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A TOPOLOGICAL PROPERTY OF PRIVALOV SPACES
ON THE UNIT DISK
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Abstract. For 1 < p < oo, the Privalov class N? consists of all holomorphic functions f
on the open unit disk D of the complex plane C such that

2

sup / (log* | F(re®) ) & < too

0<r<1 27

M. Stoll [19] showed that the space N? with the topology given by the metric d, defined

as
2

d(1,9) = ([ (os1+17) = g7(D)
0
becomes an F-algebra, that is, an F-space (a complete metrizable topological vector
space with the invariant metric) in which multiplication is continuous. In this paper we
prove that for any 1 < p < oo the space N? is not locally bounded with respect to the
topology induced by the metric d,. The proof of this result is based on a characterization
of multipliers from the spaces N? (1 < p < 00) to the Hardy spaces H9(0 < ¢ < 00).

, df

1/p
_> ) f?geNp7
2

1 INTRODUCTION AND THE MAIN RESULT

Let D denote the open unit disk in the complex plane and let T denote the boundary
of D. Let LP(T) (0 < p < 00) be the familiar Lebesgue spaces on the unit circle T. The

2010 Mathematics Subject Classification: 46E10, 30H10, 30H15, 30H50, 46J15.
Keywords and Phrases: Privalov class (space), Hardy space, F-algebra, multiplier, locally bounded
topological vector space.


Olga
Text Box
MATHEMATICA MONTISNIGRI
Vol XXXI (2014)

Olga
Text Box
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Privalov class NP (1 < p < c0) consists of all holomorphic functions f on D for which

27

) do
sup / (105" | f(re")| )P 5 < +oo,

0<r<1
0
where logt a = max{log a, 0} for a > 0 and log* 0 = 0. These classes were first introduced
by LI Privalov [17, p. 93], where N? is denoted as A,.
Notice that the above condition with p = 1 defines the Nevanlinna class N of holomor-
phic functions in D (see, e.g., [3]). Furthermore, the Smirnov class N* is the set of all
functions f holomorphic on D such that

2T 27
Lo do oo do
: + 0 PR + *( 10\
tiy [ log" £(re")] 57 = [log” | ()] 57 <+
0 0

where f* is the boundary function of f on T, i.e.,
*( 10\ __ 1: i6
F(e") = lim f(re?)

is the radial limit of f which exists for almost every e®.
Recall that we denote by H? (0 < ¢ < 00) the classical Hardy space on D, defined as
the set of all holomorphic functions f on D for which

21
’ do
10 = sup [ 1715 < +ox.
0<r<1 2w
0
Further, H* is the space of all bounded holomorphic functions on ID with the supremum
norm || - ||« defined as

[ flloo = Sup If(2)], feH>.

We refer [3] for a good reference on the spaces H? and N+,
It is known (see [16]) that

N?C NP (¢ >p), UpoH? CNps1 NP, and  Uysy NP C N7,

where the above containment relations are proper.

The study of the spaces N? (1 < p < o0) was continued in 1977 by M. Stoll [19] (with
the notation (log™ H)® in [19]). Further, the topological and functional properties of these
spaces were studied by C.M. Eoff ([4] and [5]), N. Mochizuki [16], Y. Ilida and N. Mochizuki
[6], Y. Matsugu [7], J.S. Choa [1], J.S. Choa and H.O. Kim [2], A.K. Sharma and S.-I.
Ueki [18], and in works [8]-[15] of authors of this paper; typically, the notation varied and
Privalov was mentioned in [7], [13], [14], [15] and [18]. For example, it is proved in [9,
Theorem]| that the space NP (1 < p < co) does not have the Hahn-Banach approximation
property, and hence it does not have the Hahn-Banach separation property. Furthermore,
the spaces N? are not locally convex [9, Corollary].

In particular, the functional, topological and algebraic properties of the spaces NP and
their Fréchet envelopes were recently investigated in [10], [13] and [15].
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Stoll [19, Theorem 4.2] showed that the space N? (with the notation (log™ H)* in [19])
with the topology given by the metric d, defined by

2w

(7.9) = ([ (tos1+17() = g7 ()D)

0

p dt

)" faen (1)
27T Y 7g )

becomes an F-algebra, that is, a topological vector space whose topology is given by a
complete, translation invariant metric in which multiplication is continuous.

It was also investigated in [19] the containing Fréchet space Fy/, for N? with p > 1. It
is proved in [19, Corollary 4.4] that the restriction of every continuous linear functional on
Fy/, to N? forms a continuous linear functional on N?. It is remained an open question
whether the spaces NP and Fj,, have the same dual spaces, in the sense that every
continuous linear functional on N? is a restriction to one on Fi/,. In 1999 R. Mestrovi¢
and A.V. Subbotin [14, Theorem 2| gave a positive answer to this question. In order to
prove a complete characterization of a topological dual space of NP (the set of all linear
functionals that are continuous with respect to the metric topology d,) it was used a
description of multipliers from the spaces NP to the Hardy spaces H? (0 < ¢ < o0)
established in [14, Theorem 1].

Let p > 1 and 0 < ¢ < oo be arbitrary fixed. A sequence {\,}>°, := {\,} of complex
numbers is said to be a multiplier from the space NP to the Hardy space HY if for each
function f € N? with the Taylor expansion f(z) = >~ a,z", the function g defined on
D as g(z) = >0y Ananz™ belongs to H?. According to this definition, every multiplier
{An} from NP to HY can be considered as an induced linear operator A from NP to HY
defined as

A ianz" — i Aan2". (2)
n=0 n=0

Theorem A ([14, Theorem 1]; also see [8, Chapter 2, Section 2.2, Theorem 2.3]). Suppose
{A\n} is a multiplier from N? to the Hardy space H? (0 < g < 00). Then the linear operator
A defined from NP to H? by (2) is continuous. Thus, A maps bounded subsets of NP into
bounded subsets of HY.

The characterization of multipliers from the spaces NP to the spaces HY given in [14]
can be reformulated as follows.

Theorem B ([14, Theorem 1]). Let 0 < ¢ < oo and 1 < p < co. In order that a sequence
{Ar} of complex numbers to be a multiplier from NP into HY, it is necessary and sufficient
that

A =0 (exp(—ck;l/(PH))) (3)
for some positive constant c.

Remark. Note that the assumption of Theorem B contains ¢, but this is not the case for
the growth estimate (3).
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Notice that the proof of Theorem A given in [14] is based on Lemmas 1-3 from [14] by
using Yanagigara’s technique applied in [20] for characterizing multipliers from N to the
Hardy spaces HY.

Recall that a subset L of a topological vector space X is bounded if for every neighbor-
hood V' of zero there is a ap > 0 such that oL C V for all @ € C such that |a| < ay.
Furthermore, a topological vector space X is locally bounded if it does not contain none
base of neighborhood of zero consisting only bounded sets. Theorems A and B are used
here to prove the following result (see [8, Chapter 2, Section 2.3, Corollary 3.1]).

Theorem 1.1. The space NP is not locally bounded. This means that none ball B(c) =
{f € N?: d,(f,0) < c} is not bounded subset of N?.

2 PROOF OF THEOREM 1.1

Proof of Theorem 1.1 is based on the following six lemmas.

Lemma 2.1. If a sequence of functions in NP converges with respect to the metric dy,
then this sequence converges uniformly on each compact subset of the unit disk ID.

Proof. The assertion immediately follows from the inequality (2) in [16] given for f € NP
by
log(1+1f(2)]) < 2'7d,(f,00(1 = [z)7/* (2 € D).

O
Lemma 2.2. ([3, Theorem 6.4, p. 98]). Suppose
flz) = Zanz” eH!, 0<qg<l
n=0
Then
ap = O(nl/q_1)> (4)
as well as
|an| < Cnl/q_l\lfﬂq- (5)

Lemma 2.3. Suppose {\,} is a multiplier from NP to the Hardy space H? (0 < g < 00).
Then the linear operator A defined from NP to H? by (2) is continuous. Thus, A maps
bounded subsets of NP into bounded subsets of HY.

Proof. According to Lemma 2.1, if a sequence { f,,} in N? converges to some fubction f €
N? in NP, then {f,(z)} converges uniformly to f(z) on each compact subset |z| < r < 1.

Hence, if f,(z) = > 72, a,(gn)zk and f(z) = > po,arz", then
al = a, (k=0,1,..), if f, = f in N? as n — oc. (6)
Let g,(2) = > b,g")zk be a sequence in H? and let g(z) = Y bi2* be a function in HY
k=0

= =0
such that g, — g in H? as n — oo. By [2, the inequality (9) in Theorem 6.4], we see that
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b,(c") — by (k=0,1,...) as n — oo. This together with (6) immediately yields that A is a
closed operator. Hence, by the Closed Graph Theorem, A is a continuous operator, and
so A maps bounded subsets of NP onto bounded subsets of HY. O

Lemma 2.4. ([20, Lemma 2 and Remark 3]). Let

1 o
exp(g' 11—2) :Zan(c)z", 0<c<1.

n=0

Then
log |an(c)| > v/en + O(logn) + O(log ¢)
In particular, if {c}} is a sequence of positive numbers such that

1

L1/ (p+1) sl

then

log ax(c})] > v/ek(1 + o(1)). (7)

Lemma 2.5. Let {cx} and {ry} be sequences of positive numbers such that ¢ | 0 and
re Tl ask — oo andry >1/2, k=1,2,.... Define

fr(z) = exp (ck(l —Tk)

Then a sequence of functions {fr} (k=1,2,...), is a bounded subset of NP.

1_1/p1 + TkZ

), zeD, k=1,2,....
1—ryz

Proof. Let {ex} and {d;} be sequences of positive numbers such that ¢ | 0, 05 | 0 as
k — oo and

1—r?
1+r£—2rcos€§1 for 0] >er and r >, foral k=1,2,.... (8)

For given neighborhood
V={geN": dyg,0) <n}
of zero in NP, choose m € N for which
log?(1 + 0,,) + 2P7 e, logP 2 + 20710 < 1P, (9)

where C' is a positive constant also satisfying (11). Next assume g, 0 < ap < 1, such

that
1+7r,

Qg exp <6,,, andthus age <9,,. (10)

/rm
Then for all £k € N with & < m holds
+r k

’OéOfk (6 9)' < ap exp 1 < 5m7

whence by (10) and (9), for 0 < a < ap and k& < m we obtain
dp(afi,0) <log(l+0d,,) <n.
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Therefore, afy € V for all kK < m and 0 < o < ap. By the inequality sinxz > (2/7)z for
0 <z < 7/2, we have

1 — 2rcosf + r?

0
(1 —7)? + 4rsin® 5

> (1 —1)?+ (4r/7%)6?
Hence, for r;, > 1/2 we obtain
, do
1 + | px 10 p ¥V
| tog ey 5
0] <ek
1—r2 P ap
= (1 —rp)P? iz —
k(L= 7%) / (14—7“,%—27%(3059) o2
0] <ek
r o
e = 11
< 2 /1+27r 22 <t 1—rk) (1
0
- o,

where the constant C' does not depend on k. Now from (8), (9), (11) and the inequality
logP(1 + |z]) < 2P7! ((log 2)? + (log™ |z|)?), we find that for all k> m and 0 < o < g

2w

(dy(afe,0))” — / log? (1 + lafg () &

_/+/

01> |0]<ek

de
2

| do

< logP(1 + ae) + 27! / (log? 2 + (log™ | fi (¢™)])") o
10|<ey

< 1og?(1+ 6,) + 27 e logh 2+ 2710,

< .

Therefore, {afr} C V for every 0 < o < ag. This shows that the sequence {f;} forms a
bounded set in NP. d

Remark. Similarly, we can prove the converse of Lemma 2.5, i.e., if a sequence {f;} is a
bounded subset of N? and r, 71 as k — oo and ¢, > 0, then ¢, — 0 as k — oo.

Lemma 2.6. Let 0 < ¢ < oo and 1 < p < oo. Let {c} and {ry} be sequences of positive
numbers such that ¢, | 0 and r, 11 as k — oo and ry > 1/2 fo all k =1,2,.... Let {fi}

10
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be a sequence of functions defined as

1
fe(z) = exp (Ck(l — m)lfl/p——i_ Tkz)
1—r,z
= Za;k)rgz”, k=1,2,....
n=0
Suppose that {\r} is a multiplier from NP into HY, and let A be a linear operator from

NP to H? defined by (2). If a sequence {A(fx)} is a bounded set in H? by a constant L,
then for alln =1,2,...

C,Ln~"Ya for 0<q<1,

(k) |pn <
g < { G B Qs as (12)

where Cy is a positive constant depending only on q.

Proof. Under conditions on sequences {c} and {7} from Lemma 2.6, it follows by Lemma
2.5 that the sequence of functions { fx} defined as

fe(2) = exp (Ck(l _ r]g)ll/pﬂ)

1—172

= Za,(f)r,’;z”, k=1,2,....
n=0

forms a bounded subset of N?. Since by Lemma 2.3, the operator A is continuous, we
conclude that the sequence {A(fx)} must be a bounded set in H?. Assume that the
sequence {A(fx)} is a bounded set in the space H? by a constant L. As

Afe) =3 AuaPrpen,
n=0

from Lemma 2.2 and ([3, Theorem 6.1, p. 94]), for all n = 0,1,2... we obtain

e for 0<qg<1
(k) CyLn or q ,
[Anan”|ri < { C,L for 1<q< o0,

where (), is a positive constant depending only on g. The above inequality is in fact the

desired inequality (12). O

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. From the proof of the inequality (11) of Lemma 2.5 it follows that
there is a positive constant b depending only on p, such that for the Poisson kernel
P.(0,t) = (1 —7?)/(1 +1r* — 2rcos(f —t)) holds

2

[0y 5 < = (13)

11


Olga
Text Box


ROMEO MESTROVIC AND ZARKO PAVICEVIC

Suppose that a ball B(c) with radius ¢ is bounded in N?. Then choose numbers ¢ > 0,
0 > 0 and a > 0 such that

0 < e+ 27 log 2)Pemr (1 +2071) + 4771 a®Ph < P, (14)
le¥ — 1| <& whenever [¢| <6, (15)
and
2a?
4] 16
sine (16)

Define the function f, on D as

fu(2) = exp (am it

)—1 foreach 0<r<1. (17)

1—1rz

It is obvious that each function f, with 0 < r < 1 is a bounded holomorphic function on D,
and hence f, belongs to N?. Moreover, if z = pe'? for |0] > ¢, then |[1—7rz| > sin |[§] > sine.
From this together with (15) we obtain

2a? 2a?

