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K. V. KHISHCHENKO1,2*

1 Joint Institute for High Temperatures of the Russian Academy of Sciences 
Izhorskaya 13 Bldg 2, 125412 Moscow, Russia

2 Moscow Institute of Physics and Technology

Institutskiy Pereulok 9, 141701 Dolgoprudny, Moscow Region, Russia

Summary. An analytical function of pressure on specific volume and internal energy is de-

veloped for niobium. This function allows one to adequately describe the thermodynamic prop-

erties of this metal in a wide range of densities and pressures. A comparison of the calculated

shock adiabat with experimental data at high dynamic pressures is made. The equation of state

proposed for niobium can be used to model physical phenomena at high energy densities.

1 INTRODUCTION

The problem of a thermodynamic description of the properties of matter is of interest for

both fundamental and applied investigations [1]. For the analysis and numerical simulation of

physical processes at high energy densities, equations of state (EOSs) for materials are needed

over the entire range of parameters that are realized in these processes [2]. For example, at high

velocity impact [3–5], under the action of intense laser [6–8] and particle beams [9, 10], at an

electrical explosion of conductors [11, 12], this range continues from normal conditions up to

extremely high pressures and specific internal energies.
Niobium is a refractory material, has a low thermal neutron capture cross section. In partic-

ular, the EOS for this metal is required when modeling the operating modes of some nodes at

nuclear power plants.

In this work, the EOS for niobium is proposed in the form of an analytic function of pressure

on specific volume and internal energy. In this form, the EOS can be used in hydrodynamic

simulations of adiabatic processes. To illustrate the quality of the EOS, the calculated shock

adiabat of niobium is compared with experimental data at high pressures.

2 EOS MODEL

The model is formulated in the framework of the quasi-harmonic approximation. The general

form of the EOS [13] is as follows:

P(V,E) = Pc(V )+
Γ(V,E)

V
[E −Ec(V )], (1)
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where P is the pressure; V is the specific volume, V = 1/ρ; ρ is the density; E is the specific

internal energy; Ec is the specific internal energy at zero temperature, T = 0; Pc is the corre-

sponding pressure at T = 0: Pc =−dEc/dV .

The coefficient Γ is the ratio of thermal pressure to thermal energy density: V [P−Pc]/[E −

Ec]. Its dependence on volume and internal energy is chosen as follows:

Γ(V,E) = γi +
γc(V )− γi

1+σ−2/3[E −Ec(V )]/Ea

, (2)

where σ = V0/V ; V0 is the specific volume under normal conditions, E = E0 and P = P0; γc is

the Grüneisen coefficient γ =V (∂P/∂E)V at the case of T = 0; γi is the value of the Grüneisen

coefficient at the case of high thermal energies, E −Ec ≫ Eaσ 2/3; Ea is a parameter.

The coefficient γc is represented by the volume function

γc(V ) = 2/3+(γ0c −2/3)
σ 2

n + ln2 σm

σ 2
n + ln2(σ/σm)

, (3)

where the value of γ0c corresponds to the normal volume V0; σm and σn are parameters.

The cold energy is represented by a polynomial

Ec(V ) =
B0cV0c

m−n

(

σ m
c

m
−

σ n
c

n

)

+Esub. (4)

Here, σc =V0c/V ; V0c and B0c are the specific volume and the bulk modulus at T = 0 and P= 0;

Esub = B0cV0c/(mn); m and n are parameters.

3 EOS FOR NIOBIUM

Under normal pressure, the solid phase of niobium has a body-centered cubic (bcc) structure;

it melts at T = 2740 K [14]. At quasi-hydrostatic compression at room temperature, niobium

was studied up to 134 GPa [15]; no transformations of the bcc phase were observed.

At shock compression, niobium was studied up to 180 GPa with traditional explosive sys-

tems [16–19]. Pressure up to 400 GPa in niobium was recorded in experiments with special

explosive systems [17].

Figures 1–3 display the results of the calculation of the principal Hugoniot curve of nio-

bium over entire range of measured shock and particle velocities, pressures and compression

ratios [16–19]. The shock adiabat of the material is calculated using the energy conservation

law at the shock front [20],

E = E0 +
1

2
(P0+P)(V0 −V ), (5)
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Figure 1: The principal Hugoniot adiabat of niobium: curve corresponds to the present calculations; markers—

experimental data (I1—[16]; I2—[17]; I3—[18]; I4—[19]).
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Figure 2: The principal Hugoniot adiabat of niobium: the notation is similar to figure 1.
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Figure 3: The cold curve (Pc) and the principal Hugoniot adiabat (H) of niobium: curves correspond to the present

calculations; marker designations are similar to those used in figure 1.

along with the EOS (1)–(4). The velocities of the shock front (Us) and particles behind it (Up)

are calculated with the use of the mass and momentum conservation laws [20]:

Us =V0

√

(P−P0)/(V0−V ), (6)

Up =
√

(P−P0)(V0 −V ). (7)

Comparison of the calculated adiabat with experimental data [16–19] is illustrated in fig-

ures 1–3. One can see that the EOS (1)–(4) adequately describes thermodynamic properties of

niobium in the region studied in shock waves.

