fairly large number of reviews, for example, [1, 2].

Currently, the task of comparative assessment of numerical methods accuracy has not lost
its relevance. New technical problems and the appearance of new mathematical models entail
intensive development of numerical methods. Developed new numerical methods and
algorithms are often implemented in the form of solvers integrated into various software
packages, both commercial and open. In this process, not always and not all solvers pass a full
test on the classical set of test problems. This set can include such well-known problems as:
falling an oblique shock wave onto a plate, rarefaction wave, forming a boundary layer on a
plate or a smooth curved surface, flow in front of the obstacle, flow in front of a spherically
blunt obstacle, flow around a cone, flow behind a ledge, flow in the far wake. Such a set of
tests provides testing of a numerical method and its software implementation for
mathematical models, describing both inviscid flows and viscous ones.

It should be noted that the analysis of the accuracy of numerical methods in the simulation
of discontinuities has been relevant since the main directions and approaches to the simulation
of flows with shock waves were formed. Two major directions were formed here - methods
for gas-dynamic flows modeling without marking discontinuities and methods where
discontinuities were defined as boundaries of a flowfield. A detailed description of these
directions can be found in [3,4]. Both directions are characterized by a large number of
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numerical methods implemented in their framework. As examples of approaches without
isolating of discontinuities, one can cite papers [5-9].

Methods that use the isolating of discontinuities in the form of the boundaries of the
computational domain can be found, for example, in [10—12]. Practical experience of using
both approaches has shown that both approaches have both clear advantages and obvious
disadvantages. Thus, numerical methods without isolating of discontinuities require to make
the computational grid more detailed in the vicinity of discontinuities and, as a result, give a
vague picture of the flow structure. In turn, methods that use discontinuity detection encounter
problems when modeling rapidly changing structures of shock waves, which leads to the need
for a rapid restructuring of the geometry of the computational regions and the introduction of
scenario approaches for organizing such a restructuring. Nevertheless, serious attempts are
being made to overcome such difficulties in both directions.

For methods without isolating discontinuities, it is possible to note the work [13]. The
approach proposed in this paper makes it possible to clearly identify the locations of
discontinuities by automating the processing of the computed results. In this approach, gas-
dynamic functions are considered as the intensity of the image, and the values of the functions
at each point as the elements of the image (pixels). A differential detector is used and a
detectable fracture is classified using discrete analogs of gas-dynamic relations performed at
the discontinuity. The stated approach does not depend on the specific type of the problem
being solved and does not require any a priori information about the flow. As an example of
an approach combining both directions, we can mention the method of dynamic adaptation
presented in [14-18]. The method is based on the transition to an arbitrary nonstationary
coordinate system in which not only grid functions, but also coordinates of grid nodes are
unknown. According to [18], this approach allows for calculations using methods without
1solating discontinuities with automatic condensing of grid nodes to the solution features, and
with explicit selection of moving boundaries and discontinuities when necessary. It should be
emphasized that for methods that do not use the selection of boundaries, an analysis of the
solution behavior at a discontinuity and an assessment of the accuracy are necessary.

This paper is devoted to comparing the accuracy of solvers of an open software package
OpenFOAM [19] at an oblique shock wave and continues the research on the comparative
assessment of numerical methods accuracy on classical test problems. At the previous stages
of this study, a comparative assessment was made of the accuracy of the OpenFOAM solver
group for the task of flow around a cone under the angle of attack. Studies were performed
with a variation of the Mach number, the angle of the cone and the angle of attack in wide
ranges with the selected step. Thus, a study was performed for a class of problems defined for
these determining parameters within the ranges of variation. The results of the comparison
with the well-known tabular solution allowed us to construct the dependence of the error on
the determining parameters for each solver and to make a comparison for the class of
problems in question. The main results are presented in [20-23].

It should be noted that these numerical studies were based on the principles of constructing
a generalized computational experiment [24-27]. The construction of such an experiment is
based on numerical parametric studies and the solution of optimization analysis problems.
Solving such problems implies a multiple solution to the direct problem of numerical
modeling of a gas-dynamic process with various input data. The defining parameters of a
class of problems, such as the characteristic Mach number, Reynolds number, geometric
parameters, etc., vary in certain ranges with a certain partitioning step. As a result, the
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resulting solution is a multidimensional volume of data. To analyze this volume, modern
methods of data analysis and visual analytics are used.

In this paper, a comparison is made for the solvers of the OpenFOAM (Open Source Field
Operation And Manipulation CFD Toolbox) open source software package. This is a free
software product created for solving problems of hydro and gas dynamics. Widely used in
many areas of science and technology, the OpenFOAM package contains a number of solvers
with different computational properties. The OpenFOAM package also allows one to develop
new solvers on the platform of package. Four solvers participated in the comparison: two
standard solvers - rhoCentralFoam and sonicFoam and two new solvers - pisoCentralFoam
[28] and QGDFoam [29,30]. The last two solvers were developed by teams of Ivannikov
Institute for System Programming and Keldysh Institute of Applied Mathematics of the
Russian Academy of Sciences. It should be noted that the QGDFoam solver has a controllable
parameter that allows one to adjust the dissipative properties of the numerical method, which
is extremely important in suppressing unwanted oscillations at shock waves. The research in
this paper for QGDFoam was performed with a variation of this parameter.

Previously, most comparative estimates of numerical methods accuracy in simulating a
shock wave were reduced to a comparison of the width of the shock wave spreading zone
along a selected line crossing the discontinuity. In this paper, we use error estimates for the
entire flow field in the computational domain in different norms.

2 FORMULATION OF THE TEST PROBLEM

In this paper, the classical two-dimensional inviscid problem of modeling an oblique shock
wave is used to compare solvers. The general flow scheme is shown in Fig. 1. A supersonic
gas flow with Mach number M at an angle B falls on a flat plate. At the beginning of the plate,
an oblique shock wave S occurs. This problem is considered within the framework of the
Euler system of equations and has an exact analytical solution.

0.5

0 0.5 1

Fig.1. Flow scheme.

At the input boundary, the parameters of the external flow are specified for the Mach
number M and a certain value B. On the part of the lower boundary corresponding to a flat
plate, a no-flow condition is specified. At the output boundary, we set the derivatives of gas-
dynamic functions equal to zero along the normal to the boundary. On the upper boundary for
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the velocity components the boundary conditions are set similarly to the conditions for the
input boundary. For the remaining gas-dynamic functions of the upper boundary the
conditions are set similarly to the conditions for the output boundary.

3 THE PROCEDURE OF COMPARISON

The solution of the problem was performed using 4 solvers of the OpenFOAM software
package. These solvers were: rhoCentralFoam, sonicFoam, pisoCentralFoam, QGDFoam.
We give below their brief characteristics.

Solver rhoCentralFoam — is based on a central-upwind scheme, which is a combination
of central-differential and upwind schemes [31,32]. The essence of the central-upwind flow
schemes consists in a special selection of the control volume containing two types of
domains: around the boundary points - the first type; around the center point - the second
type. The boundaries of the control volumes of the first type are determined by means of local
propagation velocities. The advantage of these schemes is that, using the appropriate
technique to reduce the numerical viscosity, it is possible to achieve good solvability for
discontinuous solutions — shock waves in gas dynamics, and for solutions in which viscous
phenomena play a major role.

Solver sonicFoam is based on the PISO algorithm (Pressure Implicit with Splitting of
Operator) [33]. The basic idea of the PISO method is that two difference equations are used to
calculate the pressure for the correction of the pressure field obtained from discrete analogs of
the equations of moments and continuity. This approach is due to the fact that the velocities
corrected by the first correction may not satisfy the continuity equation, therefore, a second
corrector is introduced which allows us to calculate the velocities and pressures satisfying the
linearized equations of momentum and continuity.

Solver pisoCentralFoam is a combination of a central-upwind scheme [28] with the PISO
algorithm.

Solver QGDFoam [29,30] is based on a system of quasi-gas dynamic equations [34-36]
developed by a research team led by B.N. Chetverushkin. A quasi-gas dynamic algorithm is
built on the basis of a mathematical model that generalizes the Navier-Stokes system of
equations and differs from it by additional dissipative terms, having the form of second spatial
derivatives with a small parameter in the form of a coefficient [36]. The principal difference
of QGD (quasi-gas dynamic and quasi-hydrodynamic) systems from the Navier-Stokes
system of equations is the space-time averaging for determining the main gas dynamic
quantities. The presence of a controlled parameter with dissipative terms makes it possible to
successfully suppress unwanted oscillations at discontinuities. The calculations used the
values of this parameter in the range from 0.1 to 0.3.

To organize the comparison, the unification of calculations was performed. There are two
ways in the OpenFOAM package to select the approximation variant of differential operators:
directly in the solver’s code or using the fvSchemes and fvSolution configuration files. To
make the comparison correct, we used the same parameters, where it was possible, acting in
the same way as [20-23]. The following parameters were selected in the fvSchemes file:
ddtSchemes — Euler, gradSchemes — Gauss linear, divSchemes - Gauss linear,
laplacianSchemes — Gauss linear corrected, interpolationSchemes — vanLeer. In the
fvSolution file: solver — smoothSolver, smoother — symGaussSeidel, tolerance — 1e—09,
nCorrectors — 2, nNonOrthogonalCorrectors — 1.
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To estimate the deviation of the obtained numerical results from the known exact solution
in the entire computational domain, analogs of the L2 norms were used

02 = V2mlYm — V&2V, [ Sl yeact|2y,
and L1

01 = ZmlYm — yim Vi / Zml v | Vi

Here, yn, is the pressure p, the local Mach number Ma, the density p in the cell, and Vy, is
the volume of the cell. All calculations were carried out with setting the following flow
parameters: flow angle = 6 °, Mach number M., = 2, pressure P, = 101325 Pa, temperature
T, =300 K.

4 CALCULATION RESULTS

Calculations for all solvers allowed us to obtain a well-known flow pattern for the
simulated oblique shock problem. A typical flow pattern is shown in Fig. 2 as a pressure
distribution in the computational domain. The presented pressure distribution was obtained
using rhoCentralFoam solver. The destruction of the solution was not observed for any of the
solvers, which testifies to the high stabilizing properties of all solvers participating in the
study.

1.580e+005

= 1.4166e+5

HIM °

1.275e+5

Z X E’—Lmaams
1.013e+005

Fig. 2. Typical pressure distribution.

T

For all solvers, comparisons were made with the known exact solution [2]. The results are
presented in tables 1 and 2 for the norms L1 and L2, respectively. The bold font indicates the
minimum values. Further, in the tables for solvers, the abbreviations are used: rCF
(rhoCentralFoam), pCF (pisoCentralFoam), sF (sonicFoam), QGDF (QGDFoam). The
deviations from the exact solution over the entire computational domain were calculated for
the local Mach number Ma, pressure p and density p.

The upper row of both tables shows the value of the parameter a given for the QGDFoam
solver, which allows adjusting the additional artificial viscosity.
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| voF | F | G | wots | wos | w3
Ma | 0.000592 | 0.000768 [0.001014 | 0.000646 0.000668 0.000757 0.001005
p |0.001755 | 0.001902 [0.003182 | 0.002245 0.002203 0.002406 0.003061
p | 0.001350 | 0.001480 | 0.002211 | 0.001549 0.001532 0.001677 0.002131
Table 1. Norm L1, M=2, = 6°
S L N O O A £ 4
Ma | 0.004231 | 0.004572 | 0.005504 | 0.004086 0.004318 0.004699 0.005500
p | 0.013287 | 0.013744 | 0.017505 | 0.014393 0.014734 0.015647 0.017753
p | 0.009331 | 0.009633 | 0.012146 | 0.009940 0.010222 0.010860 0.012305

Table 2. Norm L2, M=2, § = 6°

The results in the tables show that the smallest deviation from the exact solution for the
flow field in almost all cases is provided by the solver rhoCentralFoam. It can also be noted
that for the QGDFoam solver, decreasing the o parameter significantly reduces the error.
When evaluated in the L2 norm for the Mach number, the result of the QGDFoam solver
provides the smallest deviation from the exact solution.

We now turn from general integral estimates to a more careful consideration of the
behavior of gas-dynamic functions in the vicinity of the shock wave. Fig. 3,4,5 show the
results for all solvers in the form of a density, pressure and a local Mach number distribution
along the horizontal line AA,, crossing the computational domain at a distance from the lower
boundary equal to y = 0.15 (Fig 1). The exact solution is indicated by a dotted line. All

solvers are indicated by the colors shown in the corresponding table in the figures.
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Fig.3. The distribution of pressure in the vicinity of the shock wave.
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Fig.5. The distribution of the local Mach number in the vicinity of the shock wave.

The pattern of pressure distribution in the lower part of the shock and in the upper part is
shown in close-ups in Figures 6 and 7, respectively.
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Fig.7. Pressure distribution in the vicinity of the upper part of the shock wave.

The presented figures make it possible to judge the degree of spreading of the shock for all
the solvers considered in comparison. The result closest to the exact solution is provided by
the rhoCentralFoam solver. For solver QGDFoam, the effect of variation of the parameter a
is very clearly represented. A decrease in the parameter o brings the calculated results closer
to the exact solution; however, oscillations that appear are noticeable in the upper part of the
shock wave. This confirms the well-known fact that often the general assessment of accuracy
in the norm of monotone schemes that provide smooth solutions shows worse results than for
less monotonic schemes with oscillations. In the case of the QGDFoam solver, the user of the
solver has the opportunity to choose either to obtain a smooth solution, or to improve the
estimate at the norm.
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5 CONCLUSIONS

A comparative evaluation of solution accuracy for the four OpenFOAM solvers has been
made. As a test problem, we used the classical two-dimensional oblique shock problem
caused by the fall of a supersonic flow of an inviscid compressible gas on a flat plate at an
angle. The calculations were performed for fixed values of the parameters of the incident flow
and angle of attack. Comparison of results with the exact solution was carried out over the
entire field of calculated data using analogs of the norms L1 and L2.

The results obtained showed that in almost all cases the solver rhoCentralFoam provides
the smallest deviation from the exact solution. For solver QGDFoam, reducing the parameter
that controls the artificial viscosity can significantly reduce the deviation from the exact
solution, but at the same time, oscillations appear in the upper part of the shock wave that do
not destroy the solution.

The results of the comparative evaluation can be useful both for users of the OpenFoam
software package and for developers of the software content of this package.

In the future, the authors consider the expansion of a comparative estimate based on the
construction of a generalized computational experiment by varying the Mach number and
angle of attack for the oblique shock wave problem considered. It is also planned to solve an
optimization problem for the QGDFoam solver in order to find the optimal control of the
dissipative properties of the solver on strong discontinuities.
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AHHoTauusi. CpaBHEHHME QJITOPUTMOB M METOJOB — KpaeyrolbHbI KaMeHb J1000ro
WCCIIEIOBaHMS, TIO3BOJIIONINI 000CHOBATh, YTO MPETIOKEHHBIN MOIXO0/ IeTaeT mar BIepen
[0 CPaBHEHHUIO C MPEAbIAYIIMMH UCCIeI0BaHUSIMU. B Takux o0iacTsax, Kak KOMIBIOTEPHOE
3peHHe WIM MalliHHOE OO0YyYeHHE, CO3JaHO OTrPOMHOE KOJMYECTBO OTKPBHITHIX HAaOOPOB
JTAHHBIX, HAa KOTOPBIX MCCJIEI0BATENIN MOT'YT TECTUPOBATh CBOM QJITOPUTMBI M COPEBHOBATHCS
Ipyr ¢ apyroM. B kommberotepHoii rpaduke U HOTOPEATMCTUYHOM PEHAECPUHIE B HACTOSIINN
MOMEHT CUTYaIsi 00CTOUT MO-ApyromMy. OTKpBITEIX HAOOPOB CLIEH, HA KOTOPHIX Pa3IUYHbIE
UCCIIEIOBATEN B Pa3HBIX PEHNIEP-CHCTEMaxX MOTJIM OBl MOydYaTh COBMAJAIOMINAE (MM XOTS
ObI OJIM3KKE) N300pakeHUs], HE CYILECTBYET. DTO MPUBOIUT K TOMY, UTO B HAy4HBIX paboTax
npakTUKyeTcs T. H. “cherry-picking” — mnemaHTUYHBIA BBIOOP CIIEH W YCJIOBHM OCBEIICHUS
TakuM 00pa3zoM, 4TOObI MPOAEMOHCTPUPOBATH MPEUMYILECTBA Pa3pabOTaHHOIO aJlrOpUTMAa.
Takol MOAX0/l CUIIBHO MOHIKAET MPAKTUYECKYI0 3HAYUMOCTh UCCIICIOBAHUN — JJaKe eCiH
HOBBII METOJ] XOpoUIo paboTaeT Ha ONpe/leIEHHOM Kilacce CLEH, 3TO ellé He 3HAYUT YTO OT
HET0 MOKHO JIOOUTBCSI XOPOIIMX PE3yIbTaTOB B APYruX ciydasx. [1o 3Toi nmpuunHe MHOTHE
pEeHIEep-CUCTEMBl JIO CHUX HE BBIXOAAT 3a pPaMKU 0a30BbIX AJITOPUTMOB, HE JOBEpSs
pe3yJibTaTaM HUCCIICIOBAHUM.