1+rz <2
|1 —rz| ~ sine

1—rz

p—1

a*(1—r)>

< 0. (18)

Using the inequality (log™ |2 — 1])? < 2P71((log™|x|)? + (log2)?) and the fact that

1+ ret? 1—1?
Re , =
1 —ret? 1 —2rcosf +r?
- P’I‘(07 O)a
we find that
(log™ | fr(e))P < 271 (a® (1 = r)P~" (B(6,0))" 4 (log 2)?) . (19)

Further, by (13)—(19) and the inequality

log”(1+ |z[) < 277" ((log 2)” + (log™ [2[)") ,

12
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we obtain

(07 = [log (14 17:6) 5

0
Ay
o> loi<e
< logf(1+¢)
do -
or—1 log 2)P — log™ | £ (™)) —
st | [ og2r gl + [ og IEP g
Ol<e |6]<e
el + 2" (log 2)Per ™! + 2p~12p~!

IN

« | aze(1 = ry / (P0.0) 2+ / (log2)" &7

|0]<e |0]<e
e + 2P (log 2)Per (1 4 2°71) + 4P 1a®Pb < .

IA

From the above inequality we see that {f. : 0 < r < 1} C B(c). Therefore, the assumption
that the ball B(c) is bounded in N? | by Lemma 2.3, it follows that every multiplier
A = {\,} maps the set {f, : 0 < r < 1} to some bounded subset of H*. Hence, if
[r(2) =37 janr™z", z € D, then the estimate (12) yields

|[Ananr"| < L = L(A) (20)

for each r with 0 < r < 1, where L is a positive constant depending on A. Using the
notations from Lemma 2.4, by this lemma we have

p—1

lan| = an <2a2(1 )% ) > exp (a(l ) 'm V2 (1 + 0(1))) (21)

for a constant a satisfying the conditions (13)—(15). Therefore, (20) and (21) immediately
imply that

| An| < Lr~"exp (—a(l — 7’)172’;1\/271(1 + 0(1))) foreach 0<r<1.

13


Olga
Text Box


ROMEO MESTROVIC AND ZARKO PAVICEVIC

By setting r = 1 — a?/ n#, from the previous inequality we obtain

| < L(l— o )_nexp —a “ﬁ Vil +o(1))

nr+i n 2(p+1)
1
P a?n P+l
_nPil
a? a2 9 1
< L 1—— exp (—a \/§np+1>
nr+t

< Lexp <a2nﬁ(l+o(l))> exp (—aQ\/inﬁ>
— Lexp (—a2(\/§ — DT (1+ 0(1)>)
< Lexp <—0.3a2nr}rl) .
This shows that every multiplier A = {\,} from N? into H? satisfies the condition
A =0 (exp (—0.3a2nﬁ>) . (22)

On the other hand, the sequence A* = {\!} defined as A\ = exp (—0.2a2nﬁ> (n =

0,1,2,...) is by Theorem B, also a multiplier from N? into H? This contradicts (22),
and the proof of Theorem 1.1 is now complete. O
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Summary. There is a natural connection between the fields of algebra and graph theory. Both provide
interesting ways of studing relationships among elements of a given set. An algebraic approach to
graph theory can be useful in numerous ways. These arise from two algebraic objects associated with a
graph: its adjacency matrix and its automorphism group. In this paper we investigate automorphism
groups of common graphs and introduce a celebrated theorem of Sabidussi. Beside, by finding a graph
of a given group, we can define an extremely important family of vertex-transitive graphs. The paper
discusses algebraic aspects of Cayley graphs and its group of automorphism. We also give a short
presentation of tools which are developed in “Wolfram Mathematica 10.0.” to represent finite groups,
to perform various group operations.

1 INTRODUCTION

The automorphism group of graph can be naturally defined as a group of permutations of
its vertices, and so presents some basic information about permutation group.
A permutation of a set Q is a bijective mapping m:{2 — (2. The composition 7,7, of two

permutation T, and T, is the permutation obtained by applying =, and then ,, thus is:
v(w,®,)=(vr, )=, for each veQ. (1)

A permutation group on () is a set S of permutations of (2 satisfying the following
conditions:

e S is closed under composition: if w,,w, €S than w7, €S;

e S contains the identity permautation 1 defined by vl=v for ve().

e S is closed under inversion, where the inverse of T is the permutation © ' defined
by the rule that vii ' = w if wr=v.

In this paper Sym(€2) denotes the set of all permutations of €2, S denotes the symmetric

group Sym({1,2,...,n}>.
Let S be a permutation group on 2. The relation ~ on €2, defined by
v~w if w=vr forsome w€S, )

2010 Mathematics Subject Classification: 1 1H56, 18A10, 68R10.
Key words and Phrases: Automorphism groups of graphs, Cayley graphs.
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is an equivalence relation, and its equivalence classes are the orbits of S. S is transitive if it
has just one orbit, thus, S is transitive if, for any v,w €} there exists w& () such that
VI=W.

The stabilizer S, of a point v €2 is the set

HI{’TTGSZVT(IV}; (3)

it is a subgroup of S. Moreover, if w is a point in the same orbit as v, then the set
{’T(ESIVTY:W} “4)

is a right coset of H in S.

2 AUTOMORPHISMS OF TYPICAL GRAPHS

Let T':= (V,E) be a simple, undirected graph. An automorphism of a graph is a

permutation of the vertex set that preserves adjacency. The set of all automorphisms of a
graph [, with the operation of composition of permutations, is a permutation group on vertex
set that preserve adjacency. This is the automorphism group of graph I' denoted by

A)={zeSym(V): z(E)=E}. (5)

The automorphism group is an algebraic invariant of a graph. Here are some simple
properties (see [1]).

Theorem 1.

(a) A graph and its complement have the same automorphism group.

(b) The automorphism group of n disjoint copies of graph I" is A(nI") =S, [A(F)] .
(c) A(K,)=S,.
Every graph has the trivial automorphism id :V —V defined by id(v) =v. Most graphs

have no other automorphisms than, but many interesting graphs have many automorphisms.
Erdos and Rényi [3] showed:

Theorem 2. Almost all graphs have no non-trivial automorphisms.

The smallest graph, apart from the one-vertex graph, whose automorphism group is trivial
is shown in Figure 1.

L]

Figure 1: A graph T' for which |A(T)|=1

Cyclic graph C, is the opposite case, because it has 8 automorphisms. In order to define

the possible automorphisms a of C,, we will define Z, :={1,2,3,4}. First, a(v,) =V, for
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some i €Z,. Then a(V,) has to be a neighbour of v, so it is either v;,, or v, . Now a(V,)

has to be the neighbour of v, that isn’t &(Vv,), so it is v, or v,,, whichever one is not

i+1°
a(vz). Finally, v,,, is the only remaining vertex not yet in the image of «, so it must be
equal to a(Vv,). We had 4 choices for i, and then we had to choose either i+1 or i—1,
which is 2 further choices. That gives us 4x2 =8 ways to choose an automorphism of C,;
thus |A(C,)|=8.

Example 1. Let [' be the octahedron graph. The octahedron graph are shown on next
Figure. The complement graph of the octahedron graph is 3K,. We can easily calculate that

|A(3K2)|: 2°31=48 since there are 3! ways to permute edges and on each edge we can

either switch vertices on that edge or leave them fixed what yields another 2°automorphisms.
Because every automorphism preserves adjacency as well as non-adjacency, a graph and its

complement have the same automorphism group, so we have |A(F)| =2°31=48.

1

Figure 2: The Octahedron graph
Graph which has more automorphism than any other graph, relative to its size is Petersen
graph P. Let Z, = {1,2,3,4,5} and let P, (ZS) be the set of all unordered pairs of elements of
Z,. Then V(P):{Vij i, j}eP,(Z, )} The vertices v, and v, are the same vertex. Two
vertices in P are adjacent if and only if their labels are disjoint sets, ie
E(P)= {Vijvji :{i,j}ﬂ{k,l}: @}. The Petersen graph with the 2-index vertex labelling are

shown on the next Figure.
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Figure 2: The Petersen graph

Any permutation of Z, gives an automorphism of P, and different permutations give
different automorphisms. Because there are no other automorphisms of P we can say
|A(P)|=120.

Following results holds:

Theorem 3. The full automorphism group of the Petersen graph is isomorphic to S, .

Proof: Let I' be the Petersen graph. Every element w €S, induces a permuatation mof I.
Each of these permutations is an automorphism of I' because for all T€S,, A,Bare disjoint
if and only if T((A) and T((B) are disjoint. Thus, the map ¢:S;+— V,n— 7 is an injective
group homomorphism into A (T'), and so S5 = ¢(S;) < A(T).

If we want to show that there is no other automorphisms than ¢(S;) i.e. that ¢(S;) is a

full automorphism group, it is sufficed to show that A(T)<¢(Sg). If wis any

automorphism, then by composing with an appropriate permutation of {1,2,3,4,5} we may
assume that the map fixes {1,2}; that means that the vertices adjacent to {1,2}, {3,4}, {3,5},
and {4,5}, must map to each other. To prove this, let w & A(F). We show that there exists

g€ (S,) such that g =1. This would imply that 1=g € a/(S,).

Suppose T: {1,2} — {a,b}. Let g, €S, map a—1, b— 2. Then ’Kél fixes the vertex 12
and hence permutes its neighbors 34, 45 and 35. We consider a few cases:
1. Suppose ﬁél fixes all three neighbors 34,45,35. So ﬁél permutes the neighbors of 35, and
hence fixes 14 and 24, or swaps 14 and 24.
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1.1. If ﬂél :14+— 14, then 15 is sent to a vertex adjanced to 34 and not adjanced to 14,

hence 15 is fixed. Similary, all the vertex are seen to be fixed, and so T(él =1, as was
to be shown.
1.2. If =g, :14 — 24, then it swaps 14 and 24. 15 is sent to a neighbor of 24( wg, )=14, and

hence 15 is sent to 25. Thus, we see that ’Nél swaps 14 and 24, 15 and 25, and also 13
and 23, and fixes the remaining vertices. But then ’TYél = éz , where g, =(1,2). So,
€ d(S;s).

2. Suppose ﬂél fixes exactly 2 of the 3 vertices 34, 45 and 35. But this case is not possible,

because if it fixes 2 of the 3 vertices, it must also fix the third vertex.

3. Suppose ﬂél fixes exactly 1 of 34, 45 and 35, say 34. So ﬂél swaps 45 and 35. Let ﬂél
swaps 45 and 35. Let g, =(3,4). Then 7g,g, satisfies the condition of case (1).

4. Suppose ﬂg{l fixes none of 34, 45 and 35. Say it has (34, 45, 35) as a 3-cycle. Let
g, =(3,4). Then g g, = (34,35)(45), and we are back to case (3).

In all cases if © € Aut (F) , then for some nonnegative integer r, there exists g,,...,g, such

T

that ©g,,...,g =1, implying that m e d)(SS). i
3 VERTEX-TRANSITIVE GRAPHS

A graph T' is vertex-transitive if the automorphism group of I' acts transitively on the
vertex-set of I'. Thus for any two distinct vertices of I there is an automorphism mapping
one to other.

Common example of vertex-transitive graphs is k-cubes Q, . The vertex-set of Q, is the

set of all 2" binary k-tules, with two being adjacent if they differ in precisely one coordinate
position.
Theorem 4. The k-cone Q, is vertex-transitive.

Proof. If we fixed k-tuple, then the mapping p, :x — x+ v is a permutation of the vertices
of Q, . This mapping is an automorphism bacause the k-tuples x and y differ in precisely one
coordinate position if and only if x+v and y+v differ in precisely one coordinate position.
There are 2* such permutations, and they form a subgroup H of the automorhism group of
Q, . This subgroup acts transitively on V(Qk) bacause for any two vertices x and vy, the
automorhism p, mapsxtoy. o

Another example of vertex-transitive graph are circulant graphs.
Definition 1. Let Z  denote the additive group of integers modulo n. If C is a subset of

Z,\0, then construct a direct graph I'(Z,,C) as follows. The vertices of I" are the elements
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of Z, and (i,j) is an arc of I'if and only if j—i€ C. The graph F(ZH,C) is called a circulant

graph of order n, and C is called its connection set.
The cycles are special cases of circulant grahs. The cycle C, is a circulant graph of order

n, with conection set {1,—1}. The complete and empty graphs are also circulant, with
connection set C=27_ and C=0, respectively.

Let G be a group and let C be a subset of G that is closed under taking inverses and does
not contain the identity. Then the Cayley graph F(G,C) is the graph with vertex set G and

edge set
E(I'(G,C))={gh:hg ' eC}. (6)

Theorem 5. The Cayley graph I'(G,C) is vertex transitive.
Proof. For each g € G the mapping
Py i X Xg (7)

is a permuatation of the elements of G. This is an automorphism of I'(G,C) because
=yx', (3)

1

-1 -1 -

(ve)(xg) =ygg 'x

and so xg~yg if and only if x~y. The permutations p, form a subgroup of the
automorphism group of F(G, C) isometric to G. This subgroup acts transitively on the

vertices of I'(G,C) because for any two vertices g and h, the automorphism p, 1, Maps g to
h.

4 CAYLEY GRAPHS

As we mentioned before, every Cayley graph is vertex-transitive. In fact, most small
vertex transitive graphs are Cayley graphs, but there are also many families of vertex
transitive graphs that are not Cayley graphs. One example of such graph is Petersen graph. He
is vertex-transitive, but not Cayley graph.

Circulant graph on n vertices is a Cayley graph for the cyclic group of order n and k-cube

is a Cayley graph for the elementary abelian group Z5.
Some Cayley grahs appear frequently in the literature.
The complete graphs and their complements are Cayley graphs. K is a Cayley graph on

n

any group G or order n where connection set is the set of non-identity elements of the group.
The graph formed on the finite field F, , where q = 1(mod 4) and the connection set is the

set od quadratic residues in F,_, is also a Cayley graph, called a Paley graph.
Definition 2. Let p be a prime number and n be a positive integer such that p" = 1(m0d 4) .

The graph P =(V,E) with
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V(P)= F. and E(P)= {{x,y} :x,y€F ,x—y€ (IF; )2} (10)

is called a Paley graph.
The list of integers which can be considered as an order of the Paley graph starts with 5, 9,
13,17, 25,29, 37,41, 49, 53, 61, 73, 81... . The Paley graph of oreder 5 is cycle C,.

Answer to question whether the arbitrary graph is a Cayley graph gives the theorem of
Sabidussi. Before the proceeding to the theorem, a definition is required.

Let G be a transitive permutation group acting on a finite set Q2. Folowing three conditions
are equivalent:

1. The only element of G that fixes an element of Q is the identity permutation;

2. |G]=0

3. For any w,,w, €, there is a unique element € G satisfying wt=w, .

b

A transitive permutation group G that satisfies any of the these conditions is said to be
regular. We now state the theorem of Sabidussi.

Theorem 6. A graph I is a Cayley graph if and only if A(I') contains a regular subgroup.

Some of the most interesting and extensively investigated problem connected with Cayley
graph is trying to determine when two graphs are isomorphic.

