MATHEMATICA MONTISNIGRI
Vol XXXI (2014)

A TOPOLOGICAL PROPERTY OF PRIVALOV SPACES
ON THE UNIT DISK

ROMEO MESTROVIC* AND ZARKO PAVICEVIC*

* Maritime Faculty
University of Montenegro
85330 Kotor, Montenegro

e-mail: romeo@ac.me

“* Faculty of Science
University of Montenegro
81000 Podgorica, Montenegro
e-mail: zarkop@ac.me

Abstract. For 1 < p < oo, the Privalov class N? consists of all holomorphic functions f
on the open unit disk D of the complex plane C such that

2

sup / (log* | F(re®) ) & < too

0<r<1 27

M. Stoll [19] showed that the space N? with the topology given by the metric d, defined

as
2

d(1,9) = ([ (os1+17) = g7(D)
0
becomes an F-algebra, that is, an F-space (a complete metrizable topological vector
space with the invariant metric) in which multiplication is continuous. In this paper we
prove that for any 1 < p < oo the space N? is not locally bounded with respect to the
topology induced by the metric d,. The proof of this result is based on a characterization
of multipliers from the spaces N? (1 < p < 00) to the Hardy spaces H9(0 < ¢ < 00).
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1 INTRODUCTION AND THE MAIN RESULT

Let D denote the open unit disk in the complex plane and let T denote the boundary
of D. Let LP(T) (0 < p < 00) be the familiar Lebesgue spaces on the unit circle T. The
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Privalov class NP (1 < p < c0) consists of all holomorphic functions f on D for which

27

) do
sup / (105" | f(re")| )P 5 < +oo,

0<r<1
0
where logt a = max{log a, 0} for a > 0 and log* 0 = 0. These classes were first introduced
by LI Privalov [17, p. 93], where N? is denoted as A,.
Notice that the above condition with p = 1 defines the Nevanlinna class N of holomor-
phic functions in D (see, e.g., [3]). Furthermore, the Smirnov class N* is the set of all
functions f holomorphic on D such that

2T 27
Lo do oo do
: + 0 PR + *( 10\
tiy [ log" £(re")] 57 = [log” | ()] 57 <+
0 0

where f* is the boundary function of f on T, i.e.,
*( 10\ __ 1: i6
F(e") = lim f(re?)

is the radial limit of f which exists for almost every e®.
Recall that we denote by H? (0 < ¢ < 00) the classical Hardy space on D, defined as
the set of all holomorphic functions f on D for which

21
’ do
10 = sup [ 1715 < +ox.
0<r<1 2w
0
Further, H* is the space of all bounded holomorphic functions on ID with the supremum
norm || - ||« defined as

[ flloo = Sup If(2)], feH>.

We refer [3] for a good reference on the spaces H? and N+,
It is known (see [16]) that

N?C NP (¢ >p), UpoH? CNps1 NP, and  Uysy NP C N7,

where the above containment relations are proper.

The study of the spaces N? (1 < p < o0) was continued in 1977 by M. Stoll [19] (with
the notation (log™ H)® in [19]). Further, the topological and functional properties of these
spaces were studied by C.M. Eoff ([4] and [5]), N. Mochizuki [16], Y. Ilida and N. Mochizuki
[6], Y. Matsugu [7], J.S. Choa [1], J.S. Choa and H.O. Kim [2], A.K. Sharma and S.-I.
Ueki [18], and in works [8]-[15] of authors of this paper; typically, the notation varied and
Privalov was mentioned in [7], [13], [14], [15] and [18]. For example, it is proved in [9,
Theorem]| that the space NP (1 < p < co) does not have the Hahn-Banach approximation
property, and hence it does not have the Hahn-Banach separation property. Furthermore,
the spaces N? are not locally convex [9, Corollary].

In particular, the functional, topological and algebraic properties of the spaces NP and
their Fréchet envelopes were recently investigated in [10], [13] and [15].
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Stoll [19, Theorem 4.2] showed that the space N? (with the notation (log™ H)* in [19])
with the topology given by the metric d, defined by

2w

(7.9) = ([ (tos1+17() = g7 ()D)

0

p dt

)" faen (1)
27T Y 7g )

becomes an F-algebra, that is, a topological vector space whose topology is given by a
complete, translation invariant metric in which multiplication is continuous.