B nmanHolf pabore Mbl HayanM 3amnoyiHATH 3TOT mpoOen. Hamu Obl co3nan
CHeHATbHBIA HA0OP clieH (T. H. «OEHYMAapK»), TO3BOJISIOMINN OLIEHUTH MPOU3BOAUTEIBHOCTD
UHTETPUPOBAHUS OCBEIICHUS B pPa3IMYHbIX CUTYyalUsX M, TakuM oOpa3oM, NpOSIBUTH
MIOJIOKHUTEIIbHBIE W OTPHUIIATEBHBIE CTOPOHBI PEHIEP-CHCTEM M AITOPUTMOB, HCIIOIB3YEMbIX
UMH B pa3IM4YHBIX YCIOBUAX (M300pa)KeHUs1 HEKOTOPBIX CLIEH Mpe/cTaBiieHbl Ha puc. 1). Mbl
BOCCO3/aJI1 MHOTHE CIIEHBI M3 W3BECTHBIX CTATEH MO KOMIBIOTEPHOW rpaduke u J100aBUIH
HEKOTOpbIE€ CIIEHbI, UCXOJs M3 cBOero ombiTa. Hama nenp — chenaTb Kak MOXKHO Oosee
MIOJTHOE TIOKPBITHE, 33JCHCTBOBAB KaK MOKHO MEHBIIE CleH U (YHKIIMOHAILHOCTH PEHAEp-
CHUCTEMBl [UI1 TOr0, YTOOBI TaKoe CpaBHEHHE OBbLIO JIETKO BOCIPOU3BECTH B JI000M
CYIIECTBYIOIIEN CUCTEME.

Jlns Banualuy Hallero 1mojaxoja ObUIO MPOBEJEHO MWJIOTHOE CpaBHEHME cpelu 4-X
nomyasipHbeIX mpoaykToB it Autodesk 3ds Max (VRay, Corona, Octane, Hydra Renderer) na
CKOpPOCTh MHTETPUPOBAHUS OCBELICHUS Ha pa3IM4HbIX cleHapusax. Hecmorps Ha To, uTo 3 U3
4-X cucTeM SBISIOTCS 3aKPBITHIMM KOMMEPYECKMMHU IPOAYKTaMU, HAM YJaJI0Ch ITOJIYYUTh JUIS
BCEX CIIGH COBIQJAIONINE WIA OJNM3KME HW300paKeHUs, 4YTO CBUICTEIBCTBYET O
KHU3HECTIOCOOHOCTH MPEUIaraéMoro HaMH 1o/IX0/ja CPaBHEHUS.

2010 Mathematics Subject Classification: 68U05, 68M20, 62MO05.
Key words and Phrases: Photorealistic rendering, integration of luminance, Monte-Carlo ray tracing.
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Summary. Comparison of algorithms and methods is the cornerstone of any research which
allows to prove that the proposed approach takes a step forward with a previous one. In areas
such as computer vision or machine learning a huge amount of open data sets have been
created, in which researchers can test their algorithms and compete with each other. In
computer graphics and photorealistic rendering at the current moment the situation is
different. Open sets of scenes in which different researchers using different render systems
could get matching (or at least close) images do not exist. This leads to the fact that in
scientific papers so-called “Cherry-picking” is practiced. This one is a pedantic selection of
scenes and lighting conditions in such a way as to demonstrate the advantages of the
developed algorithm. Such approach greatly reduces the practical significance of research -
even if the new method works well on a certain class of scenes, it does not mean it will work
for other cases. For this reason, many render systems still do not go beyond the basic
algorithms, not trusting the results of research.

In this paper, we began to fill this gap. We have created a special set of scenes (the so-
called “benchmark™), which allows us to evaluate the performance of lighting integration in
various situations and, thus, to show the positive and negative aspects of render systems and
algorithms used by them in various conditions. We recreated many scenes from well-known
computer graphics papers and added some scenes based on our experience. Our goal is to
make the most complete coverage possible, using as few scenes and functionality of the
render system as possible so that such a comparison can be easily reproduced in any existing
system.

To validate our approach, we conducted a pilot comparison among 4 popular products
for 3D Studio Max (VRay, Corona, Octane, Hydra Renderer) for the speed of integrating the
lighting on various scenarios. Despite the fact that 3 out of 4 systems are closed commercial
products, we managed to get the same or similar images for all scenes, which indicates the
viability of our proposed approach.

1 BBEJIEHHE

CpaBHeHue cucTeM pacuéra TJI00ATBLHOTO OCBEIICHHUS 10 MHOTHM TPUYMHAM SIBIISIETCS
HeTpuBHanbHOM 3amayeil. Ha kondepennun SIGGRAPH 2018 usBectHblil yu€nblii SpocnaB
KpuBanek Beimenwi cienyrmomue (QyHIaMEHTAIBHBIE TPOOJIEMBI, BO3HHKAIONIUE TIPU
MIPOBEJICHUH TaKOro cpaBHEHUS [1]:
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1. B coBpemeHHOM (HOTOpEATHCTUYHOM PEHIEPUHTE HE CYHIECTBYET CTaHIapToB. Bce
PEHJep-CUCTEMBI BBIYUCIIAIOT B IIPE/IEsie Pa3HbIe 3TAJIOHHbBIE H300paskeHUsL.

2. Kommepueckue MpoOayKTHl 3a4acTyl0 PEATU3yIOT OIPOMHOE KOJUYECTBO “‘(DHM3MUYECKH
HEKOpPPeKTHbIX® ¢yHKuui. Ilpuuém, kaxkaas peHaep-cucTeMa JellaeT 3TO IO0-CBOEMY.
[Tpumep momoOHOIM (HYHKIIMOHATIEHOCTH — KapThl HOpManel (normal mapping) [2].

3. Hakoneu, wMmeTpuka KayecTBa s M300paKeHUHM, oOmpeaessiomas KauecTBO
N300pakeHMsI B HACTOSIIMNA MOMEHT SIBJISIETCS OTKPBITOM HAYyYHOH mpoOiemoii [3-5].

Puc. 1: 300paxeHnss HEKOTOPBIX CLIEH U3 CO3JaHHOT0 Habopa.

Kpatkuii 0630p cymiecTByromux padboT CBUAETENbCTBYET O TOM, YTO CPaBHEHHUS 3a4aCTyIO
IPOBOJATCS HAa HECKOJIbKMX CIIeHaX, BBIOpaHHBIX CilIy4allHBIM oOpa3oM [6—8]. DTo He
MO3BOJIIET IPOAHAIN3UPOBATh XapAKTEPUCTHUKU YCTOMUMBOCTH pEHAEpa K pa3IUuHbIM
CLIEHApUsAM: MAaCCUBHAsl F€OMETPHsI, ONTHYECKH CIIOKHBIE MAaTE€pPHaJIbl, CI0KHOE OCBEIICHHUE,
HaJIMYMEe TPYAHOBBIYMCIUMBIX (heHOMEHOB ocBeméHHocTH [9-11]. Bpems pacuéra, kotopoe
OpU 3TOM MHIIETCS B NOJOOHBIX CPAaBHEHMSIX, B JCHCTBUTENBHOCTH HE JIEMOHCTPUPYET
POBHBIM CYETOM HHYETO, MOCKOJBKY KauecTBO M300pakeHUs (PUKCUpyeTcs “Ha Tia3” JHIIb
npubsmsuTtensHo. B To ke Bpems, eaBa 3ameTHas A IJa3a pa3HUIlA B LIyME Ha
M300paXEHUM MOXKET O3HAuyaTh pa3HUIly B CKOPOCTH B pa3bl. DTO OCOOEHHO BEPHO IMpHU
OpUOJIMKEHNU K “(QUHAIBHOMY KadecTBY , KOTJa M300pa)K€HHE CTaHOBHUTCS MaKCHUMAaJbHO
YHCTHIM, TIIOCKOJIBKY KadecTBO B (PM3MUECKHM KOPPEKTHBIX peHAepax, KaK IpaBuio,
IIPONIOPLMOHAIIBHO KBAJApaTy BPEMEHH pacyéra.

OtkpeiThie HabopsI cueH [12,13], ¢ apyroi CTOpoHbI, KaKk MPaBUIIO, COXPAHSIOT CLIEHbBI B
pa3po3HEHHOM BHjie. B syumiem ciaydae u3 HUX MOXKHO MOJIYYUTh HHPOPMALIUIO O TEOMETPUHN
U HEKOTOpOE H300pa)keHHE, IOJIyYeHHOE HEWU3BECTHOW pPEHJIEP-CUCTEMOM B IPOIILIOM.
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Marepuansl ¥ YCIOBUSL ~ OCBELICHMS, IpU  KOTOPHIX  BO3HHUKAIOT, HalpuMep,
TPYAHOBBIYMCINMBIE (PEHOMEHBI OCBEILIEHHOCTH TP ITOM O€3HAEKHO TEPSAIOTCS.

B 2014 roxy BnepBbie OblT TipeacTaBieH [ 14] Goiee TOUHBIN aHATN3 TIPOU3BOIUTEILHOCTH
JUI HEeCcKOoJNbKUX peHaep-cucteM noj Autodesk 3ds Max Ha 7 pasiuyHbIX YHPOIIEHHBIX
cueHapusix. it Toro 4roObl pemuTh MpodJIeMy OTIMYAIOIIUXCS 3TAIOHOB, B ATOH pabote
IpeJ1araeTcsi UCIOIb30BaTh JUIsSl KaXJI0M CUCTEMBbI CBOM COOCTBEHHBIN 3TaOH, MOJIYy4aeMbli
MMEHHO STOW CHCTEMOH 3a IOCTATOYHO OOJIBIIOE BpeMs U He coiepxamuii uryma [14]. [Tpu
9TOM CUHUTAETCs, YTO U300pa’keHHsl STAJOHOB BU3YaJbHO COBIAAal0T. To ecTh peHpaep-
CUCTEMBl OTJIMYAIOTCA JIMIIb B ‘“‘peanu3alyd OTAEIbHBIX HE3HAUYUTEIbHBIX MOMEHTOB .
OOumii ypoBeHb SIPKOCTH, reoMeTpudeckas (opma 0ObEKTOB Ha M300paKEHUIX M XapakTep
OCBEILIEHUS JIOJDKHBI COBIaAarh. Jlamee BBOIMIICS HEKOTOPBIN MHJEKC MPOU3BOJUTENBHOCTH,
3aBUCALIMHA OT cpenHekBajpaTHuHo omnOku (MSE) mexny u3obpaxeHueM 3a HEKOTOpoe
(UKCUpOBaHHOE BpEMsI M STAIOHOM. TakuM 00pa3zoMm, 3TOi B paboTe (paKTHIECKH U3MEpsSIeTCs
TO, HACKOJBKO OBICTPO aJIrOpUTM/pealin3alus/peHaep-cucTeMa CXOAUTCS K CBOEMY
coOCcTBEeHHOMY ATaNoOHY [14].

XO0Ts B 3TOM CPaBHEHMHU CLIEH OBLJIO CYIIECTBEHHO OOJIbIIIE, YEM B CYIIECTBYIOLIUX paHee
CpaBHEHMSX, JaHHBI HAOOp HENb3s CuyuTaTh OOBEKTUBHBIM. Kpome Toro, cpeau
UCIIOJIb30BAaHHBIX CIIEH HE ObUIO 33JeHCTBOBAHO HM OJHOM MONYJISIPHOW B Hay4yHOM
COO0O0ILIECTBE CLIEHBI. JTO AENAeT TAaKOE CPABHEHHE MEHEE UHTEPECHBIM /ISl CIIELUAINCTOB, T.
K. HE I03BOJIAET XOTs Obl NMPUOIU3UTEIBHO CONOCTABUTh CYILECTBYIOLIME peaau3aliy B
CTaThsIX U UHAYCTPUAIBbHBIX IPOrpamMmMax.

B nannoil pabGore MbI cTaBUM 3aJady co3laHus T. H. “OeHumapka” — cmoco0a
O0OBEKTUBHOIO CpPaBHEHUS MPOU3BOJUTEIBHOCTH PA3IMYHBIX AJFOPUTMOB HHTETPUPOBAHUS
OCBEUIEHHOCTH M MX peanu3auuid. Hama rnobGanpHas 1enb 3aKIOYaeTcss B TOM, 4YTOOBI
IPEIOCTaBUTh BO3MOKHOCTb CPAaBHEHUS [TPOU3BOIUTEIBHOCTH BCEX CYIIECTBYIOLIUX PEHIEP-
CHUCTEM B MHUpE, a TaKXKe OTIENbHBIX aJIrOPUTMOB HHTEIPUPOBAHMS OCBEIIEHHOCTH M HUX
peaM3anuii, pemaromux 3Ty npoOjJeMy YUCIEHHO M C BBICOKOM TOYHOCTBIO (T. €. MbI HE
paccMaTpuBaeM MPUOIMKEHHbBIE aITOPUTMBI I100aJIBHOIO OCBEIIECHUS).

2 TIOCTAHOBKA 3AJAYY U OBOCHOBAHMUE BbIBOPA PEHAEP CUCTEM

2.1 ITocTaHoBKA 3a1a4u

C maTemaTHyecKOil TOYKHM 3pEHHUsl BCE PEHAEP-CUCTEMbl B TOW WJIM MHOW MEpEe pelaroT
npobiieMy riobansHOM ocBeméHHocTu [15] (popmyna 1). Drta mpobnema CBOAUTCS K
BBIYUCIICHMIO MHOTOMEPHOTO HMHTErpajia, Ha3bIBAEMOTO HHTETPAJIOM OCBEUIEHHOCTH
(COOTBETCTBEHHO peIlIeHHE 3TOH MPOOIeMbl HAa3bIBAIOT “UHTETPUPOBAHHEM OCBEIIEHHOCTH ).
PasmepHOCTh WHTErpama 3aBHUCHT OT KOJIHMYECTBA IEPEOTPAXKECHUH CBETa, KOTOpHIC
HEOOXO/MMO yUYHUTHIBATh, T. K. 3Ha4eHHWE (QYHKIUH L B OJHUX TOYKAX TPEXMEPHOH CLIEHBI
3aBUCHUT OT 3HAQUYEHHUS CaMOr0 MHTErpaja OCBEIIEHHOCTH B APYrux Toukax (popmyna 1).
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I(),0,) = L(0i.0;)R(0;, 0;, &, 0, )cos(n. 1y, o,)do;db; (1)
0ib;

®opmyna 1. YpaBHeHHE peHACpUHTA UM T. H. UHTerpai ocseménnoctu [15]. lapa (o;, 6;)
3ama€T HampaBleHMe Ha HaOmronmartens, mapa (¢r, 0;) — HampaBieHHE HAa HCTOYHHK
ocBenleHusl. PyHKuMA L — ApKOCTh MAJAIOIIEr0 OCBelleHus, R — JByHampaBiieHHas
¢ynkuus orpaxarensHoit ciocooroctr (APDO). BaxkHo 0TMETHTH, YTO 3HaUeHUE GyHKIHN L
B OJIHUX TOYKaX TPEXMEPHOM CLIEHBI 3aBUCUT OT 3HAYEHUSI CAMOI0 MHTErpajja OCBEIIEHHOCTH
B JIpyrux Toukax culeHbl. [loaTromy naHHas npoOiema TpyJHas, U SKBUBAJICHTHA PELICHUIO
MHTErpaJibHOTO ypaBHeHUs1 Ppearonbma 2 poja.