Let p be a prime and let Z; denote the multiplicative group of units of Z . Define the
permutation T, on Z, for aEZ; and beZ,, by xT,, =ax+b. Denoting equivalent

permutation group as G = H, we state theorem of Burnside.
Theorem 7. A transitive permutation group G of prime degree p is either doubly transitive

or GE{Ta’b :a€H<Z;,b€Zp}.
Burnside’s theorem has applications for circulant graphs of prime order. If A(F) is doubly

transitive for a graph I', then I is either complete or has no edges.
The most important result about isomorphism of Cayley graph is provided by theorem of
Turner via next characterization.

Theorem 8. Let p be a prime. Two circulant graphs F(p,C) and F(p,C') of order p are
isomorphic if and only if C'=aC for some a € Z .

It is very difficult to determine the full automorphism group of Cayley graphs. The answer
is complete known in special case od prime order circulants.

Suppose that p is a prime, and that we are given the circulant graph F(p,C), which is
Cayley graph on the additive group Z . The graph is complete if and only if C is all of Z:
and it is empty graph if and only if C is &. The resulting automorphism group is symmetric
group S, .

When o CCC Z; using Theorem 7 we obtain that A(F) has the form
{T vra€H< Z;,b € Zp}. This implies that the stabilizer of the vertex labelled 0 is T, , with

a

a€H <Z,. Thus, if there is an edge joining 0 and k in I', than there is an edge joining 0 and

all of kH, and so the connection set C is a union of cosets of the multiplicative subgroup H of
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Z:. If C is a union of cosets of the subgroup H of Z;, but not an union of cosets of any
supergroup of H, then the stabilizer of 0 is {Ta,O raceH< Zp} and we know precisely what
A(T) is.

If graph T' is a circulant graph F(p,C) and @CCCZ;, then let e(C) denote the

maximum even order subgroup H of Z: for which C is an union of cosets of H. We now state
the folowing result.

Theorem 9. Let graph I' be a circulant graph F(p,C) of prime order. If C=9 or Z; ,
then A(I')=S, . Otherwise, A(T")= {T L:ace(C),be Zp}.

a

5 APLICATION OF “WOLFRAM MATHEMATICA 10.0” IN ALGEBRAIC
GRAPH THEORY

In closing section we investigate ,,Wolfram Mathematica 10.0“ which contains many
constructors and tools relating to group theory and algebraic graph theory. The
automorphisms group of graph I’ may be computed in Mathematica using
GraphAutomorphismGroup[g]. Precomputed automorphisms for many named graphs can be
obtained using GraphData[graph, "Automorphisms"]. Just a small part of Wolfram
Mathematica utility and his package Combinatorica will be exemplified by the following
example. The example shows graph constracting in Wolfram Mathematica, finding his group
of automorphisms, group generating set, group orbits and Cayley graph.

Example 2.

Graph[{1,2,3,4,5,6,7}, {1 «—~5,1e+2,2e+5,5¢+3,3¢+4,4e+5,5e46,5—7}
VertexLabels -» "Name", ImagePadding - 10]

Q, o
/ \\ / A
/ \\. //' A
\\ S ’
/ \\ '/. \
2 Vs 2
[ S \, 4 0
", i
\\ /I,
— N\ 5
.'/ \\\
./( \.\.
/ N
\
/ \
.f.., ’
r N,
/ .\.
'.-' \_.
i \'\ 6
o] o]
GraphAutomorphismGroup [%]
PermutationGroup |

{Cycles[{{6, 7}}], Cycles[{{3, 4}}], Cycles[{{1, 2}}], Cycles[{{1, 3}, {2, 4}}]}
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GroupGenerators|[
PermutationGroup|[{System Cycles[{{6, 7}}], System Cycles[{{3, 4}}]
System Cycles[{{1, 2}}], System 'Cycles[{{1, 3}, {2, 4}}]1}1]
{System ' Cycles[{{6, 7}}], System Cycles[{{3, 4}}1,

System Cycles[{{1l, 2}}], System Cycles[{{1, 3}, {2, 4}}]}
GroupOrbits[PermutationGroup|[{Cycles[{{6, 7}}],

Cycles[{{3, 4}}], Cycles[{{1, 2}}], Cycles[{{1, 3}, {2, 4}}1}].

{1, 2, 3, 4}, {5}, {6, 7}}
CayleyGraph[PermutationGroup|[{Cycles[{{6, 7}}], Cycles[{{3, 4}}],

Cycles[{{1, 2}}], Cycles[{{1, 3}, {2, 4}}]}], VertexLabels -» "Name"

Acknowledgements: This research was supported under the grant by the Ministry of Science
and Technology, Government of the Republic of Srpska.

REFERENCES

[1] L. Beineke, R. Wilson and P. Cameron, Topics in Algebraic Graph Theory,Cambridge University
Press, (2004).

[2] C. Godsil and G. Royle, Algebraic Graph Theory, Springer-Verlag New York, (2001).

[3] P.Erdds and A. Rényi, Asymmetric graphs, Acta Math. Acad. Sci. Hungar, (1963).

[4] G. H. Fath-Tabar, The automorphism group of finite graphs, Iranian Journal of Mathematical
Sciences and Informatics Vol.2, No.2 (2007).

[5S] R. Jajcay, The Structure of Automorphism Groups of Cayley Graphs and Maps, Journal of

Algebraic Combinatorics 12 (2000).

[6] A. N. Elsawy, Paley Graphs and Their Generalizations, A thesis submitted to Heinrich Heine

University Diisseldorf, Germany for the Degree of Master of Science, (2009).

Received March, 20 2014

24


Olga
Text Box
Received March, 20 2014


Olga
Text Box
DUŠAN S. JOKANOVIĆ AND MARINA M. ZIROJEVIĆ


MATHEMATICA MONTISNIGRI
Vol XXXI (2014)

MPEJICTABJIEHUE XAPAKTEPUCTUYECKON ®YHKIIUN
OIIEPATOPA TUITA LITYPM-JINYBUJJIA 11O HYJISAM
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3HAYEHUS.

AHHoTanusi. B cTatbe MBI TpencTaBisieM AaCHMITOTHKY XapaKTepUCTHUYECKOH (yHKuuu
orneparopa DY no HYJISIM, KOTOPBIE€ OMMCAHbBI B paboTax [1] u [13], T.€. B BUJIe OECKOHEYHOTO
NPOM3BEACHNUS, B 3aBUCIMOCTH OT YPOBUS TJAaJKOCTH MOTEHIMANA ¢ M (PYHKLUUHU 3aJEPKKH

o . B cTaTtbe Takke pacCUMTaH MEPBBIN PEryJISIPU30BAHHBIN CIIE]] OlIepaTopa D%,

REPRESENTATION CHARACTERISTIC FUNCTION OF STURM-
LIUVILLE TYPE OVER THE ZEROS

NIKOLA MIHALJEVICH

University of Montenegro, Faculty of Marine
Kotor, Montenegro
e-mail: nikolamih@ac.me

Summary. In this paper, we present the asymptotic behavior of the characteristic functions
operatora D® over the zeros, which are described in the works [1] and [13], that is in the
form of an infinite product, depending on the smoothness potontsiala ¢ and delay functions .
We also consider the first regularized trace of the operator DY
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1 AHAJIU3 BECKOHEYHOTI' O ITPOU3BEJAEHUA

B pabore [13] MBI mosyuuau acCUMITOTHKY HOJIb XapaKTEPUCTHUECKON (QyHKIUM [ B
3aBUCUMOCTH OT ypOBHSI TJaJKOCTH MOTEHLMAla g U (QYHKUMHU 3afepkku « . CieacTBueM

TEOpEeMBI, JoKa3aHHOU B pabote [13] sBisieTcss TO, 4YTO COOCTBEHHBIE 3HAYEHHS OlepaTopa
D® umeror ACUMITOTUKY

0(1), gel, [O, 7Z]
A =n’+{, + C‘(_I)H sinna(;r)_m(l} CIEAC[O,H] (1)
* n n
&, (=1)" sinna(r) . cy (2(1)(— 1)2'Hl cosna(r) N 0[%} g e ACfo, 7]
n n n

o)+(h+1:1)2 -

mpu n=12,..., j=12, re £, =2C,, £, =2C,, £ =2C! cW=2ch,

2
Mpbl momuepKHylM, 4YTO XapakTepucThueckas (QyHkus F omepaTtopa D sgensercs
1EeNoN (PYHKIHMEH, IKCIOHEHIIMATBHOTO THMA U TIOJBUHBI CTEMIEHH POCTA MO MepeMeHHON A .
Kpome toro, sro cuernas ¢yHkuus. Yro o3Hauaer, ecnu z,, ne€ N SABIIETCA HyJIeM

GyHKuMU F, TO M —z, TaKXe SBJIAETCS HyJeM 3Toi ¢pyHKkuuu. Onupasch Ha KIACCHUYECKYIO

TEOPUIO TMPEJICTaBICHUS TakuX (QYHKUMH K BUIY OECKOHEUHOTO MPOU3BEICHHS, 4YTO
AQHAJIOTMYHO (PaKTOPHU3AIMU TTOJTMHOMA, MBI MOKEM HAITUCATh

F(z):A-ﬁ 1—2—2 2)

B (2) xoeduumentr A sBiseTcs HEONpENEICHHBIM, HO €ro 3Ha4eHHE BIIOCIEACTBUE
ycTaHaBinuBaercsi. A umeHHo, (1) u3 pabotel [13] u (2) ABAAIOTCS ABYMSI Pa3IUYHBIMU
NpeCTaBICHUs OAHOM U TOU ke (QYHKIMHU. ACUMITOTHYECKOE Pa3I0KEHUE ITHX Pa3IUYHbIX
NPEJICTaBICHUNA, NIPU Z —> 00, BJOJIb IIPOU3BOJIBHONW MPSIMOW, NPOXOISAIIEH Yepe3 Haydalo
KOOpJMHAT, MOKET YCTaHABIMBATh Pa3JINYHbIE OTHOILIECHUS MEXIY IIapaMeTpaMH OIeparopa
D(z), TaKUMU Kak h, H wu 3HaueHWsMU (QYHKIMH ¢ W @ B KOHIIOB OTpE3Ka [0,72'] u
napaMeTpamMHu aCMMITOTHUYECKOTO Pa3JIOKEHUs] COOCTBEHHBINX 3HAYEHHUH ITOTO OmIepaTopa.
Mpb1 0OBIYHO HMCHOJIB3YEM ATO PAa3J0KEHHUE BIOJb JEUCTBUTEIBHOW WJIM MHHUMON OCH B
KOMIIJIEKCHOU Z - IIJIOCKOCTH.

JlemMma 1.

A:zﬂoni;. (3)

Joka3aTtenbcTBo. PaccMoTpuM acumMnToTuky QyHkuun F npu z —> oo, z€ R. Ha ocHoBe
dbopmysl (1) umeem
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A, =n"+¢,+o(l)

b
IJle TJaBHBII WIEH ACHMIITOTHYECKOro Bhipaxkenns o(1) Ha camMoM jente
—I Jeosn(z — 1, + a(t, ))dt, +— I t,)eosn(z —t, —al(t,))dt, .

Hanee, BMmecTo (2) 3anuiiem

Tak kak (cM. [14], c. 272)
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o0 2 © 2
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ITycth
o0 2
AH”_:b
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N A N I [ O 1420 "V =
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3nech

F(z)=-bzsinzz+ O(sinzz), (z—> ) (4)
C npyroii ctoponsl, u3 (1), padora [13] HemOCpeACTBEHHO CIIETyET

F(z)=-zsinzz + O(sinzz) (z — ) (5)
N3 (4) u (5) cnenyet (2).

2 NMPEJCTABJIEHUE ®YHKIIMMA F , KOT'JA TIOTEHIIUAJ ¢ SIBJSETCSH
ABCOJIIOTHO HENPEPBIBHON ®YHKIIUEN

Toynoe acummTOTHYECKOE pa3iokeHue (yHKIuM F U3 TpOM3BEeNEHUS, BO3MOXKHO
TOJIbKO, €CJIM TMpPEeNINoJIOKUTh, YTO ¢ aOCONIIOTHO HempepbiBHas (yHKuuA. 3aTeMm, B

cooTBecTBUH ¢ hopmyoii (1) mmeem

& (=1 sinna(ﬂ)_i_o(I) ©)

n n

2
/I,w.zn +4,+

Teopema 1. Ilycts ¢ aOcomoTHO HempepbiBHAas (QyHKIHWA. Torga XapakTepucTHuecKas

¢byukuust F Ha OCHOBE COOCTBEHHBIX 3HaueHMs (6) MMeEeT CIeAyIoIIee aCUMITOTHYECKOE
MIPEICTABJICHHE

F(z)= —Z+1(ﬂo—é+sl+£§§+mj sinz z +
z 2 8 2
P S sin zzz
+—§Ocos7rz——s1nza(7z)+0 — |> (7)
2 2z z

re S, IEPBBIM PEryIsIpU30BAHHBIN CIIE OIIEpPaTopa DY,

Jloka3zaTeabCTBO.
F(z) A ‘' A, —n’
) —1=-0 1+ — | =
—zsinzz ( zz)g( +n2—zzj
Ao 1
1-— 1+0'0(z)+50'1(z) +R(z) (8)
z
rae
00 /ln _ n2
O'o(Z): ;1 m,
u
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I/ICHOJ'IL'S.YSI HN3BCCTHBIC CYMMBEI
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_zig”oé’l(—l)" sinna(r 241 cosZna( )

=l n(n2 -z )2 o 2n (n ) B

=72 L—Lct 7Z'Z+LC'[ ‘nz |+
"\ 422 27° 8 4z* g
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+2 ———ctgrz —al\7) |-
4/041(222 2z 8 j{ZzZ( sin zrz ()ﬂ
1 7’ rctgnz
- 02 S it + gs -
2z 4z°sin” 7z 4z

(=1)*'sinna(zr) 1 _,1-cos2na(r) (sin 72'2]
~26,4 _ppimcosinalz)) | o Snzz |
0t { n(n2 - 22)2 2 ° 2112(142 - zz)z " ’

n=1

3

Jlerko mpoBepuTsh, 4TO R(z) = O( S ”Z) .
z

1
HpI/I OTACJICHUU YJICHOB, KOTOPbIC OBLIH C — HolIlydacMm
z

1 1
2 2 2
o\z)= ctg 'z — +o| — |=
1() 0,2 °18 04,2 sin? 2z (22)
2
, w cos mz—1 1 . lj
= . +o| = |=—C;—+0o| —|. 12
® 42 sin’zz (zzj " 4z2° (22 (12)

U3 pasencta (8), (11) u (12) cnemyeT yTBEepKISHUE TEOPEMEI.
Jlerko ycTaHOBUTH U CIEAYIOLLIEE.