It was also investigated in [19] the containing Fréchet space Fy/, for N? with p > 1. It
is proved in [19, Corollary 4.4] that the restriction of every continuous linear functional on
Fy/, to N? forms a continuous linear functional on N?. It is remained an open question
whether the spaces NP and Fj,, have the same dual spaces, in the sense that every
continuous linear functional on N? is a restriction to one on Fi/,. In 1999 R. Mestrovi¢
and A.V. Subbotin [14, Theorem 2| gave a positive answer to this question. In order to
prove a complete characterization of a topological dual space of NP (the set of all linear
functionals that are continuous with respect to the metric topology d,) it was used a
description of multipliers from the spaces NP to the Hardy spaces H? (0 < ¢ < o0)
established in [14, Theorem 1].

Let p > 1 and 0 < ¢ < oo be arbitrary fixed. A sequence {\,}>°, := {\,} of complex
numbers is said to be a multiplier from the space NP to the Hardy space HY if for each
function f € N? with the Taylor expansion f(z) = >~ a,z", the function g defined on
D as g(z) = >0y Ananz™ belongs to H?. According to this definition, every multiplier
{An} from NP to HY can be considered as an induced linear operator A from NP to HY
defined as

A ianz" — i Aan2". (2)
n=0 n=0

Theorem A ([14, Theorem 1]; also see [8, Chapter 2, Section 2.2, Theorem 2.3]). Suppose
{A\n} is a multiplier from N? to the Hardy space H? (0 < g < 00). Then the linear operator
A defined from NP to H? by (2) is continuous. Thus, A maps bounded subsets of NP into
bounded subsets of HY.

The characterization of multipliers from the spaces NP to the spaces HY given in [14]
can be reformulated as follows.

Theorem B ([14, Theorem 1]). Let 0 < ¢ < oo and 1 < p < co. In order that a sequence
{Ar} of complex numbers to be a multiplier from NP into HY, it is necessary and sufficient
that

A =0 (exp(—ck;l/(PH))) (3)
for some positive constant c.

Remark. Note that the assumption of Theorem B contains ¢, but this is not the case for
the growth estimate (3).
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Notice that the proof of Theorem A given in [14] is based on Lemmas 1-3 from [14] by
using Yanagigara’s technique applied in [20] for characterizing multipliers from N to the
Hardy spaces HY.

Recall that a subset L of a topological vector space X is bounded if for every neighbor-
hood V' of zero there is a ap > 0 such that oL C V for all @ € C such that |a| < ay.
Furthermore, a topological vector space X is locally bounded if it does not contain none
base of neighborhood of zero consisting only bounded sets. Theorems A and B are used
here to prove the following result (see [8, Chapter 2, Section 2.3, Corollary 3.1]).

Theorem 1.1. The space NP is not locally bounded. This means that none ball B(c) =
{f € N?: d,(f,0) < c} is not bounded subset of N?.

2 PROOF OF THEOREM 1.1

Proof of Theorem 1.1 is based on the following six lemmas.

Lemma 2.1. If a sequence of functions in NP converges with respect to the metric dy,
then this sequence converges uniformly on each compact subset of the unit disk ID.

Proof. The assertion immediately follows from the inequality (2) in [16] given for f € NP
by
log(1+1f(2)]) < 2'7d,(f,00(1 = [z)7/* (2 € D).

O
Lemma 2.2. ([3, Theorem 6.4, p. 98]). Suppose
flz) = Zanz” eH!, 0<qg<l
n=0
Then
ap = O(nl/q_1)> (4)
as well as
|an| < Cnl/q_l\lfﬂq- (5)

Lemma 2.3. Suppose {\,} is a multiplier from NP to the Hardy space H? (0 < g < 00).
Then the linear operator A defined from NP to H? by (2) is continuous. Thus, A maps
bounded subsets of NP into bounded subsets of HY.

Proof. According to Lemma 2.1, if a sequence { f,,} in N? converges to some fubction f €
N? in NP, then {f,(z)} converges uniformly to f(z) on each compact subset |z| < r < 1.