Cuctembr Corona [16] m V-Ray [17] sBustorcs amentamu “‘ctapod mmkoybl’. OHH
pabotaror Ha CPU (Central Processing Unit uiu neHTpaibHbII TPOLECCOp) U AJs YCKOPEHUs
WCIIOJIB3YIOT TaK Ha3bIBAEMbIE AJITOPUTMBI CO CMEIIEHHBIM pemieHueM [18-22]. B stux
aIropuTMax YUCJIEHHAs TOUHOCTh HE CTABUTCS BO riaBy yria. Kpome Toro, oHu He o0iagaior
CIIOCOOHOCTBIO JIOCTHUTATh TPABUJIBHOTO PEIICHUS B TMpeaeie, 4YTO MOXHO CYHTATh
HepoctaTkoM. C Apyroil cTOpoHbI, TUIIMYHBINA MOJIB30BATENbh peHaep-cucTemMbl B Autodesk
3ds Max OecrokoHTCcs HE CTOJBKO O MPABUIBLHOCTH PEIICHHSI, CKOJIBKO O PEaTUCTHYHOCTH U
Kkpacote. OJIHAKO 37ieCh €CTh HIOAHC: CMEUIEHHBIE alTOPUTMBI 3a4acTyI0 JAal0T apTe(axThl,
HeIpueMsIeMbIe JIJIs TToJib3oBaTess [23].

Octane [24] u Hydra [25] BO MHOroM mpPOTUBOMOJOKHBI PACCMOTPEHHBIM paHee
nporpammam  Corona u V-Ray. OHM opueHTHpOBaHBI Ha pacu€T 0e3 JOoMyIIeHUi
(necmeniéHHas oueHka) u paboraror monHocthio Ha GPU. Kpome Ttoro, oGe cucrembl
UCIOJIB3YIOT METOJbl pPEHJepUHra Ha ocHoBe MapkoBckux wemneid. Ilporpamma Octane
ucnonsizyetr anroputm PMC/ERPT [26,27] (Population Monte-Carlo/Energy Redistribution
Path Tracing), Hydra — MMLT [18] (Multiplexed Metropolis Light Transport).

OTaenpHO cienyeT cKa3aThb HECKOJIBbKO CJIOB Ipo peHaep-cuctreMy Hydra Renderer. Ota
cucremMa, kak u Octane, MO3UIMOHHPYET CKOPOCTH B KAdyeCTBE CBOEr0 OCHOBHOTO
npeumyiiectBa. OQHAKO, B OTJIMYHE OT OCTAIbHBIX SIBISETCS MOJHOCTBIO OTKPBITHIM
nporpaMMHBIM obecrieueHreM. [103ToMy, XOTsI OHa U HE SBISETCS CTOJIb PACIPOCTPAHEHHON
KaK TpU OCTaBIIMECS MPOTPaMMBbl, JJIs HalIMX 1eleil oHa moaxoAauT. OTKPBITOCTh CUCTEMbI
MO3BOJIICT HaM aHAJIM3UPOBATh €€ MCXOMHBIC KOJBI U UCIOJIb3YEMbIC aTOPUTMBI JUISl TOTO,
4yTOOBI CO3/1aBaTh “‘MpeJeNibHbIC CIydan — CIEHBbI, Ha KOTOPBIX OMpeAeNEHHBIE aITOPUTMBI
paboTaroT TI0X0, JIN00, HA0OOPOT XOPOIIIO, T. K. OHU CO3/IaBAITUCh UMCHHO JIJISl TAKUX CIICH.

2.2 HUcnoJb3yemMble peH/iep-CUCTEMBbI B 1eTAJIAX

Tak xak V-Ray, Corona u Octane sIBISIFOTCSI 3aKPBITBIM TPOTPAMMHBIM 00€CIIEYeHUEM, MBI
He MoxkeM co 100% yBepeHHOCThIO YTBEPKIaTh YTO-IUO0 00 WX BHYTPEHHEH peanu3aliuu.
Tem He MeHee, 0071a/1ast ONBITOM Pa3padOTKU aHAJIOTHYHBIX CUCTEM, aHATTU3UPYS ITyOIHKAIH
U apredakThl, TPOU3BOAMMBIC PA3NUYHBIMU aJITOPUTMaMU B OSTHUX CHUCTEMaxX, MOXHO C
JIOCTaTOYHOM CTENEeHbIO JOCTOBEPHOCTH JAeNaTh MPEINONI0KEeHNUS 00 UCIOIB30BaHUN TE€X WIH
MHBIX METOJIOB PEHIEPUHTA.
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2.2.1 Cucrema V-Ray

Cucrema V-Ray BrepBblie cTana AOCTYMHOH JIsl IUPOKO# obmectBeHHOCTH B 2000 romy.
KiroueBbiMH cpeicTBaMU TOBBIIICHUS] TPOU3BOAUTEIILHOCTH SIBJISIFOTCSI KAIII OCBEIIEHHOCTH
(na3piBaeMblii B VRay tepmunom "lrradiance Maps") U HEKOTOPBIM 3aKpBITHII alIrOpUTM,
Ha3eiBaeMblli B VRay Tepmunom "Light Cache". Kayctuku B VRay mMoryTt paccuuthiBaThCs
npu moMonid (GoToHHBIX KapT ¢ HakomuieHueMm [20,21]. Takum oOpa3oMm, aJrOpUTMBI,
UCIIONIb3YEMbIC B JAaHHOW cucTeme, Obuth paspadoransl B 80—90 rogax mpoumioro Beka W B
HACTOALIMH MOMEHT MOTYT CYHTATbCSd MOPAJIbHO YCTapeBUIMMH (YTO, TEM HE MEHee, He
03HAYaeT, YTO OHU HE MOT'YT OBITh C YCIIEXOM HMCIIOJIb30BaHbI).

Hauunas c Bepcun 3.5, V-Ray u3meHunna HamnpaBieHHe pa3BUTHs U MEpelUIa B CTOPOHY
GPU u necmeménnpix anroputmoB (V-Ray Next). B Hacrosmuii MOMEHT cucTeMa MpOXOIUT
Oera-TecTpoBaHue M uWHpoOpManuu 1Mo Heil He Tak MHoro. Ilo »Toil mnpuuuHe aus
tectupoBanusi GPU 3a Touky oTcuéra Oblia BeiOpaHa cucrema Octane.

2.2.2 Cucrema Corona

Corona nHaOpana mnomymspHocTe B Teuenue 2012 roma. Drta mporpaMmHas cucTeMa
ucnonp3yeT Takue anroputmel kak Radiance Cache [18,19] u dotonnsie kapthl [20,21] Ho,
HapsIIy C 3THM, pealin3yeT Oojiee coBpeMeHHbI MeToa — Vertex Connection Merging (VCM
[22]), sBnstomuiicss ruOpuaoM (HOTOHHBIX KapT U ABYHAIIPABJICHHON TPacCHpPOBKU MyTel
(Bidirectional Path Tracing [28]). Ilo cpaBuHenuio ¢ V-Ray wucmompzyemble MOIXOIbI
sBisitoTest 6osiee coBpemenHbiMU (Radiance Cache paspabarseiBaincs B 2000-b1x Togax, a VCM
osu1 ipencrasieH B 2012 na SIGGRAPH Asia).

2.2.3 Cucrema Octane

Octane opreHTHPOBaH HA pacuéT Oe3 nomymieHui (unbiased rendering), MO3UIIMOHUPYETCS
Kak camasi ObICTpasi peHaep-cucTtemMa B Mupe u padoraer nonHocteio Ha GPU. Ona Takke
BIiepBbIe nosiBunack B 2012 roxy. B HacTodmmuit MomeHT nogaepxusatorcss Tosibko GPU ¢
Nvidia CUDA, HecMOTpsl Ha HEOJHOKpATHbBIC 3asBiaeHUs 0 noaaepkku OpenCL. Ogaum u3
CYIIECTBEHHBIX MPEUMYIIECTB B IUJIaHE AaJTOPUTMOB SBJISIETCS MCIOJb30BAaHUE METOOB
penaepunra Ha ocHoBe MapkoBckux 1eneit — PMC/ERPT [26,27]. Ognako pa3paboTuuku
OTrpaHMYMIINChH JIMIIL OJHOHanpaBiaeHHOU Bepcueil PMC Ha ocHOBe 0OpaTHON TpacCHUpOBKHU
IIyTEH.

2.24 Cucrema Hydra

Hydra Renderer, Taxxke kak um Octane, opuHeHTHpOBaHa Ha pacuér 0e3 [OMyILEHH.
Anroputmsl pacuéra ri100aabHOTO OCBEILEHUs peann3oBanbl HenukoM Ha GPU nocpeactsom
texHosorun  OpenCL.  OTaAMuUTENbHOH  OCOOCHHOCTBIO  SIBJIIETCSI  MCIIOJIb30BAaHUE
JIBYHAIIPaBJICHHON TPAacCCHPOBKH ITyTeH W JByHarpaBiieHHOTo airoputma Multiplexed MLT
(MMLT), Brepssie npencraBiaeHHoro B 2014 roxy [29]. B otinuune oT pacCMOTPEHHBIX paHee
cucreM Hydra Renderer siBisieTcs MOJHOCTBIO OTKPBITBIM IPOrPaMMHBIM OO€CIECUEHUEM.
Takum o00pa3oM, OHa MO3UIHMOHHpYETCs Kak HekoTopoe [1O, coenuHsIONIee HAaydHBIC
pa3paboTku B 00JIaCTH PEHAEpUHra U napauienbHbX BeluMciaeHuit Ha GPU ¢ unpycrpueit.
[Ipu »TOM naHHas cucreMa He 00JagaeT TaKuUM K€ OOJIBIINM 00BEMOM (PYHKIIMOHAIBHOCTH,
KaK YIOMSHYTble paHee KoMMepdeckue cucteMbl. Ho B Hallem CpaBHEHUHM 3TOrO M He
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TpeOyercs.

3 PA3PABOTAHHBIIA HABOP CIIEH U OTPAHUYEHUI

OpHUM U3 BBI30BOB IIPH MTOJATOTOBKE CPABHEHUS SIBIISECTCS CO37JaHNE OOBEKTHBHOTO Habopa
TECTOBBIX CLIEH. 3/1€Ch CYIIECTBYET HECKOJIBKO TPYIHOCTEH, KOTOPbIE HEOOXOIUMO PELIaTh.

3.1 Cranpaprusanus, cnenupuranus

[TepBast mpoOiema, Kak y:xke ObLJIO OTMEUYEHO, 3TO OTCYTCTBUE CTaHJapTa A GU3HUECKHU-
KOPPEKTHBIX peHaep-cucteM. Hampumep, B HEKOTOPBIX CHCTEMAaxX MOTYT OBITh peaTr30BaHBI
MaTeMaTHUYeCKUe MOJIENH MaTepUajoB WM HWCTOYHUKU CBETA, OTCYTCTBYIOIIWE B JPYTHX.
Uto0b MUHUMHU3UPOBATh Pa3inune B U300paKEHMIX U YTOOBI KaXKIas peHIep-cucTemMa Oblia
CrocoOHa B MPHUHIIMIIE OTOOPAa3UTh 3T CIIEHBI TaK, KAaK OHU JOJKHBI BHITTISCTh, Mbl BBOJUM
Ha0Op OrpaHMYEHUH NPU CO3AAHUU CLEH (T. €. CTPEMHMCS MHHUMH3HUPOBAThH UCIOJIB3yEMBbIH
HaOop QyHKIMN):

1. Marepuas MOeT ObITh TOJIBKO CIAEAYIOUINX TUIIOB:

i.  IlomHocteio muddy3usii (JlamOepToB) MaTepuan;

il. WIeaTbHO 3epKATLHBIA MaTepua;

iii. maroBble (glossy) OTpaskeHHs C HCIIOJIb30BAaHMEM T. H. “UCHpPaBICHHOW MOZEIH
®onra’;

1v. TpoCTOe CTeKIOo (HIeanbHO-3epKaIbHOE, T.€. HE MATOBOE) C UCIOJIb30BaHUEM (POPMYI
®peHens 11 JUAJIEKTPUKOB;

v. Marepuai, obnaaaromield cyMMol KoMInoHeHT: (1 u ii) wiu (i u iii);

Vvi. Marepuan, CMEMMBAIONMI KOMIOHEHTHI (1 1 ii) wim (1 ¥ iil) nmpu momou Ghopmy
®peHena 11l TUAIEKTPUKOB B OTHON-/IBYX CLIEHAX;

vii. Jlomyckaercss MCHOIB30BaHME TEXHUKHM bump mapping B HECKOIBKHX cIeHax. lIpu
3TOM pa3pelaeTcsi UCIOIb30BaTh TOJIBKO TOTOBBIE KapThl HOpMasel (a He KapThl BHICOT, U3
KOTOPBIX PEHEP-CUCTEMBI CAMOCTOSTEIFHO OLIEHUBAIOT HOPMAJIB).

viil. MaTtepuan ¢ TpaHCIIONEHIMEH — NpPONMyCKaHHEM CBeTa MOJl MOBEPXHOCTh. Takoi
MaTepHall pa3pemaeTcs UCIOoIb30BaTh TOJIBKO HA TOHKUX OOBEKTax BPOJE JHMCTHEB M IITOP.
OTHoleHHE OTPAKEHHON YIHEPTUH K IPOMYIICHHON JOJKHO ObITH cTporo 1 k 1.

2. HcToyHHK cBeTa MOXKET OBITh TOJIBKO CIETYIOLINX THIIOB!

1. IlnomaaHplii KICTOYHUK CBETA MPSAMOYTOJIBbHOM (OPMBI HE HYJIEBOTO pa3Mepa;

il. cdepuyecKkuil ICTOYHHK CBETAa HE HYJIEBOTO pa3Mepa;

1il. HampaBJICHHBIN UCTOYHUK CBETA;

V. TOYEYHBI UCTOYHUK-TIPOXKEKTOP (Spot pacmpeneneHue);

V. OKpYXEHHE, 3aJaHHOE KOHCTAaHTOH, T.€. IIBETHOU (hOH 0e3 TeKCTYpHlI,

vi. okpyxenue B Buae HDR manopamsbl B 0JJHOH-IBYX CIICHAX.

Breibop 1OMOOHBIX OrpaHMYEHHH — 3TO KOMIIPOMHCC MEXIY YIPOIIEHUEM JUIS
UCCJIEIOBATENIC M MHTEPECHOCThIO TONYYEHHBIX PE3YyIbTaTOB JUIsi MHAYCTpUU. V3HayanbHO
MBI TUTAaHUPOBAJIM OCTAaBUTHh B MaTepUaAIaX TOJILKO ITYHKTHI 1 — iV, @ HCTOYHUKH OTPAHUYHTH
MyHKTaM# 1 U 1i. T0 Obl 3HAUUTENIBHO YHIPOCTHIIO PEATU3aLUI0 AITOPUTMOB AJis OyayIImux
uccrenoBaresei (T.K. Takoil Habop MO3BOJISIET OJHO3HAYHO M JIETKO PEan30BaTh (PU3NICCKH
KOPPEKTHBII PeHJIEPUHT) U MO3BOIHIIO OBl OoJiee JIErko JOOUThCS COBMA/IeHUsT H300pasKeHU
B HameMm cpaBHeHHWH. OJHAKO B JEHCTBUTENBHOCTH 3TO OBLIO OBl CIMIIKOM CHIIBHBIM
VIPOILEHHUEM 33J]a4 TJI00aTbHOTO OCBEIICHHUS 110 CYTH, IIOCKOJIBbKY:
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1. Marepuaibl, CMEUIMBAIOLIUE HECKOJIBKO 3JEMEHTAPHBIX KOMIIOHEHT, UCHOJIb3YHOTCS
noBceMecTHO. Kpome TOro, MHOrOKOMITIOHEHTHbIE MaTepHalibl YBEIMYUBAIOT Pa3MEPHOCTh
IPOCTPAHCTBA MHTETPUPOBAHUS, TIOCKOJIBKY HHTEIPATOPY HEOOXOAUMO JIeNaTh BEIOOp MEKITY
KOMIIOHEHTaMHU U HCHOJb30BaTh MOJ 3TO €mE OJHO Cily4yailHoe 4HCclo, emié OAHY
pasmepHocTh. [loaTomMy 3amper TakoW (QYHKIMOHAITBHOCTH ObUT OBl CIMIIKOM CHJIBHBIM
ynpoiienueM. C apyroil CTOpOHBI, MOJHOLIEHHOE JAEPEBO KOMIIOHEHT BBITJISIAUT YPE3MEPHO
CJIOKHBIM JJIS1 OLIEHKH MPOU3BOAUTEIBHOCTU. [109TOMY MBI OrpaHUUYMIIM TAaKOE CMELIMBAaHUE
BCEro JByMs 3apaHee U3BECTHBIMU KOMIIOHEHTAMHU.