Teopema 2. Ha oTpuniaTensHON 4acThl MHUMOM OCH XapakTepucTuieckas QyHKus F umeer
CJIEIYIOLIYI0 aCUMITOTUKY

a) OT MPOU3BEICHUS

Floifu)=e (JZ; +2g, +if (TN (13)
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1 1 T
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F(—i\/ﬁ)ze”ﬁ(\/ijh+2H+2}:/I%+o[\/1;JJ. (14)

Teopema 3. IlepBblii CIEKTPaIBHBIN ClIe] s, OIepaTopa D® umeer BUL

1

) =2hH—/10+—(h2+H2)+h+H 1
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- Eﬂa(ﬂ)gl.

T

Jloka3aTteabcTBO.  J[0Ka3aTenbCTBO  HEMOCPEACTBEHHO  CIEAyeT  BhIpAaBHHBAaHUEM
COOTBETCTBYIOITUX 3HaYeHUH U3 (13) u (14).

3 NPEIACTABJIEHUE ®YHKIHUU F , KOI'TA ITIEPBAS ITPOU3BO/JIHASA
MNOTEHLHUAJIA ¢ ABCOJJIOTHO HEIIPEPBIBHASI ®YHKIUSI

TouHee acUMNTOTHYECKOE pa3yiokeHue GYHKIUN F OT MPOU3BEIECHUS BO3MOXKHO TOJIBKO
€CITH TIPEIION0KUTh, YT0 ¢’ aOCOIIOTHO HempepbiBHAS (GyHKIHs. Toraa B COOTBETCTBHM C

dbopmyoit (1) umeem

A

nij

=n’+¢,+

2
n n

_ ntl . (()) (]) _ n+1
& (=1) s1nna(7r)+§2 + (1) cosna(;r)_m( 1 j (15)
Teopema 4. Ilycts ¢’ abcomoTHO HempepsiBHas (yHKIusS. Torga XxapakTepHCTHYECKas

¢byHkius F Ha OCHOBE COOCTBEHHBIX 3HaueHWH (15) mmeeT cieayromiee aCHMITOTHYECKOE
Mpe/ICTaBICHHE
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Summary. Gate mathematical theory requires special model axiomatic formalization of the
mathematical theory. Classic formal mathematical theories, such as number theory, function
theory, group theory, game theory, information theory, theory of surfaces, probability theory,
and others have each individually own logical model construction. Each of these theories
must satisfy the requirements uncontradictions, independence and thoroughness of his
axiomatic system. Similarly in this paper we will present a logical model Burbakies program
of formalization of mathematics. As an illustration of a solution that is technically in detail
(especially for example. Introduction in how objects) quite different from the above theory of
classical mathematics, with a tendency to be as adaptable to formalize a number of specific
mathematical theory, we outline in brief strokes (tentative) program of formalization
mathematics to Burbaki (Nicolas Bourbaki). Next, we will show how to Burbaki so by the
program develops (or sketch) the formalization of some logical and mathematical theory: the
logic of the statement, predicate logic, predicate logic with equality, set theory (etc., at least in
principle).

1 INTRODUCTION

The philosophical orientation of Mathematics of the 20th century began with the
reconstruction of all three programs of classical mathematics, where there are three
program reimbursement basis of mathematics, namely: logicism (founder Bretnard
Russell), formalism (founder of David Hilbert) and intuitionism (founder Brauer). As the
criticism that followed the development of these programs created a new
philosophical trends in contemporary mathematics that time, from which follows a
series of founder intuitionistic - constructivist school, which belongs Brauer, Heitinga,
Troelstra, Van Dalen (holansdski intiucionizam), then Markov, Kushner, Bishop,
Majnes, Rajhman (American pragmatic constructivism) and Johanston, Staples (englesni
sophisticated constructivism).

Along with these projects, the philosophical orientation in mathematics in France,
appeared a group of mathematicians under the name Burbakisti who offered his program of
reconstruction of mathematics.

Burbaki Nicholas alias group of French mathematicians of the younger generation, which
was formed in 1937., and has set itself the task to realize the establishment's fundamental
axiomatic mathematics, providing that the fundamental role of the structures. Revealed that
they were among the founders of the group A. Kartan, A. Bale, Z. Djedone and K. Chevalier.
Under the name Burbaki the beginning of 1939. Published scientific papers and a large series
of monographs Elements des Mathematique.

2010 Mathematics Subject Classification: 03C55, 03C62,03C65, 03C70.
Key words and Phrases: Logic, model, Burbaki, program, formalization.
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Burbakisti, mathematicians gathered in a group or Burbaki about these groups, also those
who accept and implement the notion of the group were in science or in teaching
mathematics.

This paper presents a sketch of the logical model Burbakijevog program of formalization
of mathematics.

2  LOGICAL INTERPRETATION OF PROGRAM BURBAKIES
FORMALIZATION OF MATHEMATICS

We assume that the choice of the structure of a formalized mathematical theory there is a
lot of freedom and that decisions about it are not only mathematically and logically motivated.
As an illustration of a solution that is technically in detail (especially for example. Way of
introducing the objects that correspond to bound variables), and is designed, among other
things, with a tendency to be more adaptable to the formalization of a large number of specific
mathematical theory, we outline in brief strokes (tentative) program of formalization of
mathematics to Burbaki (Nicolas Bourbaki).

Signs and words ("assemblages"). Signs of a mathematical theory T are these: Logical 1
means: O, [], .

The letters 2, which are introduced as required; It will regularly be sensitive of the Latin
alphabet, possibly with accents, for example: A, A, A", . ...

Specific means 3, which depend on the considered theory. (Eg. for set theory to the =
sign, [1, [).

Word of the theory T strings of T are written next to each other, some characters (but not
the letters) can be connected in pairs moves above characters that call-ups. For example: in set
theory question.

Exclusive printing words, effective as they are, would lead quickly to virtually
insurmountable difficulties (because of their often large lengths of tens of thousands of
characters, and more), and therefore for them to introduce abbreviations, among other things,
the words of ordinary speech - which, of course, not belong to the formal mathematics and
theory are urgently needed. For example: [] stands for — and O is an abbreviation for (empty
set).

| |

T w - e O A e o A"

Some do mathematical (meta) theory, less theory contains rules that allow you to say
certain words that are terms or relations theory, and other rules that allow you to say certain
words that are theorems of the theory. Description of the rules (below) does not belong to
itself (formal) theory; it is frequently used abbreviations and various substitute word or parts
thereof, the meaning of which is usually clear from the context. Regularly, for brevity, will
mean that these abbreviations words, instead of indicating them. (For example: if A, V word,
AV will be the word that comes concatenating character of V, in order to come behind the
signs of A, in the order they come).

Let A be a word, a letter h{ h(A) will mark the word that gets this in words []A Connect to
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tie each h wherever you come in and [] to the left of A and then replace h wherever you come
in and with o (It [Jh(A) therefore does not contain h). Eg: [ h (xy[]) meaning of the word.

T 1 a a € T 1 a € (] a a

Let A, V word, and the letter h. Word that result from replacing By changing h wherever
comes with a V means the following: (V| h)A.

For example: with A =[] xy=xx,V=obeing(V|h)A=Jooo=y.

If we want to point out one or two different letters, for example h and h, and in which can
(but need not) coming to A, writing the Ax{A} or {x, y}. In such a case, for example A{V} is
the same as (V|h)A; analogous to A{V, S} with simultaneous replacement of h with a V, with
the S in A. The possibility of confusion to avoid the most common (in abbreviation)
additional brackets. For example: replacing R[1Q for N and M N received word it shall be
indicated with M 1(R[1Q).

Criteria substitutions. Formal mathematics contains only the explicit written word.
Practically, however, are required (theoretically not required) criteria for certain
manipulations with the words - of course, they belong to the proper meta. Thus, the criteria of
substitution are obtained. Among them, for example:

CS 1. Let A, V words, h, h' case. If h'is not an A, then (VIH ) = A (V|h")(h'|h)A.

CS 2. Let A, V field, and h the (codes for) various letters. If x out of the V, then
(Viu)[Th(A)=[Th(A"), where A'is = (V[u)A.

Formative structures. Among the specific character of each is called relational, others
substantive. Each specific sign associated with its weight; it is an integer, usually 2.

The word is called the first kind it starts with [] or substantive character, or if it consists of
only one letter; Otherwise called the other species.

Formative design theory T is a sequence of words with this feature: for every word A
series filled with one of the following characteristics:

a) A letter is.

b)  In the series there in front of a word other types of V such that A=—V.

c) Inthe front row there are a word other types B, C such that A = —VS.

g) there is a row in front of the other types and the word V, so that for a letter Ahh=
(V).

d)  There is a specific sign of the weight n8 benzyl and n the words of the first type Al,
A2,

e) ...anoutside A, suchthat Ais Al A2s=.., An.
Terme (or relations) of T are the words of the first kind (or other species) to come among

the members of the formative structure of T. For example in set theory is [] relational
character of weight 2, and the following series of formative structures:
AALATA A DA A", - TDAA - TA A TTA A",
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Its members are, for example: last, thermal theory.

Intuitive Talaso corresponding objects (the classical theory that should be formally
"cover"), and the relations between relations such facilities. In particular, for example in g) if
V is a proposition which expresses a property of the object h, then hl (V) corresponds to
a"privileged" object that owns the property, if it exists, otherwise it represents an object
about which nothing can be said.

Formative criteria allow the words you already know that the spa or relationships
concluded for such a word. For example: let A be a relation (or term) of a theory T, h letter, a
term T of T. Then (T| h)A relation (or term) of T.

Axioms. Setting its specific character and defines the thermal relations of a theory T.
To conclude construction of T, should be :

1) Print a certain relation of T to be called explicit axioms of T; letters that come
in explicit axioms are called constants of T.
2) Set the one or more rules which are referred to the scheme of the T and which
must have the properties of:
a) the application of such a rule R gives a relation of T;
b) If T is aterma of T, the letter h, R relation of T is constructed using the scheme
R, then the relation (T| h)R can be obtained by applying R.
Any relation obtained by applying a scheme of T is called the implicit axiom of T.

Intuitively, an axiom is any obvious claims, any hypothesis that is accepted to be of
consequence, they withdrew; Constants are some specific objects, which are assumed to
possess properties making them explicit axioms express. On the contrary, if the letter h is not
constant, it is a completely indeterminate object; If an axiom assumes that the object x has a
particular characteristic, such is necessarily implicit axiom, so this feature then truth of
whatever object T.

Demonstrations. Each demonstration text of a theory T contains:

1. Auxiliary formatted structure of some relation and the baths of T.

2. Some of the demonstration of T, ie. a set of relations of T to come in the
formative auxiliary structure, such that for every relation R of the array filled with at least
one of these conditions:

al) R is an explicit axiom of T.

a2) R result of applying some diagrams of T on thermal or relationships that come in the
auxiliary formative structure.

b) In a series of R are in front of the relation S, T, such that T S = —R.

Theorem of T is a relation of T that comes in a demonstrations of T.

The notion of a theorem relative to the state of the construction discussed theories; a
relation of T becomes a theorem when he managed to get involved in a demonstration of T.

Let R be a relation of T, h letter, a term T of T; if (T|h)R theorem of T, says that T(a)
solution of R in T.

For a theory T is said to be contradictory if (when) found a relation R of T for which it was
shown that the R and — R theorem of T.
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Deductive criteria are mathematical rules that allow shortening the conclusion of the
demonstration, for example:

S1. Let A theorem of a theory T, T theorem of T, and the letter h is not a constant of T.
Then (T|h)A theorem of T.

Comparison theory. The theory T' is called stronger than theory T if you are all trademarks
of T and signs of T', all explicit axioms of T theorem of T' and all the schemes of the T
schema of T'.

S2. If the theory T' is stronger than the theory T, all theorems of T are theorems of T'.

3 INSTEAD OF CONCLUSION

Burbaki to set this program develops (or sketch) the formalization of some logical and
mathematical theory: the logic of the statement, predicate logic, predicate logic with equality,
set theory (etc. at least in principle) - in which is not discussed. At the end of the note, and
that is a critical note on intuitionism in the preface Burbakijevog description of the
formalization of mathematics in a review of that work in one of the world's leading
mathematical journals of reference experienced (maybe a little pointedly, but perhaps
justified) "opponent" Burbakijevog entire program of formalization of mathematics.
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1 INTRODUCTION

The photon propagation through matter produces fast electron fluxes. These electrons can
leave an object being under photon radiation. As a result the processes of radiative electron
emission occur outside and in interior cavities of the investigated object. Accounting the
electron emission is significant when carrying out different experiments with ionizing
radiation, for instance during non-destructive testing of materials. Modeling of perspective X-
ray sources and development of modern detectors of radiation is impossible without correct
taking into account the radiative electron emission.

Investigation of electron emission processes requires solving the complex boundary tasks
of radiation transport in 3D problem statements. The Monte Carlo method is effective method
of solution of the mentioned problems. However application of this method for modeling
radiation transport in objects with complex geometrical structure requires huge computational
burden and presupposes the wuse of multiprocessors computers including hybrid
supercomputers as well. Modeling of the electron emission is more complex because of the
small parameter of the task. Namely, the photon path up to its absorption is much bigger than
electron path up to its thermalization.

The algorithms of radiative electron emission modeling on hybrid computers with use of
NVIDIA© CUDA technology are considered in the paper.

2 CONCEPT OF MODELING OF RADIATIVE ELECTRON EMISSION

Physical models of electron transport are developed usually on the basis of complex
theories describing the average characteristics of investigated processes, for instance, theory
of multiple scattering', Landau theory of energy losses” etc. Implementation of such models
implies working up the algorithms with complex logic stipulated by necessity of applicable
conditions control of the used approximations when computing. In addition it is often required
to carry out iteration procedures when the choice of model parameters is impossible a priori.
It should be noted that these models are hardly fit hybrid computers architecture because of
their own complex inner logic.

On the other hand computing systems with traditional architecture do not allow detail
studying the physical processes under enough full models developed without conventional
statements. These models taking into account every interaction between particle and matter
give possibility to investigate processes under study in detail.

Therefore the modeling of particle transport is carried out by authors of the paper within
the bounds of the model of individual collisions® (MIC). This model has simple inner logic
and it is much more effective when it is implemented for hybrid computers in comparison
with widely used models based on the embedded trajectories idea™”.

The basis of the MIC is a distribution of particles parameters changing in the course of the
processes being simulated. The distribution is determined in the following way.

Let x be the values of & characterizing the state of the particle (e.g. energy loss or angle of

scattering). If the distribution density of this value in the current physical process (normalized
by 1) f(x) is known, then, the distribution of this value F(X) is determined by the integral

F(x)= I f (t)dt. The value F(x) is equal to the probability of inequality & <X. In order to
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simulate (play) the random value & the inverse function technique® is used. Namely:
x=F"(y),7<(0,1), F7(») is the function inverse to F(X), » is uniformly distributed in
(0.1).