Hence, if f,(z) = > 72, a,(gn)zk and f(z) = > po,arz", then
al = a, (k=0,1,..), if f, = f in N? as n — oc. (6)
Let g,(2) = > b,g")zk be a sequence in H? and let g(z) = Y bi2* be a function in HY
k=0

= =0
such that g, — g in H? as n — oo. By [2, the inequality (9) in Theorem 6.4], we see that
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b,(c") — by (k=0,1,...) as n — oo. This together with (6) immediately yields that A is a
closed operator. Hence, by the Closed Graph Theorem, A is a continuous operator, and
so A maps bounded subsets of NP onto bounded subsets of HY. O

Lemma 2.4. ([20, Lemma 2 and Remark 3]). Let

1 o
exp(g' 11—2) :Zan(c)z", 0<c<1.

n=0

Then
log |an(c)| > v/en + O(logn) + O(log ¢)
In particular, if {c}} is a sequence of positive numbers such that

1

L1/ (p+1) sl

then

log ax(c})] > v/ek(1 + o(1)). (7)

Lemma 2.5. Let {cx} and {ry} be sequences of positive numbers such that ¢ | 0 and
re Tl ask — oo andry >1/2, k=1,2,.... Define

fr(z) = exp (ck(l —Tk)

Then a sequence of functions {fr} (k=1,2,...), is a bounded subset of NP.

1_1/p1 + TkZ

), zeD, k=1,2,....
1—ryz

Proof. Let {ex} and {d;} be sequences of positive numbers such that ¢ | 0, 05 | 0 as
k — oo and

1—r?
1+r£—2rcos€§1 for 0] >er and r >, foral k=1,2,.... (8)

For given neighborhood
V={geN": dyg,0) <n}
of zero in NP, choose m € N for which
log?(1 + 0,,) + 2P7 e, logP 2 + 20710 < 1P, (9)

where C' is a positive constant also satisfying (11). Next assume g, 0 < ap < 1, such

that
1+7r,

Qg exp <6,,, andthus age <9,,. (10)

/rm
Then for all £k € N with & < m holds
+r k

’OéOfk (6 9)' < ap exp 1 < 5m7

whence by (10) and (9), for 0 < a < ap and k& < m we obtain
dp(afi,0) <log(l+0d,,) <n.
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Therefore, afy € V for all kK < m and 0 < o < ap. By the inequality sinxz > (2/7)z for
0 <z < 7/2, we have

1 — 2rcosf + r?

0
(1 —7)? + 4rsin® 5

> (1 —1)?+ (4r/7%)6?
Hence, for r;, > 1/2 we obtain
, do
1 + | px 10 p ¥V
| tog ey 5
0] <ek
1—r2 P ap
= (1 —rp)P? iz —
k(L= 7%) / (14—7“,%—27%(3059) o2
0] <ek
r o
e = 11
< 2 /1+27r 22 <t 1—rk) (1
0
- o,

where the constant C' does not depend on k. Now from (8), (9), (11) and the inequality
logP(1 + |z]) < 2P7! ((log 2)? + (log™ |z|)?), we find that for all k> m and 0 < o < g

2w

(dy(afe,0))” — / log? (1 + lafg () &

_/+/

01> |0]<ek

de
2

| do

< logP(1 + ae) + 27! / (log? 2 + (log™ | fi (¢™)])") o
10|<ey

< 1og?(1+ 6,) + 27 e logh 2+ 2710,

< .

Therefore, {afr} C V for every 0 < o < ag. This shows that the sequence {f;} forms a
bounded set in NP. d

Remark. Similarly, we can prove the converse of Lemma 2.5, i.e., if a sequence {f;} is a
bounded subset of N? and r, 71 as k — oo and ¢, > 0, then ¢, — 0 as k — oo.

Lemma 2.6. Let 0 < ¢ < oo and 1 < p < oo. Let {c} and {ry} be sequences of positive
numbers such that ¢, | 0 and r, 11 as k — oo and ry > 1/2 fo all k =1,2,.... Let {fi}

10
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be a sequence of functions defined as

1
fe(z) = exp (Ck(l — m)lfl/p——i_ Tkz)
1—r,z
= Za;k)rgz”, k=1,2,....
n=0
Suppose that {\r} is a multiplier from NP into HY, and let A be a linear operator from

NP to H? defined by (2). If a sequence {A(fx)} is a bounded set in H? by a constant L,
then for alln =1,2,...