2. ®opmynsl ®peHens Uid CMELIMBAHUS KOMIIOHEHT TOXE HCIOJIb3YIOTCS CIIHIIKOM
4acTo, 4YTOOBl UX HE paccMaTpuBaTh. TeM HE MeHee, Mbl CTapallCh COKPATUTh YUCIIO CIEH, B
KOTOPBIX JIaHHBIA BHJl CMEIIMBAaHUS OBbLT MPUMEHEH, 4YTOOBI MOXHO OBLIO OLEHHUTH
MPOU3BOJUTENILHOCTh Ha OOJBIIMHCTBE CLEH 0e3 peanu3alud 3TOi (PYHKIHOHATHHOCTH
(Fresnel Blend B Tepmunax PBRT).

3. Bump Mapping u kapTel HOpMamneil [2] CylecTBEeHHO MOBBHIIIAIOT PEATUCTUYHOCTh U
IIOBCEMECTHO HCHOJb3YIOTCSA. Kpome TOro, Takue anropurmbl Kak (OTOHHBIE KapThl U
onnoHanpasineHHbd Kelemen Metropolis Light Transport [30] TepsitoT cBoM mpeumyIiecTBa
pyd HAJIMYUKA MHUKpopeibeda B TOM WIM WHOM BUAE. DTO JeNaeT WX 3HAYUTEIHHO MEHee
MOJIE3HBIMU HA TMPAKTHKE, M OTYACTH MMEHHO IO3TOMY OHHM HE YacTO HCIOJB3YIOTCS B
uHayctpuu. [loaromy ¢ Hamield TOUKM 3pEHHUS CUCTEMbl M aJlfOPUTMbI, KOTOpbIE OYAyT HE
BIIOJIHE CHPAaBIATBCA C  MHKpopenbedoMm, HyxkHO mTpadoBaTh, a 3HAYUT, OTa
(GYHKIMOHATIBHOCTH JTOJDKHA OBITH BKIIFOYeHA. TeM He MeHee, MbI CTapalIiCh HE NCIOIh30BATh
KapThl HOpMaJeil CIMIIKOM YacTo, T. K. OHU TPEACTAaBIAIOT COOOH OTAEIbHYIO
(YHKINOHATIBHOCTh PEHIIEpPa M, CTPOTO TOBOPS, HAPYIIAIOT (U3NIECKYI0 KOPPEKTHOCTH
UHTEPIIPETALMU CIICHBI, TIOCKOJIbKY U3MEHSIOT HOPMallb K MIOBEPXHOCTH, HE MEHSIS MPU 3TOM
FE€OMETPUIO TIOBEPXHOCTH.

4. TpaucnroneHus (MpocBeurnBaHre) HEOOX0qUMa ISl PEATUCTUYHON UMHUTALIMH CLIEH C
pPacTUTENBHOCTHIO0. 3aMEHATh HX TMONHOCTBIO auddy3HeiMH Marepuasamu ObUTO OBl
HENPAaBWJILHO C TOYKH 3pPEHHUS MPOU3BOAMTEIBHOCTH, T.K. 3TO CYIIECTBEHHO MEHSET
TPACKTOPUU ITyTEH CBETA B CIICHE.

5. HampaBieHHbII HCTOUYHUK CBETA JIETKO pealn3yeTcs M 4acTO BCTPEYAeTCs B HAYUHBIX
pabotax. Mcronb3yeTcst B pa3iMyHbIX MOMYJSIPHBIX ciieHax. [loaToMy Mbl pemmnm 1006aBUTh
ero B 0a30BbIi HAOOP.

6. IIpoxxektop (spot) HEOOXOAMM JJIsi HIMHTALUK OCBEHICHHS OT (DOHAPHBIX CTOIOOB H
JIPYTUX TUMWYHBIX YIUYHBIX CBETHJILHUKOB. Ero oTinnunTenbHas 0cOOEHHOCTh B TOM, YTO OH
MOXeT ObITh 3(P(GEKTUBHO OTOpAaKOBaH TPU BBIYHMCICHUW OCBEIICHUS, €CIu 00JacTb
HaXOJUTCS BHE OCBEILIAEMOT0 KOHYCA.

7. OkpyXeHHE B BHJIE MAHOPAMbl C TEKCTYPOW TaK)Ke€ YacTO BCTPEUaeTcs, HO YK€ B
unayctpuu. OtaensHed Bonpoc — 310 HDR TekcTypa, mockonbKy €€ Hy>KHO COMIUIMPOBATh
MPOMOPLUUOHAILHO APKOCTH MUKCeIeH. MBI pelniyu OrpaHuYUThCSI KOHCTAHTHBIM IIBETOM B
OOJNIBIIMHCTBE CILIEH, YTOObI M30eXaTh OIMMOOK C OpHEHTAIMeld CHCTEM KOOPAWHAT MpHU
nepeBojie U3 jaekapToBoil B chepuueckyro. Kpome curyanuu ¢ HDR manopamoii, korna
MMEHHO B 3TOM COCTOUT CMBICII TECTA.

3.2 IloxkpobiTHE

Crnenyromas mpo0OiiemMa 3aKJIIo4aeTcsi B COCTaBICHWM OOBEKTUBHOIO Habopa CIIEH,
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HauOoJee MOJIHO MOKPBIBAIOIIET0 KaK TUIHMYHBIE ClIy4Yau U3 MHAYCTPUH, TaK U HU3BECTHbIE
npo0OJieMbl, U BBI3OBBI B Hayke. Mbl mocTapaiuch pacmuputh noaxon 2014 roga [14] u
cenaTh Hall Habop clieH OoJiee MOJIHBIM, Y/Elisds BHUMaHUE HE TOJIbKO CLE€HAM, IPUBBIYHBIM
Uil MHAYCTPUU, HO M CI€HaM, YacTO MWCIOJb3yeMbIM B Hay4yHbIX paboTax u
JIEMOHCTPHUPYIOIIUM HM3BECTHBIC BBI30BBI B 00JIACTH MHTETPUPOBaHUs ocBenleHus (T. H. Light
transport challenges). Mpl crpynmupoBanu cueHbl Mo HomepaMm. Kaxmomy Homepy
COOTBETCTBYET HEKOTOpas TIpylna CIEHapueB, BCTPEUaAOLIasicsi B MHAYCTpUU JHOO
HEKOTOPOMY M3BECTHOMY BBI30BY B Hayke. CaMu TPyYIIbI Mbl BBIOMpPATU HE CIYYailHBIM
o0Opazom, a (opMuUpOBaIM MX B COOTBETCTBMU C W3BECTHBIMH BBI30BAMH M TECTOBBIMHU
CIIEHaMH, BCTPEUAIOIIMMUCS B HAYYHBIX pabOTax 1Mo KOMIBIOTEPHOH rpaduke.

1. Cornell Box [31] ¢ HecKONbKMMH BapualusMH. [ €OMETpHUYECKH TPOCTHIC CIICHBI,
coJieprKallre TeEM He MEHee TOYTH BCe OCHOBHBIC 3(PEKThI: NIyMHOE MEPBUYHOE OCBEILICHUE
U MSTKHE TeHH, 3epKaJibHbIe OJIMKH OT UCTOYHHKA OCBEIICHUS, OTPAKCHHBIE KayCTUKH.

1.1 Ba3oBslii BapuaHT, coaepxkaiuii Bce 3P PexTrl 0oiee-MeHee MOPOBHY.

1.2 Ba3oBeIii BapuaHT + 3epKajo, CO3Jaroliee MUPOKUi kaycTuk, wiroc SDS (Specular-
Diffuse-Specular) kaycTuk, BUIMMBIM B OTpaX€HUH. TpHUBHAIBHOE W3MEHEHHE CIEHBI,
KapAMHAJIbHO MEHAIOIEE, TEM HE MEHEE, XapaKTep OCBELLCHUS.

1.3 BapuaHT, OpUEHTHPOBaHHBI HA MHOTOKpPATHBIE TJISHIIEBBIE OTPAXKEHUSI.

1.4 Opurunansasiii Cornell Box DOpuka Buua, mcnonb3yeMblii UM il JEMOHCTpAIHH
Metropolis Light Transport [32]. SIpko BBIpa)K€HHbBIE TPYAHOBBIUKCIUMBIE (DEHOMEHBI
ocBeméHHOCTH. SDS KayCTHKH TPHUCYTCTBYIOT B HEOOJBIIOM KOJHMYECTBE (B CTEKIITHHOM
STATIC).

2. CunpHOe BTOpUYHOE AU PY3HOE OCBEIIEHUE U TEOMETPUS CPEIHEH THKECTH.

2.1 Dabrovic Sponza [12] u BTOpUYHBIi CBET OT HAaNpaBICHHOIO HCTOYHUKA. Yacto
UCTIONB3YETCS B CTaThAX MO KOMIBbIOTEpHOU rpaduke. HemoctaTok opurnHagbpHON CIEHBI B
TOM, YTO BCE TEKCTypbl B HEH OJHOTOHHBIE, U BTOPHYHOE OCBEUICHHE IOJTy4aeTcs B
3HAYUTEIBHOH CTETeHH paBHOMEPHBIM. [103TOMY nmpakTHdecku 000 CKOIb YTrOJHO TIOX0H
QITOPUTM TI00ATEHOTO OCBELIECHUS MTOKA3hIBAET Ha ATOMU CIIEHE BBHICOKYIO TOYHOCTH. [1o 3Toi
IPUYHHE B UTOTOBOW BepCcUHU OEHUMapKa MbI HCKITIOUMIIN JAaHHYIO CLEHY.

2.2 Crytek Sponza [12] — ycnoXHEHHBI BapHaHT MpEIbIAYIIEH CIeHbl, ¢ Ooee
JIETaIbHOM T€OMETpPUEH, TPEYrOJbHUKAMU C TEKCTYpOM HENpO3payHOCTH HA JIUCTBIX H
(opacity nnsi MMUTAlMM PACTUTENBHOCTH) M PAa3HOLBETHBIMH IITOpaMH. B pasmuyHbIX
JEMOHCTPALIMOHHBIX IIpOrpaMMax U CTaThbsIX LITOPHI (KaK U paCTUTEIBHOCTh) MOT'YT YaCTUYHO
MPOIYyCKaTh CBET WM MOJHOCTBIO OTpaXkaTb ero. Mbl BbIOpanu BTOpPOM BapHuaHT, T.K. OH
ABIIsSIETCs 00JIee pacpoCTPaHEHHBIM.

2.3 San Miguel [12] — Oomee TskEnass reoMeTpUYecKas CIIEHA C PACTHUTEIHHOCTHIO,
npornyckaronieit cser. [lo-npexHemy sipKoe CONHIIE ¥ CUIIbHOE BTOPUYHOE OcBeleHue. bonee
CJIO’KHASI C TEOMETPUUYECKOW TOUKH 3pEHHS (YaCTUYHO HM3-3a Opacity, YaCTUYHO MPOCTO HM3-3a
0oJiee CII0KHOM TeOMETPHN ).

2.4 Hounoii BapuaHT cuensl San Miguel. HeckonbKo HCTOYHHUKOB CBETa, 00JIEE CIIOKHOE
MEPBUYHOE OCBEIICHHUE.

3. CreHbl Ha UCKJIIOUUTEIBHO CIOXKHYIO reoMeTputo. Ho mpocThie B I1aHe OCBELIEHUSI.

4. TecrupoBanue ocsemeHuss or HDR mnanopambl. I'eomerpust npoctas. ClOXHOCTb
3TOr0 CLEHApHsl B CHJIBHO HEPAaBHOMEPHOM IEPBHUYHOM OCBELIEHHHM OT KApPThl OKPYXKEHUS
(HDR manopamsi).

5. Tect Ha HEOecHbIE MOPTAJIbI — UCTOYHUKU CBETA B OKHAX, UMUTHUPYIOLLUE PACCEIHHBII
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cBeT ¢ ynuubl. JlaHHBIM CIEHapuil NIpOBEpAET CHUCTEMY Ha HaJIW4ME pealn3anuu
MHOTOKpaTHOM BeIOOpKH 10 3HaunMocTu (Multiple Importance Sampling [28,32]), mockonbky
P HATWYUH OOJILIINX TJIONIATHBIX HCTOYHUKOB SIBHASI CTPATETHsI COMIUTHPOBAHUS (TCHEBBIE
Jy4H) CTAHOBUTCS Majio 3 (HEeKTUBHOM.

6. TecThl Ha BTOPHYHOE OCBEIIEHUE OT CIIOHIA, 00Pa30BaHHOE OTHOCUTEIBHO Y3KOH, HO
SAPKOM MOJIOCKON CBETa.

7. TpynunoBerauciumele (peromensr  oceménnoctu  (light transport challenge),
BbI3BaHHBIE MHOTOKPATHBIMU OTPAXKEHUSIMH OT IIOBEPXHOCTEH C Pa3IMYHBIMUA CBOMCTBAMH.

8. Tpymuoserauciumeie  (enomensl oceménnoctu  (light transport challenge),
BbI3BaHHbIe SDS kayctukamu (6acceiiH ¢ BOJ0M).

9. Tpynunoeruuciumeie (enomensr  oceménnoctu  (light transport challenge),
BbI3BaHHBIE OTPAXKEHUSMU OT TIUISHLEBBIX MOBEPXHOCTEH B CILIEHE, COJEpKallei KapThl
HOpMasieid. JIaHHBIM BHUJ CIEH MOXET NPEIACTABISATH MPOOJIEeMy s OJHOHAIPABICHHBIX
QITOPUTMOB Ha OCHOBE MAapKOBCKHX Ilemei, padoTalomuX B MEPBUYHOM MPOCTPAHCTBE
IyTeM.

10. TpynHoBbIuMCIMMBIE ()EHOMEHBI OCBEIIEHHOCTH, OPUTHHANIbHAS clieHa Dpuka Buya c
MPHOTKPBITON JBEPHIO M €II¢ OJHA CIICHA, ¢ BapHwamus C TISHICBBIMH OTPAKCHHUSIMH U
HEKOTOpbIE MEHEE H3BECTHBIC CIIEHBI, MPOBEPSIONIUE TPYIHOBBIUYUCIUMBIE (EHOMEHBI
OCBEILLEHHOCTH.

11. Cuena ¢ caMOCBETSIIMMUCS TOBEPXHOCTSAMH.

12. Tect Ha 001BIIOE KOJTUYECTBO HICTOYHUKOB CBETA.

13. UsBectnas 1no kypcy SIGGRAPH 2014 [33] cumeHa KpacHOM KyxXxHM Ha
TPYAHOBBIYHCINMEIE ()EHOMEHBI OCBEIIEHHOCTH, CO/IEPIKaIIas B cebe 3JIEMEHT ‘“3epKaIIbHOTO
Kopujopa”.