The probability distribution density f(X) is constructed by cross-section data’ handling:

1 oo oo ) . . :
f(x) :—&; where o and x are the cross-section and differential cross-section of the
X

o
processes in question.
Modeling of radiative electron emission includes next stages:
— Simulating the photon transport in the objects of complex inner structure with
accounting the processes of elastic and inelastic interaction between X-rays and
matter;

— Modeling of generation of fast electron fluxes produced due to photo absorption and
Compton scattering of X- rays in the object;

— Simulating the electron transport in matter with taking into account the various
collision processes up to leaving the electron from the object or up to the fast electron
thermalization. The base feature of the electron transport is the significant difference
between range photon path and electron distance (up to three orders);

— Modeling of registration of emitted electrons by detecting system.

The algorithms of statistical simulation of electron emission processes are created by
developing the weight versions of the Monte Carlo method. As mentioned above the photon
path up to its absorption is much bigger than electron path up to its thermalization. A direct
statistical simulation of electron emission is ineffective under these conditions as far as the
fraction of electrons able to reach boundary surfaces of the object is very low.

The following way is worked out for increasing the photon trajectory worth. First of all,

energy E. of photo or Compton electrons produced by current photon is played. Secondly,
the stopping path L, ( Ee) of the electron is calculated. Then a segment of possible electron
appearance is constructed so that the electron can leave object. It is supposed that an electron
can leave the object if the distance between it and bound of the object is not bigger than L, .
Length of the segment is chosen in agreement with beforehand calculated L, as shown on the
fig.1 (segment AC).

A point of photo absorption or Compton scattering is then played according to formula:
1
x=—In[l—y(l—exp{—yph|AC|})J, (1)
:uph
in (1): X is the distance between A and point of the photon interaction; y is uniformly

distributed in (0,1) random number; ,uph(Eph) is the total attenuation coefficient (total

macroscopic cross section) of the photon.

0

Initial ~ statistical ~ weight — w, of  produced electron is defined as

w? :th-pim(Eph)-pe(Le), where: w__ is current weight of photon; pint(Eph) is

ph
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probability of producing the electron by the photon of energy E  ; P, ( Le) is probability of
the electron production on the segment AC. The probability p, ( Le) is equal to
p. (L, )= exp(—,uphOA) —exp (—uphOC ) =exp (—uphOA)(l —exp (—,uph AC )) . ()
First factor in right part of (2) is the probability of photon to reach the point A. Second one

is the probability of electron production on segment AC under the condition that the photon
has reached the point A.

Photon \

trajectory ( \

Fig.1. Scheme of modeling of radiative electron emission

The processes of both electrons production are considered on every section of every
photon trajectory. Thus, the rare event of production of electron capable to leave the object is
simulated by the developed weight algorithm considerably decreasing the results variance.
The trajectory of produced electron is computed up to its leaving the object or up to its
thermalization by use of the Monte Carlo method coupled with MIC being mentioned above.

After two electron trajectories completion the photon trajectory is continued from the point
O . The new point O’ of interaction is played and then new direction and energy of the
photon are played. The following way is applied in order to increase the information value of
the photon trajectory.

It is stated that the photon does not leave an object during a priori defined number n_, of

collisions. After every scattering its statistical weight is decreased by the probability p,,, of

col

the remaining in the object: wy =w_ -[1—exp(—yphs)]; W, Wy, are weights of the

photon before and after scattering respectively; S is the distance from the point of interaction
up to the object boundary (s =OC on the fig.1). Moreover, it is supposed that the photon is
not absorbed by the matter of the object. The photon weight is decreased in that case by the
survival probability Py =1—P,,; Wy, =W, -p,; Py Iis the probability of the photo

absorption. After n collisions the photon trajectory is simulated via the analog

coll

computation. Number N, can be specified for instance in agreement with the criterion of the

weight smallness.
It is important to note that the electrons produced at the point O’ are ignored even through
O’ belong to corresponding segment A'C’ (see above).
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The developed methods are sufficiently homogeneous. Therefore they can be easy
parallelized including the application of graphical processors due to independence of particle
trajectories.

The main features of the described algorithm implementation for hybrid computers are
considered in the paper below.

3 IMPLEMENTATION OF DEVELOPED ALGORITHM FOR HYBRID
COMPUTERS

It is necessary to take into account a number of features of using the graphical processors
as arithmetical co-processors.

1. Graphical processor (GPU) is very useable for performing the huge number of
arithmetical calculations. A lot of logical operations can sufficiently decrease performance of
the graphical processor though.

2. The RAM memory space available to GPU is not large. The NVIDIA© CUDA
technology 4.0 gives possibility to use RAM of central processor (CPU). However it leads to
significant decrease of the graphical processor speed.

3. Load balancing between CPU and GPU is the key for effective usage of hybrid
computer.

Algorithms of simulating the radiation transport in matter based on the Monte Carlo
method have large number of independent threads. Such algorithms can be well parallelized
by use any parallel computational architecture including the computer having poor data access
synchronization techniques (hybrid computers with nodes including CPU and graphical
processors as well). At the same time the algorithms in question require huge amount of
arithmetical calculations. These circumstances make well suitability of the algorithms for
implementation for hybrid computers.

Approaches to application of NVIDIA© CUDA technology for solving the problems of X-
ray transport through the multicomponent objects® are developed by the authors of this paper.
Algorithms of statistical modeling of electron transport for carrying out the numerical
experiment on hybrid computers using NVIDIA© CUDA technology’ are worked out as well.
The effectiveness of mentioned implementation is caused by relatively uniform density of
calculations on any stage of the algorithms.

Radiative electron emission modeling method has not the calculation density homogeneity.
Therefore it is impossible to develop effective direct application of the parallelization ways™’.
It is necessary to distribute calculation charge between CPU and GPU and to carry out load
balancing for optimization of computing.

Let us consider the computational scheme of the emission modeling (fig.2). The sequence
of stages is the following.

— The tracing of object (finding of intersection points of a ray along current motion
direction of a photon with boundaries of the object homogeneous parts) is carried out
in compliance with ray-tracer algorithm'®.

— Modeling of Compton and photo electrons production inside the corresponding
segment AC (see fig.1).

— Simulation of the electron trajectory up to its leaving the object or up to its
thermalization.
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— Registration of the electron if it reaches boundary of the object.
— Continuation of the photon trajectory.

4 )

Playing next point of the
photon scattering

Ray-tracing the object =~ p====== e |

v
a

Determination of the

; Registration of the electron
segment AC =

Y

a

Simulating the electron
production at the point on
segment AC

Q 4

Fig.2. Calculation scheme of the electron emission modeling

Modeling of the electron
trajectory

Y

Different parts of the computing scheme have different calculation density. Therefore it is
necessary in some parts of the algorithm to rely on GPU and for remainder - on CPU.
Namely, parts of high computational density are executed on GPU and parts of relatively low
computational density are executed on CPU.

Investigations of the computing load on every stage of the electron emission modeling
allow estimating the relative calculation density of different parts of the algorithm. Analysis
of developed method has shown that simultaneous modeling of the photon trajectories and
produced electrons leads to strongly nonuniform computational density on different stages of
algorithm. Parts of low density (simulating the interaction between photons and matter,
electron production processes) alternate with parts of high density (tracing the object,
simulating the electron trajectories).

Results of the analysis have allowed distributing the computational load among the central
processors and the graphical ones.

3.1 Ray-tracing the object

The goal of tracing the multicomponent object is to compute points of intersection of the
ray along the photon motion direction with homogeneous parts of the object. Corresponding
task is solved in two stages.

— Calculation of points coordinates of the intersection of the photon ray with envelopes
bounding the homogeneous components of the object;
— Determination of optical thickness of intersected component along the ray.

The triangulation model is used for description of the complex objects having the
piecewise homogeneous structures'’. In practice the envelopes of homogeneous parts are
defined by hundreds of thousand triangles. Therefore the problem of determination of
intersection points coordinates requires huge number of arithmetical operations. Counting for
mentioned above features of using the hybrid computers this stage is carried out on GPU.

It is known that a computational job for GPU (kernel) consists of group of calculation
threads collated to blocks. Blocks are collated to grid.
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Two computing kernels are used for executing the first stage of ray tracing. First kernel
performs transformation of triangle vertexes to local coordinate system defined by the motion
direction of current photon. Grid of this kernel consists of N x M, array of blocks. Every
block is one-dimensional array of 512 threads. Total number of vertexes is 512-M,.
Structure of the kernel is represented on figure 3.

1% Kernel
M block of threads
_a 23] . |52
i I R — o W 7
- block of threads T
Ny === 1 [2]3] . [512
T == block of threads
J==->1[2[3] . [512
M*512 = Number of vertexes
Fig.3. Configuration of first kernel. Fig.4. Intersection of triangles by photon ray.

Thus, the pair “photon-vertex” is corresponded to one thread.

Second kernel computes intersection point coordinates along the motion direction of
current photons. It is assumed that polar axis Z of local coordinate system is coaxial to the
photon motion direction (fig.4).

Grid of 2™ kernel consists of N on Dlocks. Every block is array of 512 threads. A thread

computes array of z by exhaustive searching all of the triangles in accordance with
algorithm'®. Result of 2" kernel work is N, of array enclosing the intersection point

coordinates. Increasing the computation speed is attained by allocating the desired arrays in
shared memory of the blocks. Atomic operations excluding the simultaneous access to the
memory are used for synchronization of access to array elements.

The 2" stage of object tracing is to determine the set of optical thicknesses homogeneous
parts of object intersecting by the photon ray. This stage requires substantially executing the
logical operations of comparison and rearrangement. Therefore this stage is carried out by use
of CPU.

3.2 Modeling of the electron emission

Firstly the segment AC is determined. As mentioned above it is equal to stopping path of
electron (production and transport of photo electron is modeled at first and of Compton
electron after that or vice-versa).

Using the results of the object tracing and L, ( Ee) the segment AC is constructed (fig.1).

The point of electron production is played according to conditional probability (1). The
electron initial motion direction is played then. This part of algorithm is carried out on CPU.
Then trajectories of two produced electrons are followed up to its thermalization or up to
leaving the object. Modeling the electron trajectory is computed on GPU by use of MIC”.
Modeling the electron transport requires reconfiguration of GPU memory (roll-out of
object geometry data; roll-in of electron interaction data). Therefore running this modeling of
every step of photon trajectory is not effective. The next approach is used for increasing the
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effectiveness of calculations. Characteristics of produced electrons are saved in electron pool
and trajectories of all electrons of the pool are computing all together after filling of the pool.

Electron trajectory modeling is carried out on graphical processor and registration of
electron is computed on CPU because of big dimension of electron sample and the GPU
memory is not enough for saving the sample.

After finishing the electron transport simulating the photon trajectory is continued from the
point O (fig.1). Next point of photon interaction is played and modeling of interaction
between photon and matter in the point is computing. Algorithms of solving the
corresponding tasks have complex logical structure and therefore are carrying out on CPU.

An analysis of calculation density of different steps of electron emission modeling has
allowed distributing the parts of algorithm between central processor and graphical one of a
node of hybrid computing system. The distribution of different parts calculation scheme is
shown on the figure 5.

[ SeiesT ] [ Series 2 ] [ Series3 Series 4
Stage |
GPU Copying the Stage 2 Stage 3 Stage 4
v . Copying the Modeling of
pretan Anobject tracing tracrnygnriuhs photon imcfnctian
Determination of optical Transformation of triangle characteristics GPU GPU = CPU
thicknesses of intersected vertexes coordinates to CRUE=GRd
object component local coordinate system age
] - i E Stage 2 ‘Sﬂgt._J : S_!.ag‘c_-l : (,‘c.-‘]s:\.f‘in"g]the
= T . Copying the tracing Modeling of i
An object tracing lis Fr RS photon
Determination of Calculation of intersection c GPU R RS characteristics
segment AC and playing points between the photon 2 CPU ->GPU
the electron production ray and envelopes -3 Stage |
3 Stage 3 Stage Copying the Stage 2
9 Copying the Modeling of photon :hnlfm i QBT tr-acing
i i tracing results interaction T
Regmratt_mn (:f elec[trons Modeling of electron e s cg;%df-‘;;ﬁ GPU
ATHEAN '”f‘a lono trajectories
photon trajectory
Siaged Stage |
M:dhe;::u% o Copying the photon Al 57'&&9.:::“‘ Copying the
isakan characteristics cb}GEP'“U e tracing results
v P CPU =GPU GPU == CPU

Fig.5. Distribution of parts of computing scheme
between CPU and GPU.

Fig.6. An example of organization computing series for
simultaneous loading of CPU and GPU.

The iteration of the computational algorithm (modeling the next step of photon trajectory)
is a sequence of calculation stages carrying out either on CPU or on GPU. Independence of
photon trajectory modeling gives possibility to compute simultaneously calculations of
different series. At that different calculations of the series are on the different stages. Thus,
computing is carried out at the same time on both CPU and GPU. The fact allows increasing
the effectiveness of hybrid computers application. An example of simultaneous loading of
central processor and graphical one is represented on figure 6.

4 RESULTS OF MODELING

Two experiments were carried out for analysis of developed method capabilities:
computational experiment with aluminum plate irradiated by X-ray (and its comparison with

MCNP'") and natural experiment with aluminum plate irradiated by ®7Cs source of gamma
rays.
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4.1 Computational experiment

Configuration of the experiment is next. The photon flux is falling normally on aluminum
plate. Energy of incident photons is E,, thickness of the plate is h . Energy spectra of emitted
from irradiated surface of the plate and from rear one are measured.

Calculations are carried out for two variants. Electron emission modeling results are
represented on figures 7-10. Results of MCNP computing are shown for comparison.

%10 Electronn spectra, forward . 10° Electron spectra, back

MCNP

251 : : : : ; 4

£(E), 1kev
1.(5), 1ikev

(iR SOOI SR R e e e - i

i I L i L i I L i
DD 10 20 30 40 a0 B0 70 a0 a0 100
energy, ke energy, ke
Fig.7. Spectra of electrons emitted from rear surface of Fig.8. Spectra of electrons emitted from irradiated
the aluminum sample surface of the aluminum sample

Electron spectra on fig. 7 and 8 are obtained for E, =100keV and h=1cm. Red

line - results computed by described in the paper method (KIAM — Keldysh Institute for
Applied Mathematics), blue line — by MCNP.

5 w10 electron spectra, forward M 1E|'5 electron spectra, back
T T T

MCHP
KAkt |

— MCNP
M

f(E), ke

=}

L 1 L :
1] s00 1000 1500 ] 500 1000 1500
energy, ke energy, ke’

Fig.9. Spectra of electrons emitted from rear surface of Fig.10. Spectra of electrons emitted from irradiated
the aluminum sample surface of the aluminum sample

Electron spectra pictured on fig. 9 and 10 are obtained for E, =1500keV and h=4cm.
Represented figures demonstrate satisfactory fit of results.
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4.2 Modeling of experiment with **’Cs source

Scheme of experiment is shown on fig. 11. An aluminum plate is irradiated by photons
emitted from ¥’ CS source. Measurements of radiation are carried out with use of silicon
detector. Measured value is number of pulses F(E), E is radiation energy deposit in

detector.

It is obvious that a contribution in the measured value is made by emitted electrons and
transmitted photons as well.