C,Ln~"Ya for 0<q<1,

(k) |pn <
g < { G B Qs as (12)

where Cy is a positive constant depending only on q.

Proof. Under conditions on sequences {c} and {7} from Lemma 2.6, it follows by Lemma
2.5 that the sequence of functions { fx} defined as

fe(2) = exp (Ck(l _ r]g)ll/pﬂ)

1—172

= Za,(f)r,’;z”, k=1,2,....
n=0

forms a bounded subset of N?. Since by Lemma 2.3, the operator A is continuous, we
conclude that the sequence {A(fx)} must be a bounded set in H?. Assume that the
sequence {A(fx)} is a bounded set in the space H? by a constant L. As

Afe) =3 AuaPrpen,
n=0

from Lemma 2.2 and ([3, Theorem 6.1, p. 94]), for all n = 0,1,2... we obtain

e for 0<qg<1
(k) CyLn or q ,
[Anan”|ri < { C,L for 1<q< o0,

where (), is a positive constant depending only on g. The above inequality is in fact the

desired inequality (12). O

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. From the proof of the inequality (11) of Lemma 2.5 it follows that
there is a positive constant b depending only on p, such that for the Poisson kernel
P.(0,t) = (1 —7?)/(1 +1r* — 2rcos(f —t)) holds

2

[0y 5 < = (13)

11
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Suppose that a ball B(c) with radius ¢ is bounded in N?. Then choose numbers ¢ > 0,
0 > 0 and a > 0 such that

0 < e+ 27 log 2)Pemr (1 +2071) + 4771 a®Ph < P, (14)
le¥ — 1| <& whenever [¢| <6, (15)
and
2a?
4] 16
sine (16)

Define the function f, on D as

fu(2) = exp (am it

)—1 foreach 0<r<1. (17)

1—1rz

It is obvious that each function f, with 0 < r < 1 is a bounded holomorphic function on D,
and hence f, belongs to N?. Moreover, if z = pe'? for |0] > ¢, then |[1—7rz| > sin |[§] > sine.
From this together with (15) we obtain

2a? 2a?

1+rz <2
|1 —rz| ~ sine

1—rz

p—1

a*(1—r)>

< 0. (18)

Using the inequality (log™ |2 — 1])? < 2P71((log™|x|)? + (log2)?) and the fact that

1+ ret? 1—1?
Re , =
1 —ret? 1 —2rcosf +r?
- P’I‘(07 O)a
we find that
(log™ | fr(e))P < 271 (a® (1 = r)P~" (B(6,0))" 4 (log 2)?) . (19)

Further, by (13)—(19) and the inequality

log”(1+ |z[) < 277" ((log 2)” + (log™ [2[)") ,

12
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we obtain

(07 = [log (14 17:6) 5

0
Ay
o> loi<e
< logf(1+¢)
do -
or—1 log 2)P — log™ | £ (™)) —
st | [ og2r gl + [ og IEP g
Ol<e |6]<e
el + 2" (log 2)Per ™! + 2p~12p~!

IN

« | aze(1 = ry / (P0.0) 2+ / (log2)" &7

|0]<e |0]<e
e + 2P (log 2)Per (1 4 2°71) + 4P 1a®Pb < .

IA

From the above inequality we see that {f. : 0 < r < 1} C B(c). Therefore, the assumption
that the ball B(c) is bounded in N? | by Lemma 2.3, it follows that every multiplier
A = {\,} maps the set {f, : 0 < r < 1} to some bounded subset of H*. Hence, if
[r(2) =37 janr™z", z € D, then the estimate (12) yields

|[Ananr"| < L = L(A) (20)

for each r with 0 < r < 1, where L is a positive constant depending on A. Using the
notations from Lemma 2.4, by this lemma we have

p—1

lan| = an <2a2(1 )% ) > exp (a(l ) 'm V2 (1 + 0(1))) (21)

for a constant a satisfying the conditions (13)—(15). Therefore, (20) and (21) immediately
imply that

| An| < Lr~"exp (—a(l — 7’)172’;1\/271(1 + 0(1))) foreach 0<r<1.