4 METOIUKA TECTUPOBAHUSA

Crnenyromas cepb&3Has mnpoOiemMa, KOTOPYH0 HEOOXOJMMO pPELIUTh — 3TO OTCYTCTBHE
COBIAJICHUs 3TAJIOHOB. Pa3InuHble NporpaMMHbIE CUCTEMBI B IEHCTBUTEIBHOCTH BBIUUCISIOT
pasnnyHble u300pakeHus. OTIMuYMs BbI3BaHBl OTCYTCTBMEM OOILIEro CTaHjaapra Jyis
(OTOPEATUCTUUHOTO PEHJEPUHIa U OIPOMHBIM KOJIMYECTBOM JieTalell B peanu3anuu. bonee
TOr0, aXXe OJHA U Ta K€ IPOrpaMMHAs CUCTEMA MOJKET J1aBaTh OTJIMYAIOIIMECS TAJIOHHBIC
M300paXeHUs] TpPU MCIONb30BAHUM PA3HBIX QJITOPUTMOB. OTO MOXKET SBIATHCS Kak
ClIeZICTBHEM OHIMOOK B pealn3aluu (KOTOpble Mbl, BOOOIIE IOBOps, HE BCErza XOTHM
YUUTBIBaTh, €CIIM HAC MHTEPECYET TOJbKO CKOPOCTb MHTEIPUPOBAHUSA), TAK U HEKOTOPBIMU
O0BEKTUBHBIMH ~ (akTOpaMu. TakuMM Kak HEBO3MOXKHOCTh pacuéTa OIpelesEHHBIX
()€HOMEHOB B OJIHOM M3 aJIrOPUTMOB JIMOO HAMEPEHHOE YIPOILEHNE BEIYUCICHUH (Harpumep,
TaK Ha3bIBaeMbIi “‘clamping”, Koraa BEIOPOCH OrpaHUYMBAIOTCS HEKOTOPHIM MaKCUMaJIbHBIM
3HAYCHHUEM ).

B nameit paboTe MbI BEIOpaU CIEAYIOMNN KOMIIPOMHUCCHBIN KpUTEPUI OIICHUBAHUS:

3. Mbsl TpeOyeMm JnlIb BU3YalbHOTO COBIAJAEHUS ATAJOHOB ISl PA3IMUYHBIX CUCTEM U
anroputMoB. @opma OcBelLeHUS U IPUOIUZUTENbHBIN YPOBEHD IPKOCTH JOJKHBI COBIIAIATh.
JlonmyckaroTcsi He3HaUUTeIbHbIE OTJIMYMSL, HE BIUSIOIINE HAa CYTh BBIYMCISAEMbIX (DEHOMEHOB
OCBEIIEHHOCTH.

4. Ecmum nmyHKT 1 BBINONHEH, TO [UIsl KaKJOW CHCTEMBl M KaXKIOTO ajirOpUTMa Mbl
BBIUMCIISIEM CBOM 3TaJIOH, MMOJIY4AIOIIUKCS PU JOCTATOYHO OOJIBILIOM BPEMEHHU pacuéra 3TUM
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QJIrOPUTMOM B 3TOM camMol cucTeMe. EAMHCTBEHHO WCKIIOYEHUE — JISI aJrOPUTMOB CO
CMEIIEHHOI OIeHKON MBI BhIOMpaeM B KadecTBe dTanoHa Path Tracing [15] (HO B ToOil ke
caMoii cucteme).

5. Ecam y xakoii-nu6o cuctembl MyHKT | He BBIMOJIHEH ISl Pa3HBIX alrOPUTMOB, TOTJA
JUTSL OTOW CHUCTEMBI 3a € ATAJIOH MBI IMpUHUMaeM TpaccupoBky mytei (Path Tracing [15])
peanu3oBaHHyIO B 3Toi cucteMe. Path Tracing, kak 6a30BbIi anrOpUTM, pealn30BaH Be3Je,
MBI MOYKEM HCIOJIb30BaTh €ro. CMBICT TaHHOTO IMYHKTa B TOM, YTO MBI XOTHUM IITpadoBaTh
ITOPUTM WJIM CUCTEMY, €CIIH Peau3alis He MOXKET pacCMaTPUBAThCA KaK KOPPEKTHAs Jaxe
C HATSHKKOM.

6. Ecam mo kakoi-TO TOpUYMHE B OJHOM U3 CHCTEM JTaJOHHOE H300paKeHUE
3HAYUTEIBHO OTJIMYACTCS OT JAPYI'MX, TOT/Ia Ha OCHOBE aHaJIHM3a BBIUYUCISEMBIX (DEHOMEHOB
OCBELIEHHOCTH BBIHOCUTCS BEPJIUKT O HEKOPPEKTHOW pealn3aliiy, U 3a IaHHbIA TECT CUCTEMA
HOJIy4aeT HOoJIb OayuioB. Brpodyem, B HaIIMX TECTaxX TaKUX MPELEIEHTOB HE ObLIO.

Jns oueHku OWMOKKM U TMOCIEAYIOIEro BBIYMCICHUS OalJIoB Mbl HCIOIb30BAIN
u3BecTHyto MeTpuky — MSE. [lntoc 310l MeTpuku AJi HAlllero CpaBHEHUS 3aKIHYaeTcs B
nuHeiHoi 3aBucuMocTH MSE (kBampar ommOku, (opmyna 2) oT BpeMeHHU pacuéra ajs
CHCTEM C HECMEIEHHOW omeHKoi. Takum oOpa3zom, 4ToObl yMeHbIIUTH B 2 paza MSE,
HEO0OXOIMMO pacCUMTHIBaTh M300pakeHre B 2 pasa jnoisblie. TecTupoBaHHE MPOU3BOIUIOCH
Ha cienytoniem obopynoBanuu: it GPU penpep-cucreM Oblia MCTONB30BaHA BUCOKAPTA
Nvidia GTX2070, ans CPU penaep-cucteM aHaAIOTUYHBIA MO CTOMMOCTH mporieccop Intel
Xeon E5 2690v2 3Ghz (10 sinep, 20 moToKoB).

1 WxH
g o (B R+ (G = G + (B = BI)) (@)

1=1

MSE =

®opmyna 2. Beruucienne MSE mexny usmepsiembiM uzobpaxenuem (R,G,B) u srtanonom
RY,GYB"Y), nomyusaembiM 3a Gonbmioe Bpems. W — pasMep H300paKeHHs 110
ropuzoHTanmu. H — mo Beprukanu. Tpoiiku (R,G,B) o003Ha4yaroT 3HaYeHUS B KPACHOM,
3e7€HOM M CHHEM KaHaJlax U300pakeHui.

Winner = Maxcount{argmin M SE(render.t)} 3)
t render

®opmyna 3. Beibop nobeaurens no merpuke MSE (momyuaromiero 3 6aia) IpOUCXOAUT 110

HECKOJIbKUM TOYKaM Ha TpaduKe, COOTBECTBYIOIIMM CYIIECTBEHHO pPa3THYAIOLIIMCS

BpeMeHaM pacuéra (maxcount mo f). Jlanee (copeBHOBaHME 3a 2 Oayia) MPOBOAUTCS
AHAJIOTHYHO. render — OJHA U3 YETHIPEX TECTHPYEMBIX CHCTEM.

116



V. Frolov, D. Pavlov, M. Trofimov, P. Kazbeev, V. Galaktionov

L1.1; MSE / Bpems (B MuayTax)
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Puc. 2. 3aBucumocts kBampara ommbOku (MSE) ot Bpemenu Ha cuene L1.1. Ha rpaduke kaxmas
CJIEAYIOIIasl MO3HULKUSI COOTBETCTBYET yBEIMUYCHHUIO BPEMEHHU B 2 pa3a. MoxkHO cuutath, 4T0 MSE u
CKOPOCTh CBSI3aHBl JIMHEHHBIM COOTHOIIEHHEM. YMeHbiieHue MSE B 2 pasa cooTBeTCTBYyeT
YBEJINUYEHHUIO BPEMEHH pacuéra B 2 pasa.

LL1.4; MSE / Bpems (Mumn).
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Puc. 3. 3aBucumocts kBazpara ommbOku (MSE) ot Bpemenu Ha cuene L1.4. Ha rpaduxe kaxnas
CJIEAYIOIIAasl MO3HULKUS COOTBETCTBYET YBEIMUYCHHUIO BPEMEHHU B 2 pa3a. MoxkHO cuutath, 4T0 MSE u
CKOPOCTh CBSI3aHBl JIMHEHHBIM COOTHOIICHHEM. YMmeHblieHue MSE B 2 pasza cooTBeTCTByeT
YBEIMYEHHIO BPEMEHH pacuéTa B 2 pasa.
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Corona_BDPT Corona_PPM Corona_VCM Hydra IBPT

Hydra_ MMLT Vdra PT Octane_PMC Octane_PT

VRay_BF_LC VRay_Irr_LC VRay_Ref
Puc. 4: [Ipumep comocTaBiIeHUsI pEeHIEP-CUCTEM U UX anropuTMoB Ha ciiene ORB L1.4. 16 munyT.

Corona_PT Corona_PT_UHD Hydra IBPT Hydra PT

Hydra_PT_QMC Octane_ PMC Octane_PT VRay_BF

VRay _BF_LC VRay_lrr_L.C

Puc. 5: IIpumep comocTaBieHus peHACP-CUCTEM U UX AITOpUTMOB Ha ciiene ORB L6.2. 8 MunyT.
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5 AHAJIM3 PE3YJIbTATOB

B skcneprHom TectupoBanuu ydactBoBaiu 10 mpodeccroHanmbHbiXx 3D XYyIOKHUKOB.
[Ipumepbl BU3yalnbHOI'O CpaBHEHUS, [0 KOTOPOMY IIPOU3BOJAMIIACH HKCIEPTHAs OLEHKA,
noka3anbl Ha puc 4,5. Kaxgomy skcnepty OblTO Moka3aHo 17 comocTaBIeHU OTAENbHBIX
(dparMeHTOB U300paXKCHHUHN U OBLTO MPEITIOKEHO OTPAHKUPOBATH CUCTEMBI 10 MecTaM — 1, 2
u 3. 3a mepBoe MecTo MbI cTaBuiIu 3 Gaia, 3a BTopoe 2, a 3a Tpetbe 1. [Ipu aTom nms kaxmoi
CUCTEMBI BbIOMpAJICS TOJIBKO HanboJiee yAauyHblid arOpUTM. DKCIEPT MOXKET ITOCTaBUTh HOJIb
0ayIoB cucteMe (TO €cTh HE Ha3HauaTh HUKAKOE MECTO), €CJIM OH CYUTAET, YTO U300pakeHne
HEKOPPEKTHO JINOO Pe3yNbTar, 10 €ro MHEHUIO, “He TSHET Ha MPU30BOE MECTO. Pe3ynbTarhl
9KCIIEPTHOIO PAHKMPOBAHUS MIPUBEICHBI HA PHC. 6 clieBa.

[Ipumeps! uncnennoro cpaBHeHus (Merpuka MSE) MoxHO yBuaeTs Ha puc. 2 u 3. OznHako
OHH HE HarJsIHbI, 0COOCHHO €CU OLIeHUBAaTh UX i Beex cueH (17 rpadukos). [Toatomy mist
TOTO YTOOBI IIOCTABUThH TAKOE CPABHEHUE B OJIUH PSIJT C IKCIIEPTHBIM, MBI UCTIOJIB30BAIH TY JKE
copeBHOBaTenbHyl0 (opmy (dopmyna 3), B KOTOPOH €IWHCTBEHHBIM ‘‘dKcrepToM’ OblLia
MeTpruka MSE, a Gayuiel cTaBUIIMCH TeM ke 00pa3oMm oT 3 3a mepBoe Mectoe 0 1 wm 0 3a
nocienHee (puc. 6 cpana).

JKCnepTHoe cpaBHeHue (6annbl) CopesBHoBaHMWe no olKnbKe (6annbl)
24.6
32 34
29 27
23.6 23.6
23
Octane Hydra V-Ray Corona Octane Hydra V-Ray Corona

Puc. 6: DkcnepTHOe cpaBHeHHE B “Oainiax” (ciaeBa). CopeBHOBaHME MO TOYHOCTH/OIINOKE (CIIpaBa).

Pe3synbTarsl cpaBHEHUs CTajld BO MHOTOM JiJIsl HAC HEOKUJaHHBIMU. C OJHOW CTOPOHBI, C
TOYKH 3pEHUS OMMOKU Mmodenuin cucteMsl ¢ pacuérom 0e3 momymenuit Ha GPU (Octane u
Hydra). OT0, B npuHIumne, 0’)kxuaaeMo, T. K. 3TH CUCTEMbI OpUEHTHPOBAHBI HA TOYHBIN PacydéT.
C napyroii croponsl, Haubosee ‘“uucTthie” M300pakeHUs AaBana cucrema V-Ray, xoTopas
no0enuiaa B SKCIIEPTHOM CpaBHeHHWH. Jlamee, eciM BHUMATENBHO MOCMOTPETh Ha LUQPHI,
BUJTHO, YTO pa3HUIA MEXIY NOOEAUTENEM U MPOUTPABIIUM B SKCIIEPTHOM CPaBHEHUU OUYEHBb
He3HaunTenpHa (1.5 Gamma). A B cpaBHEHHH IO OMIMOKe OHa JocTHraer 7 6aywioB. M3 aToro
MO>KHO 3aKJIIOYHTh, 4TO u3Mepenne MSE — Gonee 4yBCTBUTENbHBIN CIIOCOO CpaBHEHUS, YeEM
sKcnepTHBIH. W Goniee TOHSATHBIN, MOCKOJIBKY, B OTJIMYME OT SKCIEPTHOW OLIEHKH, OIIHOKA
MOJKET OBITh U3MEPEHA HEMOCPEACTBEHHO.

HeoxxuganHpIM OKa3ajloch TaKKe, YTO IO OLIEHKE 3KCIEPTOB (SKCIEPTHl OLICHUBAIU
KayecTBO M300pakKeHMi 3a OJJHO M TO K€ BpeMs, HO Mbl Ha3blBa€M 3TO TaKKE OLIEHKON
IPOU3BOIUTENIBHOCTH) OOJBILION pa3HUIBl B IPOU3BOJUTENIBHOCTH ITUX PEHIAEP-CUCTEM HET.
Hcnonp3ys pa3Hble MOAXOAbI, pa3Hble anroput™Mel U pasHbie Berancautenu (CPU u GPU) Bce
IPOIYKTHI, 32 UCKIFOYEHUEM OTAEIBHBIX CLEH, IOCTUTAIOT MapuTeTa MexXay coboi. U3 atoro
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MOJKHO CJieJlaTh Kak MHHUMYM 2 BbIBOjA. [lepBbiii — O60ph0a Mexay pa3HbIMH ITOAXO/IaMU,
METOJIJaMU M CHCTEMaMu OYIET MPOJOJDKAThCS, T. K. PKO BBIPAKEHHOTO MOOEAUTENS HET.
Bropoit — pacuér 6e3 momymenuit Ha GPU BmioTHyio momoOpaiics MO CKOPOCTH K
“npubmmkéaneiM”’ Metogam Ha CPU, HCHONB3yIOMIMM CMEIIEHHYIO WM COCTOSITEIbHYIO
OLIEHKY. DTO O3Ha4yaeT, 4TO 3a HMCKIIOYEHHEM HEOOJBIIOro KOJIWYeCcTBa CiiydaeB (Bpone
uckyccrBeHHoro mpumepa L1.5, puc. 1) “npubmmxéHHbie” METOABI TEPSIOT CBOIO
AKTyaJIbHOCTh B (DOTOPCATTMCTUYHOM DPEHJIIEPHHTE, TIOCKOJIBKY METOABl pacuéra 0e3
JOTYIIEHUH, KaK MpaBUIIO, YHUBEpCAJbHEH W Mpolle B MOAJEPKKe (I00aBiIeHHE HOBBIX
MaTepuajioB, HCTOYHMKOB M T. A.). Kpome Toro, pacuér 0e3 AOMyIIeHUN aenaeT
OCMBICIICHHBIM YCIIO)KHEHHE MOJIeNei B3aMMOJICHCTBHS CBEeTa C BELIECTBOM /sl BCE
OOJIBIIETO TOTPYKEHUS PEHACP-CHCTEM B (PU3UKY M YTIyOJICHHS] MOJCITUPOBAHUS BIUIOTH JIO
KBaHTOBOTO YPOBHsI (Takue padoThl cymiecTBytoT [34,35]).