Next experimental technique is used for obtaining the emitted electrons contribution

F, ( E). Firstly the photon contribution F ( E) is measured by performing the experiment
without sample. Then the experiment with sample is carried out (measured value F(E) ).

Thus, F,(E) is calculated as:

F.(E)=F(E)-Fu(E). 3)
Suggested experimental technique is reasonable when next conditions are fulfilled:

1. Gamma-radiation attenuation when passing through the sample is insignificant;

2. Contribution of scattered gamma-radiation is negligible in comparison with electron
one;

3. Relative electron distribution in detector is appreciably larger than measurement error.

As shown in the paper'® the conditions 1 — 3 are satisfied for ¥7Cs as source and for the
sample of 2 mm Al.

The comparison of computed data and experimental measurements are represented on the
figure 12.

¥Cs -Source —&— Experiment
container r 3 : : 5 KiAM

M

radiation

1\
W

Spectrum, 1/key

- 0 ‘ ; . ; ; ‘ -
detector 00 150 200 250 300 350 400 450 500
Energy, ke

Fig.12. Energy deposit distribution. Red line — experiment; blue

Fig.11. Scheme of the experiment one — calculations.

5 CONCLUSION

Developed method is applicable for computing the characteristics of electron fluxes
emitted from surfaces of objects being under radiation by use of hybrid supercomputers.
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Constructed algorithms based on the Monte Carlo method modifications are effective for
mathematical modeling of X-ray and electron transport on calculating systems with
heterogeneous architecture. The significant feature of the method is the effective distribution
of calculation between central processor and graphical one.
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AnHoTtanus. PaccMoTpeH Meron Bepu(UKAIMKM YUCICHHBIX PAacyeTOB BS3KUX TEUYCHUN Ha
OCHOBE MPUOIMKEHHOTO TOTYIMIUPHIECKOT0 noaxoaa. [IpuOmmkeHHbIN 01X01 OCHOBAH Ha
OKCIIEPUMEHTATBHBIX PE3yIbTaTax JJis TEUCHUS Ha TUIACTUHE U MeToJe 3P (EKTUBHOMN JITUHBL.
MeTtonuka UCMONB3YyeTCS IS ONEHKH KO3 UIIMEHTa COMPOTHUBJICHUS TPEHUS U
XapaKTePHBIX TOJIIWH MOTPAHUYHOTO CJIOS B 3a7adaX OOTEKaHWMsI OCECHMMETPUYHBIX TeI
BSI3KUM MOTOKOM. OmHUCaHbl MPAKTAYECKUE ACHEKThl peaju3alid METOJa W TPUBEIICHBI
pe3ynbTaThl pacyeToB. ONMUCAaHHBIN MMOAX0]] MOKET OBITh MCIIOJIB30BAH JIJISl OTIAJAKH MOJIEICH
Y BBIYUCIIUTENIBHBIX KOJIOB B CIIy4ae OTCYTCTBHS DKCIIEPUMEHTAIBHBIX TAHHBIX.

APPROXIMATE METHOD FOR ESTIMATION OF FRICTION
FORCES FOR AXISYMMETRIC BODIES IN VISCOUS FLOWS
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Summary. The paper considers verification method for numerical modelling of bodies in
viscous flow. The verification is based on approximate semi-empirical approach. The
approach uses experimental data for flat plate and "effective length" method. One can apply
approximate approach to estimate friction coefficient and specific thicknesses of boundary
layer for axisymmetric objects placed in viscous flow. Practical aspects of approximate
approach and numerical results are described. Described approach can be used for verification
and improving of numerical models in the case of lack of experimental data.
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1 BBEJEHHUE

B 3amauax 4uciI€HHOro MOJAETMPOBaHUS OOTEKaHMS TeNl MOTOKOM BSA3KOro Traza ocoboe
3HayeHue npuolperaeT mpodieMa BepU(UKAUU YUCIECHHBIX PE3yJbTaToOB. DTO CBSA3aHO B
o0IIeM U 1IeJIOM C T€M, YTO MOJIETMPOBAHUE BSI3KUX TEUEHHH C MCIIONBb30BAHUEM ypaBHEHUI
Hagpe-Ctokca mpUBOAUT K JOOABIEHUIO CXEMHOM BSI3KOCTH K MOJAEIHPYEMOW (U3UUECKOM
BS3KOCTU MCCienyeMoil 3agaud. lccienoBarenb AOMKEH MMETh YETKOE IPEICTABICHHUE O
TOM, Kakasi BSI3KOCTh B UTOT€ ONpPEAEIsIeT YUCICHHOE PelIeHne: MoJenupyemas puzndeckast
uim  go0apisieMas CXEMHas, SIBJSIONIAACS CBOWCTBOM TOW WJIM HMHOW TIPUMEHSEMOMN
pa3sHOCTHOM cxeMbl. Eciam Ui ciydas JIaMMHApHBIX TEUYEHUNM BO3MOXKHO CpPaBHEHHUE C
M3BECTHBIMH PELICHHSIMHA ISl TTOMPAHMYHOTO CJIOS °, TO JUTS TypOY/ICHTHBIX TEUCHHH 3a1aua
BepU(PUKAIIUU CTAHOBUTCS €Ile 0oJiee BAXKHOM, TaK KaK MPUMEHEHHE TOW WJIM MHON MOJENn
TypOYJEHTHOCTH MOJHOCTBIO OIpenesseT TYpOyJIeHTHYIO BA3KOCTh 3adauu. TypOyleHTHas
BA3KOCTh Ha IOPSAJIKU MPEBBIIIAET JAMHUHAPHYIO U OKAa3bIBAET CYIIECTBEHHOE BIIMSHUE Ha
UTOTOBBIE a3POJUHAMUYECKHUE XapaKTEPUCTUKH TeJla B TOTOKE rasa.

Br16op Monenu TypOyJIeHTHOCTH BO MHOT'OM OMNpEeNseT YHCICHHOe pemieHne. Mopenei
CYILIECTBYET OOJbIIOE KOJUYECTBO, U MPH BBHIOOPE KOHKPETHOM MOJAENU U €€ MPUMEHEHUU
HEOO0X0MMO TpoBe/eHHe Bepu(pUKaMOHHBIX mpouenayp. OcCoOEHHYI0 BaXXHOCTh 3TO
npuoOpeTaeT TpPH HCIOJB30BAHUU MOJIENeH TypOyJIeHTHOCTH, OOBEIUHSAIONINX B cede
CBOICTBa MOJIENIM IPUCTEHOUHOT'0 TUIIA U MOJIENH CJI0S CMEIICHHUS.

Hawunyumeit nponeaypoit BepupuKaluu SBISETCS CPaBHEHUE C HATYPHBIM (PU3NYECKUM
skcriepuMeHToM. OJIHAKO NpOBeIEeHUE MOJA00HOT0 CPaBHEHHsS HE BCETJa BO3MOXKHO BBHILY
OTCYTCTBHSI DKCIEPUMEHTAIbHON ©0a3bl 11 KOHKPETHOW wucciemyeMon 3amauum. Jlms
NOJOOHBIX CiTydaeB Obuia paszpaboTaHa MNpHOIIDKEHHAs MOMYyIMIHMpPUYECKass METOINKa
OLICHKH KO3 UIMEHTa COMPOTHBIICHUS TPEHHs Teja B MOTOKE M XapaKTEPHBIX TOJIIHUH
norpaHuyHoro cios. Ilox xapakTepHpIMH TOJIIIMHAMU [TOTPAHUYHOTO CJIOSI UMEETCS B BUAY,
KAaK cama TOJIIIMHA IOTPAHUYHOTO CJIOS, TAK U XApaKTEPHbIE WHTErPajbHbIE TOJIIMHBIL:
TOJIIIMHA BBITECHEHUSI U TOJILIMHA MOTEPH UMITYJIbCA.

[TpubmkeHHas MOMy3MIUpUYEcKasi METOANKA OCHOBaHA Ha SKCIIEPUMEHTAIBHBIX paboTax
JL.B. Kosnosa*® i reopernuecknx paGorax B.C. Apmyesckoro ™. B paGorax Kosnosa omucan
1 00001IEH psAZl IKCIEPUMEHTATbHBIX UCCIEAOBAHNN TeUeHUs B TYpPOYJIEHTHOM MOTPaHUYHOM
CJI0€ Ha IJIOCKOW IUIacTHHE. B 3THX 3KcIepuMEHTax ¢ IOMOIIBIO IJIABAIOLIETO JaT4MKa
IIPOBOJINJINCh  OJHOBPEMEHHBIE W3MEPEHHUsI HANPSIKEHHUS IMOBEPXHOCTHOIO TPEHUS U
TEIUIOBBIX MOTOKOB B TypOYJICHTHOM MOTPAHUYHOM CJIO€ JJIS PA3TMYHBIX 3HAYCHHH YUCEIN
Maxa u PeitHonbaca 1 TeMriepaTypHoro ¢akropa. B pesynbTaTe 3TUX HCCIIEIOBAaHUMA CTaJIO
BO3MOXHBIM 00OOIEHHE IKCIEPUMEHTAIBHBIX PE3YJIbTATOB Ul CONPOTHUBICHUS TPEHHS U
XapaKTEPHBIX TOJIIHMH NOTPAHUYHOTO CJI0S B BUJIE CTEIIEHHBIX 3aBUCUMOCTEM.

B.C. ABxyeBckHii B cBOMX paboTax ™ BBel moHstre d(QeKTHBHOM LMHEL DbheKTHBHAS
JUIMHA — 3TO JUIMHA IUIOCKOM IUIACTHUHBI, HA KOTOPOHM MPU BHEIIHEM TEUEHUU C TAaKUMH K€
napaMeTpaMH, Kak ¥ B pacCMaTpUBaeMOil TOYKe OOTeKaeMoro Tejla, HapacTaeT TaKoH ke
MOIPAHUYHBIN CJIOW C AHAJIOTMYHBIMU CBOWCTBaMH. BBeneHME 3TOrO MOHATHS IO3BOJIMIIO
NPUMEHUTH cTeneHHble 3aBucuMoctu JI.B. Ko3noBa k TenaM BpalieHUs C KpUBOJIMHEHHOU
o0pa3yromie.

DTOT moaxo ] ObLT MOAUGUIIMPOBAH U IMHUPOKO MpUMEHsIICS B Hadane 1990-x rogos miis
OLIEHKM TapaMeTpPOB MOIPAaHUYHOTO CJIOS NMPH MOJEIMPOBAHUHU BSI3KOTO OOTEKaHHS Tell
BpalleHUs] B NpPaKkTUYECKHX pacyeTtax. Crieayer 3aMeTUTh, YTO B T€ TOABI pPaCyEThl C
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UCIIOJIb30BAaHUEM TOJHOM cucteMbl ypaBHeHuM HaBbe-CTokca U BBelIEHHEM MOJIETH
TypOyJEHTHOCTH OBUTM HE CTOJb paclpocTpaHEHbl Kak ceifuac. MeToauka HCIoiIb30BaIach
JUIs OpraHu3allid pPacyeToB CIEAYIOIMM o0pa3oM. MojenupoBaHue OOTEeKaHUs Teja
MPOBOJAUIOCH HEBSI3KMM IOTOKOM C HCIOJIb30BAaHMEM CHCTEMBl YpaBHEHHWH OJiliepa.
[TonmyyeHHoe pacripeniesieHne ra3oJMHAMUYECKUX (DYHKIMI Ha MOBEPXHOCTH OOTEKaeMOTro
Tela HCIONb30BAIOCH Ui OUEHKM Kod(d(duiMeHTa CONpOTHBIEHUS TPEHHS IO
npubimkeHHoi Metoauke. Jlanee opMupoBaics CyMMapHbId KOAQQHUIUEHT CONPOTUBICHHUS
tena. [IpoBogumbie TakuM 0O0pa3oM pacueThl IMO3BOJSUIM JOCTUTaTh MOTPEUIHOCTH MpH
CPaBHEHMHU C HATYPHBIM 3KCIEPUMEHTOM HE IpeBblatomiei 3%.

B Hacrosiee BpeMsi OMUCHIBAEMbI NMPUOIMKEHHBIM MOAXOA K OLIEHKE COMPOTHUBICHUS
TPEHMsSI MOXKET OKa3aTbCsl TAaKXE€ BECbMa IOJE3HbIM. Tak, Hampumep, IpH pacueTrax
oOTekaHus Teja BpalIeHHs BS3KUM MOTOKOM HAa OCHOBE HCIIOJIb30BAHMSI TOJHOW CUCTEMBI
ypaBHeHnii HaBbe-CTOKca A1 MOAETUPOBaHHUA TYpOYJIEHTHBIX PEKHUMOB TEUEHHUS Iepen
HCCJIeI0BaTeNIeM BCTAET 3a/1aua BbIOOpa MOJIeN TypOyJeHTHOCTH. A mocie BhIOOpa MOJeTn
BO3HHKAET CJEIyoas 3ajaya — Ha/l0 POBECTH «TOHKYIO HACTPOMKY» BHIOpaHHOW MOJIENHU K
uccienyeMomy kiacey 3aaad. [Ipy oTcyTcTBUM SKCIEpUMEHTAIBHBIX TAHHBIX TPUOIMKEHHAs
METOJIMKA, MO3BOJISIONIAs M0 ra30JMHAMHUYECKUM IapamMeTpaM Ha TpaHUILE MOTPaHUYHOIO
CJI0s, MOJy4YaTh OLEHOYHOE 3HaueHue KO3(PQPUIMEHTa CONMPOTUBIIECHUS TPEHUS, CTAHOBUTCS
3P PEKTUBHBIM CPEICTBOM BepH(pUKaLIUN.

2 OINUCAHUE NPUBJIWNKXEHHONU METOJJUKH

PaccmoTpum o0TekaHHe 0CECHMMETPUYHOTO TeJla BA3KUM IMOTOKOM C)KMMAeMOro rasa 1oj
HyJIEBBIM yriioMm ataku (Puc.1)

1L J o

h .

Puc. 1. OGTekaHne 0CECHMMETPUYHOTIO Tela.

CymMapHSIii K03hduimenT Tpernst C; MOXHO IPEICTABHTh CIECAYIOLNM 00pasoM’:

w foerdScos o fOS CrdS cos a
T 2 - 2 - .
Poolleo” Poolho” S
2 S 2 S

3nech Py M Uy - TUIOTHOCTH U CKOPOCTH B HAOETAIOIIEM IOTOKE COOTBETCTBEHHO; S —
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XapakTepHas IUIomaab (IUIOIaab MHUJEINS TeJla WIK IJIOMAas OOKOBOW MOBEPXHOCTH); W —
CymMapHas cuia TpeHus; Cr — MECTHBIH KO3()(QUIMEHT TPEHUS; O — YToIl MeXIy ocbio OX u
KacaTeIbHON K OBEPXHOCTU pacCMaTpUBAEMOIO TENA.