13
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By setting r = 1 — a?/ n#, from the previous inequality we obtain

| < L(l— o )_nexp —a “ﬁ Vil +o(1))

nr+i n 2(p+1)
1
P a?n P+l
_nPil
a? a2 9 1
< L 1—— exp (—a \/§np+1>
nr+t

< Lexp <a2nﬁ(l+o(l))> exp (—aQ\/inﬁ>
— Lexp (—a2(\/§ — DT (1+ 0(1)>)
< Lexp <—0.3a2nr}rl) .
This shows that every multiplier A = {\,} from N? into H? satisfies the condition
A =0 (exp (—0.3a2nﬁ>) . (22)

On the other hand, the sequence A* = {\!} defined as A\ = exp (—0.2a2nﬁ> (n =

0,1,2,...) is by Theorem B, also a multiplier from N? into H? This contradicts (22),
and the proof of Theorem 1.1 is now complete. O

REFERENCES

[1] J.S. Choa, Composition operators between Nevanlinna-type spaces, J. Math. Anal. Appl. 257,
378-402 (2001).
[2] J.S. Choa and H.O. Kim, Composition operators on some F-algebras of holomorphic functions,
Nihonkai Math. J. 7, 29-39 (1996).
[3] P. L. Duren, Theory of HP spaces, Academic Press, New York, (1970).
[4] C.M. Eoff, Fréchet envelopes of certain algebras of analytic functions, Michigan Math. J. 35, 413~
426 (1988).
[5] C.M. Eoff, A representation of N} as a union of weighted Hardy spaces, Complex Var. Theory
Appl. 23, 189-199 (1993).
[6] Y. Tlida and N. Mochizuki, Isometries of some F-algebras of holomorphic functions, Arch. Math.
(Basel) 71, 297-300 (1998).
[7] Y. Matsugu, Invariant subspaces of the Privalov spaces, Far East J. Math. Sci. 2, 633-643 (2000).
[8] R. Mestrovié, Topological and F-algebras of holomorphic functions, Ph.D. Thesis, University of
Montenegro, Podgorica, (1999).
[9] R.Mestrovié, The failure of the Hahn Banach properties in Privalov spaces of holomorphic functions,
Math. Montisnigri 17, 27-36 (2004).
[10] R. Mestrovié, F-algebras M? (1 < p < 00) of holomorphic functions, The Scientific World Journal
(subject area: Mathematical Analysis) Vol. 2014, Article ID 901726, 10 pages (2014).
[11] R. Mestrovié and Z. Paviéevié, Remarks on some classes of holomorphic functions, Math. Montis-
nigri 6, 27-37 (1996).
[12] R. Mestrovié¢ and Z. Paviéevié¢, Topologies on some subclasses of the Smirnov class, Acta Sci. Math.
(Szeged) 69, 99-108 (2003).
[13] R. Mestrovi¢ and Z. Paviéevi¢, Weakly dense ideals in Privalov spaces of holomorphic functions, J.
Korean Math. Soc. 48, 397-420 (2011).

14


Olga
Text Box


ROMEO MESTROVIC AND ZARKO PAVICEVIC

[14]

R. Mestrovi¢ and A.V. Subbotin, Multipliers and linear functionals in Privalov’s spaces of holomor-
phic functions on the disk, Dokl. Akad. Nauk 365, no. 4,, 452-454 (1999) (in Russian).

R. Mestrovié¢ and J. Susié, Interpolation in the spaces N? (1 < p < 00), Filomat 27, 293-301 (2013).
N. Mochizuki, Algebras of holomorphic functions between HP and N,, Proc. Amer. Math. Soc.
105, 898-902 (1989).

L.I. Privalov, Boundary properties of singled-valued analytic functions, lzdat. Moskov. Univ.,
Moscow, (1941) (in Russian).

A K. Sharma and S.-I. Ueki, Composition operators from Nevanlinna type spaces to Bloch type
spaces, Banach J. Math. Anal. 6, 112-123 (2012).

M. Stoll, Mean growth and Taylor coefficients of some topological algebras of analytic functions,
Ann. Polon. Math. 35, 139-158 (1977).

N. Yanagihara, Multipliers and linear functionals for the class NT, Trans. Amer. Math. Soc. 180,
449-461 (1973).

Received December 6, 2012

15


Olga
Text Box