[Ipu cpaBHeHHH KOMMepueckodl U OTKpbITOM cuctembl HAa GPU MBI BUAMM Takxke, 4TO
CYIIECTBEHHOW Pa3HUIIbI B IPOM3BOAUTEILHOCTH MEX Ay HUMU HET. [Ipuuém, 3TO mokas3piBaeT
u ommbKa, W 3KcnepThl. B omHux creHapusx moOexmaer Hydra, B apyrux Octane. D10
JUIIHUANA pa3 Mog4€pKrUBaeT HEOOXOAMMOCTh TECHOTO B3aMMOJCUCTBUSA HAYKU M UHAYCTPUU
MOCPEACTBOM pa3pabOTKU OTKPBHITOTO MPOTPAMMHOTO 00CCIICYCHHUS, T. K. 3aKPBIThIC HAYIHBIC
pa3paboTtku (Octane) He MOKazaaud MPEUMYIIECTBa HAJl OTKPBITOM peanu3anueii Xoporuio
M3BECTHBIX METOOB.

CpasuuBas Octane u Hydra, moxxHo kocBeHHO cpaBHUTH TexHonoruu CUDA u OpenCL,
nockonbky Octane peaym3oBan Ha CUDA, a Hydra ma OpenCL. Ha cuene ¢ Tsxénoit
reOMEeTpHEii, HO IPOCTHIM OCBEIIeHHeM BUIHO (cueHa L2.2, puc. 1), 4To ouryTuMoi pa3sHUIIbI
B TIPOU3BOAMUTEIILHOCTH TPACCUPOBKU JIydeH HET, TOCKOJIbKY Ha TaKOW CIIEHE CKOPOCTh
UHTETPUPOBaHUsl OyAET 3aBUCETh HCKIIOYUTEIBHO OT CKOPOCTH TPACCUPOBKHU JIydeH.
CrnemoBaTebHO, 3aKpPBITBIM  PEIICHUSM, HCIOJB3YIOIIMM  allapaTHbie OCOOCHHOCTH
KoHKpeTHbIX GPU, BmnomHe MOXHO MpEANoYecTb OTKPHITYIO U allapaTHO-HE3aBUCHMYIO
texHosoruto OpenCL 6e3 cymiecTBeHHOTO yiiepOa Mporu3BOANTEILHOCTH.

6 3AK/IIOYEHUME

[Ipennoxxensrii crmocod CpaBHEHHsI TO3BOJSIET IMPOBECTH COIMOCTABICHHUE Pa3IMYHBIX
QITOPUTMOB U PA3JIMYHBIX PEHAEP CUCTEM, JIaXKe €CIIM MX 3TaJOHbl HE COBNAJAIOT B CHIY
pa3uuuil B peanu3alysix MoJielell MaTepualioB M HCTOYHUKOB ocBemeHus. CTaHIapTu3anis
Takoro “OeHumapka” B OyaymieM TMO3BOJIUT wu30exaTth T. H. “cherry-picking” B
WCCJICIOBAHMSIX TIO0 peHIepuHry [1] W chemaer 3TH UcClIeOBaHHS 0oJiee OCTOBEPHBIMHU.
X0Ts, BO3MOXXHO, OHU CTaHyT MEHEEe 3pPEeIMIIHBIMU B CHJIY TOT0, YTO CLIEHBI Bceraa OyayT
OJTHU U TE XKe€.

MBI ipoioyKaeM paciupsaTh HAOOp CIICH U CTaBUM CBOEH IENBI0 CO3/1aTh OOBEKTHBHOE
CpaBHEHHME I BCEX JAOCTYIHBIX peHJep-cucTeM B Mupe. OTKPBITOCTh MCXOJHBIX KOJOB
Hameil cucremsl (Hydra) mo3Bomsier OyayIimM HCCIIEIOBATENsSIM TONXYYHUTh COBIANAIOIIHNE
U300pakeHMsl, MOCKOJbKY BC€ (OPMYINbI, 10 KOTOPbIM BEIYTCS BBIYMCICHHMS B Hallel
CHCTeME, M3BECTHBI. JTO JaéT BO3MOXKHOCTh B OyaymieM MpOBOIUTH 0oJiee TOYHOE
COIIOCTABJICHNE MEXAY HAIIMMHU pe3ybTaTaMH U Pe3yJbTaTaMU APYTUX UCCIIeI0BaTENeH.
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Summary. In this paper we a derive a single parameter characterization of the value and the
optimal exercise time of the perpetual American straddle (the portfolio consisting of a put and
a call option on the same underlying asset with the same price) in the classical Black-Scholes-
Samuelson model. The parameter is the unique solution of a single non-linear equation with
one unknown variable; this is the first time that the single equation characterization has been
obtained for the perpetual American straddle. The equation is derived after multiple trans-
formations of the defining optimal stopping problem in continuous time using a combination
of classical techniques: Hamilton-Jacobi-Bellman equation, reduction to a Cauchy-Euler first
order differential equation, smooth pasting conditions, and, finally, verification theorem for op-
timal stopping problems.

1 INTRODUCTION

Pricing of derivatives in the classical Black-Scholes-Merton model of a financial market is
a classical topic in financial mathematics. Given that the stock price is modeled by a geometric
Brownian motion, pricing problems can often be formulated as problems of optimal stopping
in continuous time. Arguably the best known models involve pricing of perpetual American
options: options without expiration date. Although the financial derivatives of this kind are not
actively traded they represent an important theoretical concept and, due to their diminishing
value, a valuable first approximation of the value of American derivatives with expiration dates.
When considering these kind of problems of interest are the value function of the problem,
which gives information about the price of the derivative, as well as the optimal stopping time,
which gives information about the optimal exercise time of the derivative under consideration.

In this paper we consider the perpetual American straddle: a classical portfolio consist-
ing of a put option and a call option on the same underlying asset with the same strike price.
The pricing of the perpetual American straddle has been studied using different approaches and
tools: in [1] by applying the theory of Laplace transforms, in [5] by transforming the problem
to a “generalized parking problem”, in [6] by exploiting ”an analogy with asymmetric rebates
of double knock-out barrier options”, in [7] ”by means of the Esscher transform and the op-
tional sampling theorem”, and, more recently, by using a combination of several optimization
techniques [3] and [4]. The characterizations obtained in these papers are often cumbersome:
indeed, in all of these papers the value function and the optimal exercise time are characterized
by a solution of a non-linear system of equations consisting of (at least) two equations.
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In this note, we show that the value function and the optimal exercise time of the perpetual
American straddle can be characterized via a unique solution of a single one-variable equation;
the solution lies in the interval (0,1). We do so by using one of the classical optimal stopping
theory approaches: the Hamilton-Jacobi-Bellman (HJB) equation and the smooth-fit principle
in combination with a verification theorem. In particular, we begin with an optimal stopping
problem in continuous time and assume that it’s optimal stopping time is the first exit time of a
bounded interval. The HJB equation for the value function of the problem on the continuation
region is a partial differential equation that can be reduced to an ordinary differential equation
(the Cauchy-Euler equation), as is customary for the problems of this nature. After solving the
equation and exploiting the assumption about the continuation region we are able to explicitly
write down the form of the value function: it is a piecewise function with several unknown
parameters. As the value function is expected to be continuous and differentiable we are able to
apply what is known as smooth pasting conditions to obtain a nonlinear system of equations the
solution of which will give us the unknown parameters. Finally, after applying the verification
theorem and some theoretical considerations about the uniqueness of the solution of the system,
we reduce the system to a single equation and prove that it’s solution is unique and in the (0,1)
interval. To the best of our knowledge this is the first time that such one-equation characteriza-
tion of the value and the optimal exercise time of the perpetual American straddle is obtained.
In the next section we present our result in full detail.

2 RESULT
Let the price process S; be a a geometric Brownian motion,
dS; = aS;dt + 0S;dB;,
where a € R and ¢ € R are known constants. The American straddle yields a payoff
f(t,8) =e S, —1

when exercised at time 7, where I > 0 is the strike price and r < o is a given discount rate (the
inequality r < ¢ is a standard assumption; see for example [10]).
The value of the perpetual American straddle at time ¢ is given by

Vi =esssupEfe”""|Sc — 1], (1)
(ASHA

where 7} is a set of all stopping times T > ¢. Our goal is to find a value function v(¢,x) such
that v(z,S;) = V;, and an optimal stopping time 7* such that Vy+ = E[e™"" |Sz+ — I|]. Hamilton-
Jacobi-Bellman (HJB) equation related to this problem is:

max {f(6,%) = v(t,x), 1 (1,%) + Lv(1,2)} =0, @)
(1x)€[0, 400 xR
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where & = ad, + %o2axx is a differential operator related to Ito’s lemma (see e.g. [8, ch.11]).
A well known approach when dealing with time-discounted optimal stopping problems is
to assume that the value function is of the form

rt

¢ (x);
this will later be confirmed using a verification theorem. The equality

vi(t,x)+ ZLv(t,x) =0

v(t,x)=e"

holds on the continuation region (due to the HIB equation). After canceling out e~ " this gives:
1
ro(x) — axe'(x) — Eozxz(p”(x) =0.

The last equation is a well known Cauchy-Euler ordinary differential equation and its solution
is

@(x) = Ax* + Bx*,
where A and B are two unknown constants and A and p are the solutions of the characteristic
equation

1
r—om— Eczm(m— 1)=0.

It can be easily verified that inequalities A > 1 and u < 0 hold.

It is known that the optimal stopping time will be the first exit time from the interval
(x1,x2) 3 I: it is optimal to exercise the put (call) option when the value of S; goes beneath
x1 (above x»). Furthermore, on the stopping region, the HIB equation implies that f = v. Thus,
we assume that the function v should be of the form:

e (I —x), 0<x<ux
v(t,x) = e_”(Ax)L + Bx*), x1<x<x 3)
e "(x—1), x> X

where A, B, x1, x; are constants chosen in a way that makes the function v differentiable (smooth
pasting conditions). In particular, we require continuity and differentiability in x; and x;.

It is already clear that, should we find such constants, the above function v(z,x) will be a
value function. Indeed, conditions of any of the well known verification theorems for the opti-
mal stopping of diffusions (e.g. ch. 3 in [9] or ch. 10 in [8]) are easily satisfied for functions
that coincide, piecewise, with (discounted) linear combinations of power functions. Further-
more, since the functions v and f coincide outside the interval (xj,x;), if v is indeed the value
function, then the optimal stopping time is:

v = inf{t > 0|S; ¢ (x1,x2)}.

Smooth pasting conditions lead to a highly non-linear system of equations. We show that it
can be reduced to a single equation:
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Theorem 1. The value process of the perpetual American Straddle V; defined in (1) satisfies the
equality V; = v(t,S;) for the function v as defined in (3) where

ul 147+
p—11+y-2
1

1— _
B:m((l—l)xl ”—f—ﬂ,xl“); X1 = Yx2

A:—((l—u)x{*’l+uxf’l); X =

and y € (0,1) is the unique number satisfying:

o 14+y* Ao l+yH

L—1149"4 A—11+4y-H @
Proof. Smooth pasting conditions, after cancelling out e, can be written as:
[ —x; =Ax} +Bx{, —x1 =AAx} +Buxy,

xy — I =Axb +Bxb, Xy =AAxA +Buxh. %)

In order to prove the theorem it is, by construction of the value function v, sufficient to prove
that unique solution of the system (5) is the one given in the formulation of the theorem. The
proof consists of reducing the system to equation (4), and proving that the solution of the latter
is unique on the interval (0, 1).

First we comment on the uniqueness of the solution of the system of equations (5). Due
to the uniqueness of the value function of the optimal stopping problems the solution of the
system above must be unique. Indeed, two different solutions of the system (5) would lead to
two functions v; and v, both of which would satisfy the verification theorem and the equation
vi1(2,S¢) = va(t,S;) would holds almost surely, which is clearly impossible.

We now turn to proving the existence. We can eliminate variables A and B in the two
equations containing x| by treating them as a two dimensional linear system. Since determinant

of that system is D = x%ﬂl (u—A) #0, A and B are uniquely determined by it. We can do the
same for the two equations containing x;. If we introduce, for notational purposes, the function
O(x;p,A) = (u—2A)~' (1 — p)x'* + ux—*, we can write the solutions of those two systems
as:
A=0(x;;1,4); B=0(xi;A,1); A= —0Q(xo; 14, A); B=—0Q(x2;4, ).
Equating the expressions for A and B we obtain the following nonlinear system with two
equations and two variables, x| and x;:

O(x1;14,A) + O(x2; t,A) =0 O(xi;A, 1)+ O(x2;A, 1) =0 (6)

Due to the nice form of the above system, we immediately see that if (x,xp) is its solution so
is (x2,x1). This means that there is a unique solution pair satisfying x; < xp, and it will be the
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unique solution that we are looking for. We introduce a variable ¥ such that x; = x;¥; since
inequality 0 < x; < x, holds, we have y € (0, 1). The right hand side of the first equation of the
system (6) can now, after some simple calculations, be written as:

Q(2y: t, A) + 0oz, A) = (1— W A1+ ) + a1 +774).

from which we obtain:
ul 14y

p—11+y-2

Xy =

Similarly, by changing x; = xo7 in Q(x1;A, 1) + Q(x2; A, 1) = 0 after multiplication with x, "

we obtain:
Al 14y H

A—114y-#
Equating the two obtained expressions for x;, after rearanging and cancelling out parameter /,
we obtain the one-dimensional equation (4), stated in the formulation of the theorem.

It remains to prove that there exists a unique solution of equation (4) in the interval (0, 1).
Let us denote the left hand side of the equation with k(7). It is obvious that function &
is continuous on (0,1) and, since A > 1 and u < 0, it is easy to check that 4(1) < 0 and
limy_,04 h(y) = +oo. We can thus conclude that a solution exists on the interval (0,1), and its
uniqueness is a consequence of the argument from the beginning of the proof.

Xy =

]

3 CONCLUSION

We have demonstrated that the perpetual American straddle, a classical and well studied
portfolio of options, can be priced and fully characterized using a unique solution of a single
non-linear equation on the unit interval. Our contribution is technical, and it’s value lies in it’s
elegance as well as the fact that the solution itself gives a direct relation between two exercise
boundaries of the American straddle. The result represents an represents a rare advancement in
a well studied field, showing that even in classical literature on derivative pricing there can be
space for contributions to the theory; the contributions are likely to be of the technical kind, as
demonstrated in this material.

As the result we presented belongs to a wide field of financial mathematics, we conclude the
paper with two comments that hopefully address the relative significance of the results within
finance and mathematics, respectively.

Curiously, the equation the solution of which is the single parameter that characterizes the
optimal exercise time and the price of the perpetual American straddle does not depend on the
strike price /. This technical curiosity might have a deeper economic interpretation within the
field of finance; this however lies beyond the mathematical aspects studied in this work.
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From the perspective of the mathematics of the theory of optimal stopping in continuous
time, the result we presented gives rise to a natural question for future research: which op-
timal stopping problems with bounded continuation regions can be characterized by a single
parameter? The solution we presented exploited the “symmetry” of the function f and one can
naturally assume that one needs to formalize this condition in the most general terms in order
to prove the general version of the result presented here.
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Summary. Scientific research is conducted, as a rule, for a long period of time. At certain
points, researchers prepare publications that reflect the results obtained at the current stage.
For example, suppose a multi-year research project has several reporting periods, at each of
which researchers present to the customer publications created in the reporting period. Then,
since the publications are related to a common theme, their texts inevitably have intersections
associated with the description of the conditions of the problem, the context of research, the
methods used, etc. How will publishers react to such publications? Codes of ethics for
scientific publications not encourage duplication of text fragments in several articles. Do
ethical codes restrict the author's freedom to create a derivative work that uses fragments of
text from articles he has previously written? Can the author free to publish his article in
multiple publications?

According to the Civil code of the Russian Federation, the creation of derivative works is
one of the ways to realize the exclusive right of the author to the work. The Civil code does
not regulate specific permissible methods and volumes of processing of a scientific work. The
feasibility of creating a derivative work is entirely within the competence and responsibility of
the author.

The Civil code of the Russian Federation establishes the mechanism of simple (non-
exclusive) licenses: any publisher can obtain from the copyright holder a simple license to
publish the article, including without its processing. Publication of an article in several
journals is one of the ways enshrined in the law to realize the right of the author (copyright
holder) to publicize the work. The discussion in the scientific community on whether it is
ethical to publish an article in several journals often makes no sense. The ethical sphere can
only include the obligation of the author to inform the publisher about the held or planned
publication of the article in another journal.