3ajaya CTaBUTCS, KAK HAXOXKJEHHUE B KaXJOW TOYKE OCECMMMETPUYHOrO Te€ja MECTHOIO
koo duumeHTa TpeHUss U JajbHElIIee HaXOXKICHHE CYMMapHOro KOX(pQHUIMEHTa TPEHHS
MyTeM WHTETPUPOBAHUS MECTHOTO KOA((UIIMEHTA 110 BCEil MOBEPXHOCTH Tea.

ByneM cumrtaTh morpaHUYHBIA cIOW Ha Tene TypOyleHTHBIM. s MIOCKOW IUIacTHHBI,
MOMENIEHHONH B BS3KUM  IIOTOK, OOJAgarolMii  aHAJOTMYHLIMH  CBOMCTBaMH,
KCIIEPUMEHTANbHbIE HMCCIeToBanus Ko3moBa'™ M Ipyrnx aBTOPOB IMO3BOJSIOT HAXOIWTH
MECTHBIN KO3 OUIIMEHT TPEHHUS C TTIOMOIIBIO 00IIEH anMmPOKCUMHUPYIOIIEH 3aBUCUMOCTH

—0. 55

y—1

o u
rie v =0. 8§y = (,/(C, — cooTHOmEHNE yNeNbHBIX TeIIoeMKocTei; M,, = a—w - MECTHOE
w

yuciio Maxa Ha tene.
3nauenne Cry MOXKET OBITH BBIYHCIEHO C TMOMOLIBIO LENOr0 PAla SMIMPUYECKUX
3aBUCUMOCTEH, IPUBOAVMBIX B pa60Tax1'3’7’8. Hamnpuwmep,

Cro = (21 g(R® —0. 657> 3
Cfo = 0. 085 RQ_O 29+0. OllgRg;
Cro = 0. 059Rg ™2

[Mocnenusisi 3aBUCUMOCTD JIaeT HamOoJiee MpHEeMIIeMbIe Pe3yJIbTaThl B PACCMATPHBAEMOM
nuana3zone yucea Maxa 0 < M < 10, 4To MOATBEPKJACHO MHOTOYMCIEHHBIMU pacyeTaMu.
Ona monyunina HauOoJbIlee pacIPOCTPAHEHUE TIPU WCIOJIH30BAHUU B JMara30He 3HAUCHHM
upcna Peitnonsaca or 10° go 108. 3pech umcino Re, = pux/p - 9TO MeCTHOE YHCIIO
PeitHonb1ca, BEIUUCIIIEMOE TIO JUTUHE IIACTUHBI X B KAXKI0H TOYKE TUIACTHHEI.

Takxke Mpu MalbIX CKOPOCTSIX M OTCYTCTBUU TEILIOBOTO MOTOKA B CTEHKY MOXET OBIThH
MpUMEHeH  CrleAylommii moxxox’. Jlis  Hambomee MHTEPECHOr0 C TOYKH  3PCHHS
MOJIEJTHPOBAHNS TYPOYICHTHBIX TEUCHMil auMamasoHa umcen Peitmonsaca ot 10° mo 10
MOYXHO TPHUMEHSTh pa3IM4yHble TPOCThie (HOPMYIBI JJISi  ONPENENCHUST MECTHOTO
kod¢duienTa Tpenns Cry B 3aBUCUMOCTH OT MECTHOTO uncia Pelinonbaca:

10° <Re, <10%  C; =0.042Rg™> %
10° <Re, <107; Cpo =0.0322R, '
107 < < 108, Cro=0.023Rg ™ ™
108 < < 10% Cro=0.016Rg™™ '3

10° < Re, < 10'%;  Cp =0. 011 Rg™ ™

Re,
Re,

[IpumeHeHre TaHHOTO MOJXO0Ja B Psijie CIIydaeB BechbMa MOJIE3HO M MO3BOJISIET MOJy4aTh
OoJiee TOYHBIN PE3yNIbTaT OLECHKH.

Jns  toro, uYroObl TNPUMEHUTH OSTH 3aBUCUMOCTH I HAXOXJEHUS MECTHOTO
Kod(uImenTa TpeHUsI Ha OCECUMMETPUYHOM TeJle ¢ KpUBOJIMHEHHOW 00pa3yroIiei, cieayeT
HCTIONB30BaTh METON d(EKTHBHOM IHHBI, paspaboranubii B.C. ABIyeBCKHM ™, KOTODBINA
BKPATIIE MOXHO MPECTABUTD CIEAYIONIIM 00pa3oM.

57



A.E. BONDAREYV, E.A. NESTERENKO

Paccmotpum  mpumenenue  Mmeroga  d(Q(EKTHBHOM  AMMHBI  MPUMEHHUTEIBHO K
OCECUMMETPUYHOMY TEJIy B HEKOTOPOW TOYKE C JIEKApPTOBOH KOOPAWHATON x* M pagumycom R
(Puc.2). 3nech /* - nmuna gyru 0Opa3yroiiei OT Hadal Tena 0 paccCMaTPUBAEMOU TOUKH.

Puc.2. [lpumenenne merona 3(pHeKTUBHOMN JUTUHBI.

Cuuraem, uyTo B Touke (x*, R) Ha Tenme chopMUpOBAICS TEIUIOBOM IMOTPAHWYHBIN CIIOM
TONMMUHON 7. DPPEKTUBHON UIMHON X,¢ HA3bIBAIOT JUIMHY IUIOCKOW IIACTUHBI HA KOTOPOH
IpU BHEIIHEM TEUEHUU C TaKHUMH K€ MapaMeTpaMHM Kak B paccMaTpuBaeMOil TOuke Tena
HapacTaeT TaKOH K€ MOTPaHWYHBIN CIOW Kak W Ha AnuHe [* paccmarpuBaemoro Tema. J[is
OCECHMMETPUYHOIO CIy4as X,y OyIeT JUIMHOW HEKOero LMIMHApA C PaJuyCoM pPaBHBIM
panuycy R.

CormacHo® s TypOyaeHTHOro ciydas d(pQEKTHBHYIO [UIMHY B TOYKE Tela MOXKHO
ONPEJIETUTH C TOMOIIBIO COOTHOILIEHHUS

fol* PwilyRY 2%l

X
L) quWRl. 25

3neck py, Uy, — 3HAYEHUS IJIOTHOCTU U CKOPOCTU HA BHEIIHEH IPaHMIIE OIPAHMYHOIO CIIOS.
Termepb MOXHO HCIIOJIB30BaTh BBINICTIPUBEICHHBIE (OPMYIBI IS BBIYUCICHUS MECTHOTO
Kod(pUIIMEeHTa TPEHUs, €CId BO BXOJIIee B HUX YHUCIO PelfHOmbICAa BMECTO IMHBI
IUTACTHHBI X TOACTABUTH BBIYUCICHHYIO 3 (QEKTUBHYIO JUIUHY X4, BBIYUCISA TAKUM 00pa3oM
s dextuBHOE Uncno PeliHonbaca

pwuwxacb
Reaq) =
Hw
3mech |, — 3HaueHWEe Kod(p(UIMEHTa BS3KOCTH Ha TeJe, KOTOPOE BBIYUCIIACTCS,

HarpuMep, ¢ nomouibio popmyisl CasepieHaa WM ee YIPOLUICHHOTO PEICTaBICHUS:
0.7
Pw _ (T_W)
Ho oo/

Jns maMuHaApHOro cilydas IpoLedypa OLEHKH IIPOBOAUTCA II0 AHAJOTMYHOM CXEME C
HN3MCHCHHUEM pAda COOTHOIIIECHUH.
_ y-1., - 15.
Cf = CfO 14+0. 727 > MW )
Cro = 0. 646Rg ™" >,
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Kpome onienkn koapduiimeHTa cConpoTUBICHUS TPEHHUS Ha TeJe B paMKaX MPHUOIHKEHHOTO
HOJYSMIMPUYECKOTO TIOAXOAA, TPEJICTABICHHOTO BBIINIE, MOXKHO OIPENENATh B KaXIOU
KOHKPETHO B3ATOM TOYKE Ha OOpasyrolleld Teja XapaKTepHbIE MapamMeTpbl MOrPaHHYHOTO
CIIOS, TaKHMe KaK TOJIIIMHA TTOTPAHUYHOTO CJIOS O M WHTETPAIbHBIC TOJIIUHBI TIOTPAHUIHOTO
CJIOS: TOJIIIMHA BBITECHEHUS O ¥ TONIIUHA MMOTEPU UMITyIIbCca O**,

Tommuua BeITeCHEHHS O* SBISIETCS MEpOH YMEHBIICHHS pacxoia depe3 CeueHHe
BCJIEJICTBUE YMEHBILICHHUS CKOPOCTH IIOTOKAa B IOTPAaHUYHOM cioe. TojmMHa MOTepU
uMIyabca 0** xapakrepusyeT yMEHbIICHHE HMITYJbCa B CEUYEHHHM 3a CYET TOPMOXKCHHUS
MIOTOKA B MOTPAHUYHOM CJIO€.

CxeMa BBIYMCIICHHS XapaKTEPHBIX TOJIIMH MOTPAHWYHOTO CIIOS B TOYKE Ha Tele JUIs
ciydasi TypOyJIEHTHOTO MOTPAHUYHOTO CJIOS BBITJISAUT CIEAYIOIIUM 00pa3oM: Ui KaxJIOu
TOYKHM Tela BbUMCHAeTcs >(Q(EeKTHBHAs [UIMHA X,y. Jlajee MO pacueTHBIM 3HAYEHHAM
ompenensercs dpdexrusnoe uncno Peiinonbaca Re,q, . Ilanee ompenenstorcs cuemyromue
BEJIMYMHBI JUISI HEC)KUMAEMOT0 CITyJast:

8y = 0. 37 Rgy ™ “xa;
8, =0.125§;
8, =0.097§.
HOCJIG nux onpeneneHHﬁ BBIYUCIIAOTCA xapaKTeprle TOJIIIWUHBI OJI4 Typ6yJIeHTHOFO
COKMMAaeMOI'0 IMOrPaHUYHOIO CJIOS C IIOMOIIBIO CIEAYIOIINX COOTHOLueHI/IfIl'3 .
0. 34
Y -1 2
Sex = 8y | 1+0. 72r——M,, ;
1 0. 34
MW2> ;
—0. 66

5, =&, (1 +0. 721 =

-1
8" o = 8 (1 +0. 721 > sz)

Jns ciydasi JTaMUHApHOTO TEUEHHSI HCIOJB3YeTCs aHaJOTHMYHBIA TOAXOM C 3aMEHOM
COOTBETCTBYIOIIUX COOTHONICHUU. J[7s1 TaMUHAPHOTO MOTPAHUYHOTO CIIOSI BETUYHMHBI IS
HEC)KMMAeMOTo citydast Oy, 8%y, 6™, ompeaenstoTcs ¢ TOMOIIBIO COOTHOIICHHHA

8y = 4. 64Rgy ™" oy
8 = 0. 376 §ex;
8%, = 0. 14 §o
H3.60p XapaKTeprIX TOJIINUH dJIs1 JIaMI/IHapHOF (6] HOFpaHI/I‘-IHOFO CJI104 B CXHUMAEMOM
[IOTOKE T'a3a MOYKET OBITh BEIUHUCIIEH C IIOMOIIBIO CICAYIOIIUX COOTHOIIIEHUH:

vy -1 0.85
8m=8H(1+0- 72r— sz) ;

-1 0. 85
s*mza*H(1+0. 72]/2 sz) ;

—0. 15

-1
8" o = 8" (1 +0. 72/ > sz)
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3 NPAKTHYECKASA PEAJIM3ALIUA U IPUMEHEHUE

[IpencraBieHHas B MpeAbLAYHIMX paslielaX METOAMKa Oblia peaju3oBaHa B BHUJAE JBYX
CaMOCTOSITENIbHBIX TporpaMMHbIX Moayneid Ha C u Fortran90. Bepuduxarms nporpaMMHBIX
MoJ1yJiel TPOBOMIIACH HAa JAaHHBIX pacyeTa HEBSI3KOI0 0OTEKaHHUsI OCECHMMETPUYHOTO Tela U
CPABHMBANIACH C W3BECTHBIMH pE3yIbTATAMH DAOOTHI, TOJYYCHHBIMH C TIOMOIIBIO
YHCIIEHHOTO pelieHus: ypaBHeHui [lpanarns mis aAByx uucen Maxa. Pe3ynbpTarsl cpaBHEHUS
npescrasieHs! Hioke (C; — naHHbIe pacuera, C,* — IaHHBIE paGoTHL ):

My, =1.5; C; =0.0356;C;" =0. 03944;
My, =3.0; C;=0.0281;C;* =0. 024.

PeanuzoBaHHble TPOrpaMMHbIE MOIYJIN MOTYT NMPUMEHSTHCS MOJB30BaTEIeM aBTOHOMHO,
a TaKXe MOTYT J0OCTAaTOYHO mpocTo INOAKIKOYAThCA K OCHOBHBIM  IIpOT'paMMaM
MOJICTTUPOBAHUS TEYEHUM.

PaBpa6OTaHHBI€ NporpaMMHBIC MOAYJIU NMPUMCHAJIUCH JJISI OLUCHKU U OTJIAAKU pCain3dalnun
MoJieJH TYpOYJIEHTHOCTH B JIBYMEPHOM IPOrPaMMHOM KOMIUIEKCE, MpEeAHA3HAYEHHOM st
MOZACIINPOBAHUA TNIOCKHUX Te4eHUHN U OGTGKaHI/I}I OCCCUMMCTPHUYHBIX TCJI. Huxke MPUBOJAUTCA
MpUMEp OLIEHKH TOJIIUHBI MOTPAHUYHOTO CJIOS Ha MJIACTHHE JUIs TypOyneHTHoro ciyvas. C
MMOMOIIBIO MPOTPAMMHOI'O KOMIIJICKCA 6]:1.]'[ IMPOBCACH TECTOBBIN PacuCT TCUCHUA HA MJIACTUHC
npu uymcie Maxa HaOeraromero moroka M= 1. 9 TemmepaType HaOeramIero mnoToKa

T = 3000K pns typOynentHoro cmydas. Jlnst MonenwpoBaHuss TypOYJEHTHOCTH
MCIIONb30Bajachk HW3BecTHass Mojenb Cmaropunckoro. Ha pucyHke 3 mnpuBeneHa 4YacTh
TypOYJIEHTHOTO MPOQHIIS CKOPOCTH.

0.3

0.25

0.2

0.1

0.05

6.5
X-VEL

Puc.3 IIpoduis ckopoctn Juist TypOyJISHTHOTO pacyera TeueHHs Ha IIaCTHHE.

[Tpu nmpakTHUeCKO# OIIEHKE TOJIIMHBI IOTPAHUYHOTO CJI0S 110 PacueTHBIM pe3ysbTaTaM 3a
TONIIIMHY TOTPAHUYHOTO CIJIOS OOBIYHO TMPUHUMAIOT TOJIIMHY TPU 3HAYEHUH CKOPOCTH
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paBHoM 0.99U,, tne U, — CKOpOCTbh Ha BHELIHEN IPaHULIE TOTPAHUUHOTO CIIOS.