The coefficients of the EOS (1)–(4) for niobium are as follows: V0 = 0.11646 cm3/g, V0c =

0.116 cm3/g, B0c = 174.449 GPa, m = 0.66, n = 0.68, σm = 0.9, σn = 1.2, γ0c = 1.6, γi = 0.45

and Ea = 60 kJ/g.

4 CONCLUSIONS

Thus, EOS for niobium is developed, which is consistent with data from experiments with

shock waves at high pressures. The EOS has a form suitable for use in the numerical simulation

of adiabatic processes in a wide range of densities and internal energies.

122



K. V. Khishchenko

Acknowledgments: The work is supported by the Russian Science Foundation (grant No. 19-

19-00713).

The paper is based on the proceedings of the XXXV International Conference on Equations

of State for Matter, Elbrus, the Kabardino-Balkar Republic of the Russian Federation, March 1

to 6, 2020.

REFERENCES

[1] V. Fortov, Thermodynamics and Equations of State for Matter: From Ideal Gas to Quark–Gluon
Plasma, Singapore: World Scientific Publishing, (2016).

[2] I. V. Lomonosov and S. V. Fortova, “Wide-range semiempirical equations of state of matter for nu-
merical simulation on high-energy processes”, High Temp., 55(4), 585–610 (2017).

[3] E. I. Kraus and I. I. Shabalin, “The tool for high-velocity interaction and damage of solids”, Math.
Montis., 39, 18–29 (2017).

[4] K. K. Maevskii, “Thermodynamic parameters of mixtures with silicon nitride under shock-wave
loading”, Math. Montis., 45, 52–59 (2019).

[5] E. A. Strebkova, M. N. Krivosheina, and Ya. V. Mayer, “Features of the processes of elastic defor-
mation in cubic crystals”, Math. Montis., 46 (2019).

[6] A. E. Zubko and A. A. Samokhin, “Modeling of thermoacoustic and evaporation pressure signals in
absorbing liquids irradiated with nanosecond laser pulses”, Math. Montis., 36, 78–85 (2016).

[7] A. A. Samokhin, V. I. Mazhukin, M. M. Demin, A. V. Shapranov, and A. E. Zubko, “On critical pa-
rameters manifestations during nanosecond laser ablation of metals”, Math. Montis., 43, 38–48
(2018).

[8] S. Yu. Gus’kov, I. K. Krasyuk, A. Yu. Semenov, I. A. Stuchebryukhov, and K. V. Khishchenko, “Ex-
traction of the shock adiabat of metals from the decay characteristics of a shock wave in a laser
experiment”, JETP Lett., 109(8), 516–520 (2019).

[9] M. E. Zhukovsky, M. B. Markov, S. V. Podolyako, I. A. Tarakanov, R. V. Uskov, A. M. Chlenov, and
V. F. Zinchenko, “Researching the spectrum of bremsstrahlung generated by the RIUS-5 electron
accelerator”, Math. Montis., 35, 54–67 (2016).

[10] K. K. Inozemtseva, M. B. Markov, and F. N. Voronin, “The electromagnetic and thermomechanical
effects of electron beam on the solid barrier”, Math. Montis., 39, 79–100 (2017).

[11] S. A. Barengolts, E. V. Oreshkin, V. I. Oreshkin, and K. V. Khishchenko, “Simulation of the explo-
sion of a surface microprotrusion during a radio frequency breakdown”, IEEE Trans. Plasma Sci.,
47(8), 3406–3411 (2019).

[12] V. N. Senchenko and R. S. Belikov, “Experimental investigation of thermophysical properties of
rhenium near its melting point”, J. Phys.: Conf. Ser., 1370, 012034 (2019).

[13] K. V. Khishchenko, M. V. Zhernokletov, I. V. Lomonosov, and Yu. N. Sutulov, “Dynamic compress-
ibility, release adiabats, and the equation of state of stilbene at high energy densities”, Tech. Phys.,
50(2), 197–201 (2005).

[14] E. Yu. Tonkov, Phase Diagrams of Elements at High Pressures, Moscow: Nauka, (1979).
[15] T. Kenichi and A. K. Singh, “High-pressure equation of state for Nb with a helium-pressure

medium: Powder x-ray diffraction experiments”, Phys. Rev. B, 73(22), 224119 (2006).
[16] J. M. Walsh, M. H. Rice, R. G. McQueen, and F. L. Yarger, “Shock-wave compressions of twenty-

seven metals equations of state of metals”, Phys. Rev., 108(2), 196–216 (1957).
[17] L. V. Al’tshuler, A. A. Bakanova, and I. P. Dudoladov, “Electron structure on the compressibility of

metals at high pressure”, Sov. Phys. JETP, 26(6), 1115–1120 (1968).
[18] S. P. Marsh (ed.), LASL Shock Hugoniot Data, Berkeley, CA: University of California Press, (1980).
[19] L. V. Al’tshuler, A. A. Bakanova, I. P. Dudoladov, E. A. Dynin, R. F. Trunin, and B. S. Chekin,

“Shock adiabatic curves of metals”, J. Appl. Mech. Tech. Phys., 22(2), 145–169 (1981).
[20] Ya. B. Zel’dovich and Yu. P. Raizer, Physics of Shock Waves and High-Temperature Hydrodynamic

Phenomena, New York: Academic Press, (1967).

Received Deсember 15, 2019

123