1 INTRODUCTION

Scientific research is usually conducted over a long period of time. At certain points,
researchers prepare publications that reflect the results obtained at the current stage. For
example, suppose a multi-year research project has several reporting periods, at each of which
researchers present to the customer publications created in the reporting period. Because the
publications are related to a common theme, their texts inevitably have got intersections
associated with the description of the conditions of the problem, the context of the research,
the methods used, etc. How will publishers react to such publications? Codes of ethics for
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scientific publications now tend to assess cases of repeated use of the text in several articles of
the author as a significant violation.

Do ethical codes restrict the author's freedom to create a derivative work that uses
fragments of text from articles he has previously written? Can the author free to publish his
article in multiple publications? How does the Civil code of the Russian Federation
(hereinafter — the Civil code) [1] protect the intellectual rights of authors?

2 CODES OF ETHICS OF SCIENTIFIC PUBLICATIONS

Consider the well-known code of ethics developed by the Committee on Publication Ethics
(COPE) [2]. Ethical principles of COPE were formulated in 1997 to address ethical concerns
in research and publication. Major companies and associations operating in the field of
pharmacology and medicine, publishers of medical journals participated in the development
of the COPE code of ethics. The code addresses the issues of research ethics, reliability of the
data obtained, correctness of the data analysis methods used, completeness and openness of
the results publication. The code also includes topics of conflict of interest, falsification of
research, biased evaluation of results, etc. In medicine and pharmacology these problems are
extremely important.

Other topics of the code cover issues common to many areas of knowledge: authorship,
peer review, illegal actions of participants in the publishing process, plagiarism, re-use of the
text in several articles of the author (self-plagiarism, text recycling), excessive publication
(redundant publication).

Reuse of the text or "self-plagiarism" is a very urgent problem, which is currently actively
discussed among the editors of scientific publications. The facts of reuse of texts are now
easily established: overlapping texts in several articles are identified with the help of
programs such as "Anti-plagiarism".

Editors can make certain decisions regarding the publication of the article depending on
the extent to which the text of the article intersects with the author's previous publications, in
which sections of the article fragments of the text from earlier publications are found. In
accordance with the recommendations of COPE, editors should consider cases of text re-use
on an individual basis, since the adequacy of the editor's actions will depend on many factors.

In some cases, the revision of the text is not a serious violation, and the authors do not have
to correct such parts of their article. If the overlap of the text is unjustified, but insignificant,
the COPE instruction recommend to the editors to suggest the authors to rewrite the
overlapping sections or to make the text in the form of a quotation from the previous articles.
A larger overlap may result in rejection of the manuscript.

Note how the COPE code defines the term "redundant publication". The term refers to the
case when several articles without reciprocal link is devoted to the description of the results of
one study put the same tasks, formulates the same conclusion and so on. Ethical standards
declared by the code are the following:

1) published research results should not be repeated, unless it is associated with a special
case of additional confirmation;

2) publication of abstracts at the conference (other event) does not exclude further
publication of the full version of the article;

3) publication of the article in another language is acceptable provided that the full
meaning and adequate translation;
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4) at the time of submission of the article to the journal, authors should indicate all related
articles, including translations into other languages.

The first point in the above list requires editors to reject the previously published article,
but the rigidity of such a decision is understandable in the context of the characteristics of the
subject area (pharmacology, medical science). If the authors publish the same results in
several journals, the medical professionals may be deformed idea of the scale, complexity and
importance of the study. Such distortions can eventually lead to negative consequences in
practical medicine.

The following paragraphs formulate perfectly acceptable, natural ethical rules to be
followed by an author working in any scientific field.

The COPE code is not a directive document binding on all editors, reviewers and authors.
The code is a kind of guide that offers the participants of the publishing process ways to solve
certain ethical problems. At the same time, the COPE website provides a forum where you
can express your opinion on a specific case of application of the rules of the COPE code. The
developers of the code express their readiness to change some of its provisions based on the
results of an open discussion.

Participants in the discussion on the COPE website [3] often express opposing views on
some ethical rules, in particular on the reuse of text (text recycling). Someone annoyed by the
constant repetition of the same text in several articles by the author ([3], Charlotte Seidman
post, 22/2/2013 7.42 pm). Someone refers to other examples where reuse of the text is
necessary. Thus, there is often a need for introductory paragraphs that describe a larger
project, thus creating the context of the work in the article on one of the directions of this
large project. Forcing authors to revise such paragraphs does not improve the content of the
article. Generally, paraphrasing degrades the quality of the text or leads to lengthening of the
article ([3], Justin Starren post, 28/2/2013 2.03 pm).

In the discussion on the COPE website there is an opinion that there is no ethical flaw in
the reuse of the text ([3], Soumitra Kumar post, 12/3/2013 8.31 am). The author of this post
develops an extravagant idea that the article could be constructed using existing text modules.
As the author notes, such a constructive approach to writing an English-language article could
benefit, in particular, researchers for whom English is not a native language.

The expressed design idea corresponds to the technology of reuse of program code, when
previously written program blocks are included in the program. Code reuse is widely used in
programming. Including a previously written and debugged block in his new program, the
programmer knows that such a modernization of the project will expand the functionality of
the system and most likely will not lead to errors.

This is not the case with reuse of the text. There are a lot of contradictions. The inclusion
to the new article the fragment of the text from the previously written paper entails a violation
of ethical norms. At the same time, a link to a previously published article, placed instead of
the desired text fragment, does not allow the reader to directly get acquainted with the context
or conditions of the project. And if you follow the editor's recommendation to "rephrase the
text fragment", such reformations can cause a lot of questions from the reader. Seeing the new
lexical set of words and expressions in a familiar text, the reader will be puzzled: has the
author's position changed, has there been any new data on the previously discussed issue?

The COPE code of ethics for scientific publications is very popular. This code is widely
implemented in Russia [4-6]. The ethical rules of many Russian journals are based on the
COPE recommendations. Sometimes the provisions of the COPE code are reworked, often in
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the direction of tightening. For example, in the code of ethics of scientific publications on the
portal psychological publications PsyJournals.ru [7] ethical standards relating to the re-
publication, are collapsed into a single rule:

"Authors should not submit to the journal a manuscript that has been sent to another
journal and is under consideration, as well as an article already published in another
journal."

Less categorically expressed the final document of the conference "Problems of quality of
scientific work and academic plagiarism", held on September 26, 2018 [8]:

"Multiple publication of an article (replication, self-plagiarism) means reprint by the
author (s) of his / her own works, which is not justified by any objective reasons (changes in
the text of the article, translation into another language, appeal to another readership,
inclusion of the text of the article in a thematic selection or anthology) and without specifying
the source of the initial publication.”

Not a bad formulation, which, in particular, covers the case of the publication of an article
in the journal after the preprint publishing: there is definitely an appeal to a different,
generally speaking, wider readership.

In our opinion, the current restrictions on the publishing and spreading of the article may
infringe the rights of the author (copyright holder) to promulgate his work, i.e. to bring it to
the general public. Often, the distorted interpretation of ethical norms hides the routine market
competition of journal publishers. In this way the publisher wants to gain a competitive
advantage from the exclusive publication. After publishing the article in the journal, many
publishers offer authors to re-publish the article in thematic collection (see, for example, the
proposal of the publishing house "Science" [9]), thus obtaining additional income from
spreading and sale of previously published articles.

At the same time, ethical considerations about the inadmissibility of multiple publication
of the same work cannot be completely discarded. But ethical norms only come into effect
when multiple publication takes ugly forms. It is hardly a normal situation when the same
article appears in dozens of magazines. Here, indeed, there is a violation of ethics, as the
reader is forced over and over again to stumble upon identical texts. In this case, it is usually
easy to see the attempt of an unscrupulous author to harshly increase his publication figures.

3 THE CIVIL CODE OF THE RUSSIAN FEDERATION ABOUT PROTECTION
OF INTELLECTUAL PROPERTY RIGHTS

Part IV of the Civil code is devoted to the protection of intellectual rights. There, in section
VII “Rights to results of intellectual activity and means of individualization”, article 1225
defines the types of results of intellectual activity to which state protection is granted. The
result of intellectual activity, in particular, is a work of science. One of the types of works of
science is a scientific paper written by the author on the results of scientific research. The
paper is created for the purpose of its further publishing. Relations between the author and the
publisher are regulated by the provisions of the Civil code.

According to the Civil code, the author (or employer) has the exclusive right to the created
work. What exactly does the exclusive right to the work include? According to paragraph 1 of
article 1270 of the Civil Code, the copyright holder may use the work in any form and in any
manner not contrary to the law.
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Paragraph 2 of article 1270 lists the following ways of using the work:

e reproduction of the work, i.e. making one or more copies of the work or part of it in
any material form;

e spreading (distributing) the work;

e translation or other processing the work;

et al.

Let us return to the ethical question of reusing the text of the paper discussed above. In
terms of the Civil code we are talking about the creation of derivative works as a result of
processing the original work.

Processing is one of the ways to realize the exclusive right of the author (copyright holder)
to the work. The Civil code of the Russian Federation does not regulate specific permissible
ways and volumes of processing of a scientific work. The expediency of creating a derivative
work is entirely within the competence and responsibility of the author (copyright holder) of
the work.

The author has no restrictions on the creation of derivative works based on the original
work. No license agreements or even an agreement on the alienation of the exclusive right to
the work deprive the author of the right to create derivative works. Paragraph 4 of article 1233
of the Civil code reads as follows:

"The conditions of the agreement on alienation of the exclusive right or the license
agreement limiting the right of the citizen to create results of intellectual activity of a certain
kind or in a certain area of intellectual activity or to alienate the exclusive right to such
results to other persons are void".

Thus, with regard to future works, the Civil code protects the author from contracts that
infringe the interests of the author. In the Russian Federation, the publisher in the contract
may not require the author not to create derivative works in the future.

Derivative works should occupy a legal place in the space of scientific publications.

The author has the right to create derivative works, focusing on different audiences of
readers. For example, a publication describing the results of work on the creation of a
computational model, addressed to specialists in the field of mathematics, can reveal the
details of the formal mathematical apparatus and applied computational methods. In the
derivative publication on the same subject, but focused on IT-specialists, the emphasis will be
shifted towards the description of the architecture and functionality of the software complex,
serving the constructed mathematical model.

Derivative works may reflect the author's new views on the subject of research, clarify the
tasks, adjust or supplement the previously obtained results, etc.

The author can create his work in the technology of live publications. The author of the
live publication takes the responsibility not only to constantly improve his work, but also to
monitor development in the research area and systematically reflect everything new in his
online text [10]. At some point, the author can publish an article in the journal — a fixed time
slice of a live publication — and continue to develop his work. Having accumulated new,
quite interesting facts and results, the author can re-publish another time slice of his
continuously developing work. Thus, the original work may give rise to a family of derivative
works intended for publication in journals.

The derivative work can be created by the author specifically for the functioning in the
Internet. Such work is implemented not in the form of a text file, but on a special
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technological platform. In comparison with the usual text, an online scientific article can have
new qualities: flexible text visualization in the technique of adaptive design, multimedia
illustrations, online computing, etc.

Finally, the author can write a monograph, which will include the texts of several articles
of the author. The monograph is a traditional type of scientific production. Despite the fact
that in today's conditions writing a monograph is not encouraged by officials from science,
leading scientists continue this vital scientific tradition [11].

Does the author have the right to publish an article in several journals? Publication of the
work in several editions is a legal way to implement the exclusive right specified in paragraph
11 of article 1270 of the Civil code:

"(11) making the work available to the public in such a way that any person may access
the work from any place and at any time of his own choice (making it available to the
public).”

From the point of view of the Civil code, it is also permissible to publish the same article
in different journals without processing on the terms of a simple (non-exclusive) license — in
this way the right holder has the opportunity to expand its readership, to acquaint the general
scientific community with the results of the research.

Does the publisher have the right to reject an article on the grounds that it has already been
published in another journal? Certainly, yes. Moreover, the publisher has the right to reject the
article and for any other absurd reason, as well as without explanation. The only thing that the
publisher does not seem to need to mention here is that he is guided by high ethical
considerations in this questionable decision.

4 NEW RELATIONS BETWEEN AUTHOR AND PUBLISHER

Technologically multiple publication, in our opinion, is a phenomenon of yesterday,
accompanying the transition stage in the development of means of representation of scientific
knowledge. Already now there is a new model of relationship between the publisher and the
author, which does not lead to multiple publications.

The paper [12] presents an open platform for the organization of review by the publisher of
the journal of open access preprints of articles previously placed in the popular open archive
arXiv.org. The author submits his / her article to the journal directly from arXiv.org. The
journal reviews the article by its experts. After successful peer review, author corrects his
article, and the article is published again in arXiv.org. The journal assigns a DOI to the article
and publishes a link to such article.

This kind of relationship can, generally speaking, arise in the author with several
magazines. If all these journals, after successful evaluations of the article, publish only links
on the article, that is placed in arXiv.org, then duplication of the text of the article is not
happening. At the same time, the editors of any of the journals may, of course, decide to
publish the full text of the article.

The publication of an article in one form or another in several journals should not have a
negative connotation. On the contrary, the author can be deservedly proud of the fact that his
article received a kind of quality mark from several magazines.

About these new trends in "Green OA" told, in particular, the representative of the
company Clarivate Analytics in Russia Oleg Utkin on held in may 2019 public hearing in the
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Presidium of the Russian Academy of Sciences, devoted to the development in Russia open
access to scientific publications [13]. The essence of the "Green OA" model is that the author,
after internal review, places his article (preprint) in an open archive deployed on the website
of his organization. Only then the article is sent for review to specialized scientific journals.
After a positive review link to the article is placed on the website of the journal.

5 CONCLUSION

The legality of creating a new work on the basis of previously published works of the
author is actively discussed among the editors of scientific publications. As already
mentioned, the facts of re-use of texts are now easily established with the help of programs
such as "Anti-plagiarism". Editors can make certain decisions regarding the publication of the
article depending on the extent to which the text of the article intersects with the author's
previous publications, in which sections of the article reused fragments are found, etc. In
accordance with the norms of publication ethics, editors should consider cases of text
processing on an individual basis.

The publication by the author of derivative works containing fragments of the text from his
previous articles should not refer to violations of publishing ethics. The Civil code of the
Russian Federation assigns to the author the right to create derivative works. Derivative works
can be oriented to different readership, reflect new views of the author on the subject of
research, adjust or supplement the results obtained earlier, etc. Derivative works should
occupy a legitimate place in the space of scientific publications.

The discussion in the scientific community on whether it is ethical to publish an article in
several journals makes no sense. The ethical sphere can only include the obligation of the
author to inform the publisher about the held or planned publication of the article in another
edition. The Civil code of the Russian Federation establishes the mechanism of simple (non-
exclusive) licenses: any publisher can obtain from the copyright holder a simple license to
publish the article, including without its processing. The publication of articles in several
journals — this is one of the enshrined in the law of natural methods of implementation of the
rights of the author (copyright holder) on a wide publication of a work.
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Summary. Secure methods of the cost-effective flights to Venus and the passage of its
gravity sphere are necessary to increase the amount of scientific and service equipment on
board spacecraft and effectively exploration of the solar system. The results of the modern
methods of ballistics design using for interplanetary flights to Venus are given with the
purpose of entering the Venusian satellite orbit and for the landing on its surface. The main
attention devotes to the construction of the launch windows and to the calculation of the
reachability areas of the descent vehicle on the surface of Venus.

1 INTRODUCTION

Domestic space missions to Venus traditionally dominated in the world research of Venus,
and the bulk of the fundamental knowledge about the planet by the Soviet missions in 1961-
1985 was obtained. In those years, Venus was launched 18 automatic stations and made 10
landings — all successful [1]. NASA also carried out two successful orbital projects, the
“Pioneer-Venus” and later - the “Magellan”.

After a long break, Venus was studied only from orbit, for example, by the European
Venus Express project (2005-2015).

The Venus-D project is the next step after the successful series of Venus and VEGA
missions in the 1970s and 1980s. The qualitative difference between modern landing craft
from the programs "VEGA" is equipped with the knowledge of the geology of the surface
according to the results of radar studies of the spacecrafts "Venera 15,16" and the "Magellan"
spacecraft. The lander will land not blindly, as before, but in an area with a known geological
context.

The development of cost-effective ballistic schemes of spacecraft’s flights to Venus and

the passage of its scope is relevant and necessary to increase the payload of the spacecraft by
reducing the mass of fuel [2, 3]. Ballistic design of such schemes, in particular, is an essential
part of the promising domestic project "Venus-D", providing for the landing of the descent
module on its surface in a given area.
The paper presents the results of the use of modern methods of ballistic design of
interplanetary flights for planning flights to Venus (the mission of delivery and, in particular,
to land the spacecraft on its surface in a given area), analyzes the methods of implementation
of Hesperian projects and improve their efficiency. The main attention is paid to the
construction of the launch windows and the method of construction and direct calculation of
the reachability areas of the descent vehicle on the surface of Venus.

2010 Mathematics Subject Classification: 70ES55, 70M20, 70Q05.
Key words and Phrases: mission design, Venus, descent module, target region of accessibility, gravity assist,
“Venera-D”” mission
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2 THE SHORT HISTORY OF THE HESPERIAN MISSIONS

The Soviet automatic interplanetary probe Venera-3 was the first to reach the Venus
surface on March 1, 1966. The USA accomplished the successful mission Pioneer Venus in
1978. This mission included the launch of two spacecraft—the first one was an orbital module
and the second one included one large and three small descent modules. They acquired a lot
of data concerning the atmosphere, but the landing was not planned, and the descent modules
stopped making measurements at the altitude of 12 km. Thus, only Soviet probes have
successfully worked on the Venus surface. A number of Soviet space projects aimed at
approaching Venus and landing on its surface have been accomplished (Tab. 1 and Fig. 1).

By contrast with the preceding missions, the modern projects of Venus exploration using
landing modules plan to land at a given landing point on the Venus surface, which is
impossible without using a high-quality Venus maps.

In the middle of October of 1983, Venera-15 and Venera-16 were inserted into orbits
around Venus. These satellites were equipped with a radar system for mapping the Venus
surface. Later, an atlas of Venus [4] was created based on these data. The radar mapping
started by Veneras was continued by the NASA Magellan mission, which did not plan to land
on the Venus surface. To help plan the survey, the NASA researchers used the data acquired
by Venera-15 and Venera-16. In 1990-1993, Magellan mapped the Venus surface at a higher

Automatic Date Landing
interplanetary coordinates (degrees)
probe Remark
launch arrival latitude | longitude
Venera-1 1961/02/12 1961/05/19 — — Flyby at a distance
0f~100 thousands of km
Venera-2 1965/11/12 1966/02/27 — — Flyby at a distance
0f~100 thousands of km

Venera-3 1965/11/16 1966/03/01 — — Reached the surface
Venera-4 1967/06/12 1967/10/18 19.0 38.0

Venera-5 1969/01/05 1969/05/16 -3.0 18.0

Venera-6 1969/01/10 1969/05/17 -5.0 23.0

Venera-7 1970/08/17 1970/12/15 -5.0 351.0

Venera-8 1972/03/27 1972/07/22 -10.0 335.0

Venera-9 1975/06/08 1975/10/22 31.7 290.8 Venus satellite
Venera-10 1975/06/14 1975/10/25 16.0 291.0 Venus satellite
Venera-11 1978/09/09 1978/12/25 -14.0 299.0

Venera-12 1978/09/14 1978/12/21 -7.0 294.0

Venera-13 1981/10/30 1982/03/01 -7.5 303.5

Venera-14 1981/11/04 1982/03/05 -13.0 310.0

Venera-15 1983/06/02 1983/10/10 — — Venus satellite
Venera-16 1983/06/07 1983/10/14 — — Venus satellite
Vega-1 1984/12/15 1985/06/11 7.9 176.7 Halley's Comet

Table 1. Soviet projects aimed at Venus exploration.
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Figure 1. Landing regions of Soviet descent modules of the series Venera (B) and Vega (Br) on the
Venus surface (borrowed from [5]).

HYPSOMETRIC MAP OF VENUS

SCALE 1:45 000 000 (1mm = 45 km)
LAMBERT EQUAL AREA AZIMUTH PROJECTION

£ MSU Siambarg Sials AsrrmicalIsituls 2007

Figure 2. Hypsometrical topographic map of Venus.
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spatial resolution.

Later, more accurate hypsometrical topographic and geological maps of Venus were
created based on the data collected by Magellan (in particular, the hypsometrical topographic
map of Venus (Sternberg State Astronomical Institute, 2006), see Fig. 2.

Nowadays, Venusian landing missions are planned based on the analysis of ballistic
reachability regions for specific launch dates; the reachability regions are put on maps of
terrain priority types, which intensively use the available morphological and geological data
(Fig. 3, [5, 6]). The reachability regions are shown by grey and white circles in this figure.
The lander is able to land in a region whose geological characteristics are known in advance

[7].

Pty e — e R Date of launch:
> == 1o 05 Dec. 2026
0 07 Dec. 2026

Figure 3. Priority map of Venus corresponding to the geological map of Venus with ballistic
reachability regions. Borrowed from [5, 6].

2. DESIGNING LAUNCH TIME WINDOWS

Procedures for calculating launch windows for interplanetary flights are thoroughly
described in the literature [8-11]. Since the flight to Venus is energy consuming, the priority
in designing flight trajectories is to minimize the characteristic velocity.

The possibility to reach a planet with the minimum possible energy consumption repeats

periodically. First of all, the cyclicity is determined by the synodic period 7, of repeated
configuration of mutual arrangement of two planets. The period 7, is almost fixed relative to

the stars [9], and it is expressed in terms of the revolution periods of these planets 7, and 7,
by the rule
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T =T/ =T

In the classical astronomy, oppositions are the configurations in which Earth is on the
same straight line with Sun and another planet, and the direct ascent of Sun and the second
planet differ by 180°. The time interval between two events when Earth and an outer planet
are closest to each other is called the period of their favorable oppositions. In modern
astrodynamics [9], this concept is generalized to the case of two planets; the period of their
mutual configuration in the heliocentric frame of reference is approximately determined as the
least common multiple of the sidereal periods of these planets and their synodic period.

The opportunity of transfer to Venus with minimum energy consumption occurs every
eight years at the time of favorable oppositions. A slightly greater characteristic velocity for
the transfer to Venus is required every 1.6 years.

The preliminary approximate evaluation of the optimal launch dates is determined using
the Hohmann transfer orbit in the circular model of planetary motion in the Solar system. The
initial approximation of the launch dates is then improved taking into account the eccentricity
of the planets' orbits and their noncoplanarity. A grid of departure and arrival dates is formed,
the Lambert problem about the transfer in the central field of Sun is solved for them, and the
departure and arrival velocities are found. The sum of these velocities gives the characteristic
velocity required for the transfer. Based on these calculations, the isolines of the characteristic
velocity in the coordinate plane are constructed. The departure dates are plotted on the
horizontal axis, and the transfer time is plotted on the vertical axis [3].

Next the distance of the pericenter the hemisphere through which the asymptotic axis of
the arrival hyperbola passes, and the inclination to the equatorial Venus plane are specified.
The transfer from the near-Earth orbit to the trajectory ensuring the arrival with the prescribed
parameters is then determined. The grid of departure and arrival dates and the range of
transfer durations were calculated with the accuracy up to one earth day.

3. OPTIMAL LAUNCH DATES FOR THE VENUSIAN MISSIONS DELIVERING
PAYLOAD

Tab. 2 summarizes the launch dates that are best from the viewpoint of characteristic
velocity expenditure for the period 2021-2028. The best launch dates to Venus are in May
2023 and in December 2024.

Date Flight duration, days Velocity, km/s
launch arrival departure arrival sum
2021/10/27 2022/04/05 160 2.80 4.76 7.56
2023/05/26 2023/10/27 154 2.56 3.71 6.27
2024/12/06 2025/05/15 160 3.27 2.70 5.97
2026/06/09 2026/12/09 183 3.86 2.98 6.84
2028/01/11 2028/07/24 195 4.63 3.49 8.11

Table 2. The best launch dates to Venus in 2021-2028.
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The launch window in 2024 requires the minimum characteristic velocity expenditure, and
the launch window in 2028 requires the maximum characteristic velocity expenditure. The
difference between the maximum and minimum values is about 2 km/s. Fig.4 illustrates the
characteristic velocity expenditure for Earth—Venus transfer in the launch windows 2021-
2028. The characteristic velocity expenditure is plotted on the vertical axis in km/s for the
central point of the window.

In Fig. 4,5 we give the plots of launch windows for the period 2021-2028 for
interplanetary Earth—Venus transfers.

Each figure shows the level lines of the characteristic velocity needed for the transfer (they
are called porkchop plots in English and seashells in Russian [12]. The launch dates (in days)
are plotted on the horizontal axis. The zero point corresponds to the first of January of the
year indicated in the figure caption. For example, for Fig. 4 this is January 1, 2021. The
transfer time is plotted on the vertical axis (in days). The maximum value of the characteristic
velocity for these figures is 10.5 km/s. The cursor (in the shape of a cross) is at the point with
the minimum total characteristic velocity (its value is printed nearby). The cross bars are
extended to the intersection with the coordinate axes. Near these intersection points, the
departure date and time (on the horizontal axis) and the arrival date and time (near the vertical
axis) are shown.
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Figure 4. Earth—Venus transfer for 2021-2024. Total characteristic velocity.
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Figure 5. Earth—Venus transfer for 2025-2028. Total characteristic velocity.
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Figure 6. Isolines of characteristic velocity for the launch window in 2026.
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4. OPTIMAL LAUNCH DATES FOR THE VENUSIAN DELIVERING PAYLOAD:
TECNIQUE

The numerical scale is represented by the fraction 1/M, in which the denominator M is the
number showing the factor by which the dimensions in the map are decreased (1:M). When
different numerical scales are compared, the scale with a greater denominator M is smaller.

Let us describe in more detail the launch dates found above. Fig. 6,7 show the isolines of
the total characteristic velocity (porkchop plots) for the launch dates presented in Table 3 on a
greater scale [12]. The launch dates are plotted on the horizontal axis, and the transfer time is
plotted on the vertical axis (in days). The numbers show the total characteristic velocity in
km/s. For the second part of the eight-period cycle (including the launch windows in 2026,
which is most probable for the implementation of space missions), the detailed isolines of the
characteristic velocity are shown. They were constructed interactively using the software
package BalCalc developed in the Ballistic Center of the Keldysh Institute of Applied
Mathematics.

The probable early launch date for the Venera-D project is 2026 (the launch window is
2026/05/13-2026/07/08). However, the dates up to 2032 are also considered. In Fig. 8 show
the isolines of the total characteristic velocity for the additional launch windows 2029-2032
of the Venera-D project.

028/01/08 11:35:04.354

150 200 250 300

Figure 7. Isolines of characteristic velocity for the launch window in 2028.
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5. SPECIFIC FEATURES OF THE PROBLEM OF GUIDING DESCENT MODULES
TO THE PRESCRIBED VENUSIAN REGIONS

The problem of guiding descent modules to the prescribed regions of Venus and the
problem of forming Venus-centric orbits with given parameters was studied, e.g., in [13],
where Pioneer—Venus 1, 2 ballistic missions was designed; this mission was launched on
August 8, 1978 with the goal of examining the Venus atmosphere. The solutions found in that
research are still useful for designing new missions. As a preparation for designing this
mission, reachability regions on the Venus surface depending on the coordinates and the entry
angle of the descent module into the Venus atmosphere were mapped.

Figure 8. Earth—Venus transfer for 2029-2032. Total characteristic velocity.

More detailed exploration of Venus (e.g., within the Russian project Venera-D [5]) require
not only the transfer to the planet but also the formation of an orbital subsatellite and a
descent module at the given point of the flyby trajectory. The orbital subsatellite is designed
to fly in the Venus atmosphere at an altitude of 50 km, and the descent module must
investigate the causes of water loss from Venus. In one version of the project, the subsatellite
separates from the main SC after the braking impulse accomplished when the spacecraft
approaches Venus on a hyperbolic trajectory. After the subsatellite separation, the SC goes
into a circular orbit around Venus. On this orbit, the descent module separates from the SC
and lands on the Venus surface. Another project version assumes landing without injecting
the SC into a Venus orbit.

The Venera-D project concept is based on the experience gained in preceding successful
missions to Venus [5, 12]. The descent module, which includes a lander and maybe other
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atmospheric modules, separates from the SC near Venus. The SC goes into a Venus orbit and
becomes its satellite. It is used for communication with Earth, with other modules, receives
data from the lander, coordinates the investigations, and transmits data to Earth.

6. CALCULATION OF THE REACHABILITY VENUSIAN SURFACE FOR THE
DECENT MODULE

In this section, the procedure for constructing reachability regions on the Venus surface for
the landing mission scheme is described in which the landing is planned from the transfer
trajectory without the SC becoming a Hesperian satellite. If the entry angle into the
atmosphere is too small, the SC can bounce from the atmosphere; if the entry angle is large,
the SC can burn. In this paper, we use the nominal entry angle of —15°+1°. Different points on
the Venus surface can be reached by varying the SC orbit inclination.

For calculations, we use the picture plane (&,7) [10, 12]. The initial data for finding the

reachability regions on the Venus surface are the departure date and time, the starting velocity
V., the inclination of the transfer orbit, and the distance of the pericenter for the arrival
hyperbola. For the given orbit inclination, the coordinates (&,7) are used to solve the
corresponding boundary value problem for ensuring the prescribed atmosphere entry angle.
As a result of the calculation, the launch time and V are refined, and the coordinates (&,7)

that unambiguously correspond to the given entry angle are found. Additionally, for the time
when the descent module enters the Venus atmosphere, the angles Earth—descent module—
Venus and Sun—descent module—Venus are determined. By varying the orbit inclination, we
can obtain a band of reachability points on the Venus surface. The parameter of this band is
the launch date. Thus, we find the reachability region for landing on Venus without creating
an intermediate Venus satellite.

In [3], for each launch date given in Tab. 2, a combination of according figures for the case
when the asymptotic axis of the arrival hyperbola passes through the northern hemisphere is
presented (for the southern hemisphere, the configuration is symmetric). The first figure
shows the locus of landing points in the plane longitude—latitude. The same locus of points is
marked at the second figure on the sphere depicting the Venus surface. The arrow shows the
Venus rotation axis (the arrow is directed to the North); the equator and the meridians for 0°
and 180° are also shown. The segment in this figure connects the Venus center with the point
(0°,0°).

For launch window in 2026, which is the most favorable for space projects, Fig. 9 depicts
the reachability regions on the Venus surface on a greater scale. They were constructed
interactively using the software package BalCalc mentioned above. The union of these
regions (the "reachability region" on the Venus surface) in the entire arrival window
2026/05/14 —2026/07/03 is also shown.
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2026/11/30 2026/12/05 2026/12/07

A

2026/12/19 2026/12/28 superposition

Figure 9. Dependence of the latitude and longitude of the landing point (deg.) for the launch window
in 2026 for different launch dates for the arrival through the northern of southern hemisphere and their
union over the entire arrival window 2026/05/14 — 2026/07/03.

CONCLUSIONS

Methods of ballistic mission design adapted for future exploration of the near-solar space

and Venus are presented, and the following main results are obtained.
For planning Venus missions, which requires trajectories for the delivery (in particular, for
landing) spacecraft on the Venus surface in a prescribed region, launch windows in the period
2021-2032 are found. For these launch windows, the total characteristic velocity, the
departure (from Earth) asymptotic velocity, and the arrival (to Venus) asymptotic velocity are
calculated.

An efficient procedure for constructing the reachability regions corresponding to these
launch dates for the descent module on the Venus surface for the landing transfer scheme is
described.

It is found that the launch window in 2024 requires the minimum expenditure of
characteristic velocity. The launch window in 2028 for the orbital- landing transfer ballistic
scheme requires the maximum expenditure of characteristic velocity, which is over 8 km/s.
The difference between the maximum and minimum expenditures is about 2 km/s.

The implementation of the transfer trajectory requiring the maximum expenditure of
characteristic velocity is questionable for the available Russian rockets. For this reason, some
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reachability regions on the Venus surface can be actually unreachable. The reachability
regions evolve with time. To overcome the difficulty due to large energy expenditure,
missions to Venus can be planned once in eight years or more energy efficient ballistic
schemes can be used [14].
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