Hns manHoro ceuenus Us=0.99U,=6.78. Torma mis mgaHHOro mpoduis pacdeTHas
TONMIMHA MorpaHuyHoro cnos 6, =0.18. IlpoBeneHue OLEHKUM IO BBIIENPUBEIECHHON
MeTouKe ABIyeBCKOro-Ko3moBa MO3BOJNSET MONYYUTh OLEHOYHOE 3HAu€HUE, pPaBHOE
0o = 0.173. PacxoxaeHrne pacueTHOrO pe3ynbTara ¢ oleHKoi coctaisieT 3.89 %. [Ipu sTtom
HEO0OXOIUMBIE Ta30/IMHAMUYECKUE BEIMYMHBI OepyTCs U3 pe3yIbTaTOB OCHOBHOI'O pacyeTa 1o
BHEIIIHEH rpaHuUIe MOTPAHUYHOTO CIIOS.

JlanHoe coBmaZieHHEe CleAyeT CUYMTATh JIOCTATOYHO XOPOILIUM. YIIydllleHHE COBMAJEHUs
MOXET OBITh JOCTUTHYTO 3a CYET M3MEHEHHUS I[apaMeTpOB HCIOIb3YEeMOH MoJenu
TypOYJIEHTHOCTH.

Jpyroii mnpumep WCIOJIb30BaHUSA [JAHHOM METOAMKU peaau30BaH Uil pacyeToB
TypOyJIEHTHOTO 00TEKaHUsI OCECHMMETPUYHOTO TeJjla, IPEJICTABICHHOTO Ha PUCYHKE 4. 31eCh
MOKA3aHO TEJO BpALICHUS M HW30JMHUHM CKOPOCTH TPU OOTEKaHUHM Tella TypOYJIeHTHBIM
MOTOKOM mpu uuciae Maxa, paBHom 2.08. Bxoanble mnapaMeTrpbl il peaau3aluu
NpUOJIMKEHHOM METOAUKH OLEHKH KOA(p(HUIMEHTa CONPOTUBICHUS TPEHUS M XapaKTEPHBIX
TOJIIIMH MMOTPAHUYHOTO CJIOSI OpaJIUCh ¢ BHEIIHEHW IPaHUIlbI MOrpaHuIHOTO cios (Puc.5).

Puc.4. Pactipenenenue ckopocTH pH 00TEKaHUH Tella BPAIICHHUS.

B pesynpTare ObulM MONY4YeHO cleAyrollee 3HaYeHHEe KOAPQUIMEHTa COMPOTUBICHUS
tperust C; = 3.7382-10°. B kauecTBe XapakTepHOW ILIOIAIX NpH ompeaeneHun C;
YCII0JIb30BAJIaCh IUIOMAlh OOKOBOM MOBEPXHOCTH Tena S = 6. 6614 - 10* M. COOTBETCTBEHHO,
3HAUEHUE CWJIBl TPEHHS TONy4aloCh paBHBIM F = 0.7474H JlaHHble 3HaueHus ObUIN
WCITOJIB30BaHbI B JAIBHEHIIIEM ISl OTJIAIKU OPTaHU3AIMU pacueTa U HAaCTPOUKH IMapaMeTpOB
MOJIeTH TYpOyIEHTHOCTH.
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Puc.5. Pacnipenenenuie ckopocTy B IOTPAaHUYHOM CJIO€.

Crnemyer 3aMETHTh, YTO OMHCAHHBIN MOAXOJ B HACTOSIIECH peanu3anuyd o0JagaeT psSaoM
CYIIIECTBEHHBIX OrpaHUuYeHMi. Tak 1Mo CBOe# cyTu OH He Mpe/rnoaaraeT BO3MOKHOCTH OTPhIBa
norpanuyHoro ciosi. CrienoBaTenbHO, TEUEHHSI C OTPHIBOM BBIMAJAIOT M3 PACCMOTPEHUSI.
Jlanee, omMCaHHBIN MOAXOJ HE YYUTHIBAET BO3MOXKHOCTH TEPEX0Ja MOTPAHUYHOTO CIIOS U3
JAaMUHAPHOTO pekruMa B TypOyneHTHbIM. ONHCaHHBIN MOAX0J peaii30BaH JUIIb AJIS Tel B
MOTOKE IO/ HYJIEBBIM YIJIOM aTaku. TeMm He MeHee, JUIs IOCTATOYHO OOJBIIOr0 KOJIHYECTBA
3alad OH TIO3BOJISIET IIOJIy4aTh OLEHKHU, KOTOPHIE MOTYT CIY)KUThb OIpeAeIeHHbIMU
OpUEHTUPAMU JJIsi OTJIAIKA MOJCNEeH W METOJOB pacyera MpU OTCYTCTBUU PE3YJIbTaTOB
HATYPHBIX KCIIEPUMEHTOB U TOUHBIX PELICHH.

Jlist TpeXMepHBIX 3a/1a4, T.€. 3a/1a4 00TEeKaHUs TO0J] HEHYJIEBBIM yIJIOM aTaKH, CYIIeCTBYET
BO3MOXXHOCTh IPUMEHEHHUS OINHCAHHOTO TMOJAXO0Ja BJOJAb JHMHUNA TOKa, IOJy4yeHUE
pacnpeneNeHrss MeCTHOTrO K03 PUIeHTa COMPOTHBIICHUS TPSHHSI 110 TEITy W MOCIEIYIOIIee
WHTETPUPOBAHUE €T0 IO MOBEPXHOCTH (IIPH yCIOBUM O€30TpBIBHOTO TeueHwus ). [lomoOHas
peanm3anysi  MMOAXOAa Tpenojiaraercs TNpu  JalbHEHIIel  pa3paboTke. Takxe
npeJnoaraeTcs pealusalus yuera sBJIeHUs Mepexoa OT JIAMUHAPHOTO PeXUMa TEUEHMS K
TypOyJIEHTHOMY.

4 3AK/IIOYEHUE

PaccMoTpena mpakTudeckas peanu3anys MPUOIMKEHHOTO MOTYIMITHPUYECKOTO MOAX0/1a
OLIEHKH KO3 PUIIMEHTa COPOTUBICHUS TPEHUS U XapaKTEPHBIX TOIIIUH MOTPAHUYHOTO CIIOS
npu OOTEKAaHWH OCECHMMETPUYHBIX TEJ BS3KUM MOTOKOM rasa. JlaHHBIN MOAXO0/ MO3BOJISIET
MOJIy4yaTh OLIEHOYHBbIE BEITMYMHBI, KOTOPbIE MOTYT OBITH IMOJIE3HBI B 33/a4axX BepUpHUKaLUU
MoOJelIel W YHUCICHHBIX MeToAOB. I[IpM OTCYTCTBHUM HKCIEPUMEHTANbHBIX JAHHBIX IS
KOHKPETHBIX MPAKTHUYECKHUX 3a/a4 JaHHBIA MOJXOJ MOXKET MCIIOJIb30BaThCs I OTIaAKH U
HACTPOMKM YHUCJIEHHBIX METOJOB, OpraHU3alMH pPACUETOB, HCIOIb3YEMBIX MOJeei
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TypOYJIEHTHOCTH.
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Summary. On the basis of nine semi-empirical potentials: Stillinger-Weber (SW), Stillinger-
Weber modification (SWM), Tersoff (T-C, T-D), EDIP, Erhart-Albe (EA-1, EA-2), KIHS and
MIX using molecular dynamics modeling the critical parameters of silicon was determined.
Analysis of simulation results and then comparing with calculations of other authors allowed
us to determine the interaction potentials (EA-1, EA-2, KIHS and MIX) for which there is the
greatest alignment with critical parameters of silicon used in practice.

1 INTRODUCTION

One of the fundamental problems in materials science is research of critical phenomena
and determination of the critical parameters in the liquid - gas system for a wide range of pure
metallic and nonmetallic materials [1,2]. Investigation of the behavior of matter in the vicinity
of the critical point is a component of a more general problem - investigation of the properties
of materials based on the equations of state [3-6]. However, up to the present for the vast
majority elements parameters of the critical point has not been experimentally determined.
The development of theoretical propositions is based on phenomenological [7, 8] and
microscopic approaches [9, 10]. The use of phenomenological theory allowed us to obtain
parameter estimates for a large number of elements [11]. The importance of determining the
parameters of the critical point and its incompleteness are marked in [12].

During the last decades keen practical interest to critical phenomena has appeared and
associated with wide application of concentrated energy flows (laser and electron beams,
streams of fast particles), the power of which is sufficient to achieve near-critical and
supercritical states [13,14]. In this field there are a number of unsolved problems relating to
the behavior of nonequilibrium states, in particular, features of the behavior of superheated
liquid phase during rapid heating of substance. Theoretical analysis of these problems can
now be performed by means of mathematical modeling within the atomistic approach, in
which the behavior of matter is described by molecular - dynamic (MD) models [15].

This work is devoted to the theoretical description, including determining the critical

parameters such as pressure P, density p. and temperature T, of silicon carried out by
means of computational experiments (CEs) based on the molecular dynamics models.

2010 Mathematics Subject Classification: 82B26, 82B30, 82C27.
Key words and Phrases: Molecular dynamic, Interaction potentials, Critical parameters, Critical point, Silicon.
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2 THE PROPOSED METHODS AND APPROACHES

Investigations of the behavior of matter in the vicinity of the critical point is traditionally
generate an increased interest associated with a wide variety of physical properties and the
unusual behavior of critical phenomena in the liquid - vapor system. Many critical phenomena
experimentally were observed 50-100 years ago. From generalization of the experimental data
it is known that the equation of state of condensed medium defines a surface in 3 dimensional
space with coordinates: temperature T , density p, pressure p. Each of the points of this

surface corresponds to the equilibrium state of the system. The surface projection on plane
pT makes 3 separate areas corresponding to 3 aggregate states of matter: solid, liquid and

gaseous. Solid and gaseous phases are in equilibrium along the curve of sublimation, solid
and liquid - along the melting (hardening) curve and liquid and gaseous - along boiling
(condensation) curve. Each point on these curves corresponds to the equilibrium state in
which two phases can coexist. There is only one point, in which may coexist all three phases -
the so-called triple point. On a plane pT the curve of sublimation from the triple point

continues down to low temperatures, the melting (hardening) curve from the triple point goes
to infinity, the boiling (condensation) curve in contrast to the melting curve is cut off at a

certain point, called the critical point with coordinates p,, o, T, . The fact that the boiling

(condensation) curve terminates at the critical point means that the liquid (along the binodal
curve) can be transformed into gas continuously without crossing the line of the phase
transition, what is typical for phase transitions of the 2nd kind. The critical point is the only
one point on the curve of phase equilibrium of liquid-gas - binodal, which coincides with the
boundary of stability - the spinodal.

The critical state (as well as phase transitions of the second kind) on the phase equilibrium
curve liquid-gas is a special singular point of the thermodynamic potential. Other points on
this curve (binodal) do not consist any features of the thermodynamic potential . On the curve
of phase equilibrium potentials of both phases are equal and each of them, with some
reservations, can be extended into the metastable region. In the case of the critical point, the
function of thermodynamic potential in a "foreign" temperature region does not correspond to
any, even a metastable state. At the critical point the curve of phase transitions of the first
kind of goes into a curve of phase transitions of the second kind. In the vicinity of the critical
point phase transitions of the first kind are similar to the second order phase transitions.
Thermodynamic quantities that depend on the first derivative of thermodynamic potential:
entropy, specific volume, and others have small jumps of these derivatives, with simultaneous
anomalous behavior of thermodynamic quantities that depend on the second derivative of
thermodynamic potential: heat capacity, isothermal compressibility, thermal expansion
coefficient, and others.

Phase transitions and related critical phenomena, vastly complicate the problem of their
investigation both as physically and as mathematically. From a physical point of view of the
complexity of critical phenomena is reduced to the necessity of explicit taking account of
statistical fluctuations in the vicinity of the phase transition. Their existence and anomalous
large value leads to an anomalous features a number of thermodynamic quantities. All
physical difficulties inevitably manifested in attempts to make correct mathematical
description of critical phenomena. At creation of corresponding mathematical models are used
phenomenological [16,17] and atomistic approaches [18,19]. MD models describe a collection
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of interacting particles (atoms, ions, molecules), and represent a system of differential
equations. When using the MD models for the investigation of various properties of materials,

including to determine the critical parameters P, o, , [, crucial role played by the choice of

the interaction potentials between particles, since the accuracy of the results is directly
dependent on it.

Therefore, despite the wide opportunities of MD models, their usage requires a careful test
calculations to determine the suitability of the selected interaction potentials in certain
specific circumstances. This problem is especially acute in material with covalent bonds,
which include silicon.

Interatomic interaction in silicon is more complicated than in metals. Silicon refers to
materials with covalent binding and has a number of structural features. So, under normal
conditions, the silicon has a diamond structure, characterized by a small compactedness with
the coordinate number of 4, which is much less than that of metals (8-12). As the pressure
increases in silicon formed new structures - simple cubic, face-centered cubic with increasing
coordination number, but differ little in energy. After melting liquid silicon becomes a metal
with a coordination number of about 6 and with density greater than the density of the solid
phase. The presence of these features makes the problem of constructing the interatomic
interaction potential for silicon is not a simple task. At present there are several approaches to
the construction of interatomic potentials for materials with covalent bonds. The best known
and frequently used are the potentials Stillinger-Weber, (SW) [20], modification of Stillinger-
Weber (SWM) [21], Tersoff, (T-C, T-D) [22 - 24], Erhart-Albe, (EA -1, EA-2) [25, 26] and
KIHS [27], EDIP [28-30]. Comparative analysis of interatomic interaction potentials for
crystalline silicon, made in [31] shows that in the aggregate of mechanical and
thermophysical parameters and characteristics the results of calculations with any of the
potential does not satisfy the required accuracy of coincidence with the referenced and
experimental data. The smallest number of poorly matching parameters and characteristics in
a wide range of temperature and pressure for monocrystalline silicon has showed by potentials
SW, KIHS, EA-2 and MIX (MIX = (31IKIHS + SWM)/32) - a linear combination of two
potentials: SWM and KIHS). This fact should be taken into account when determining the
parameters of the critical point. Therefore, by analogy with [31] simulation was carried out
with the same interaction potentials, supplemented potential MIX [31]. Comparison of
simulation results among themselves, with the experimental estimates and calculations of
other authors will allow to estimate in the aggregate of characteristics the most appropriate
interaction potential suitable for describing processes in the near-critical region.

To determine the critical parameters, there are several methods: of saturated vapor, of the
heat of vaporization and of the average cluster size in the critical region, as well as meniscus,
Cailletet - Mathias and isotherms methods (Van der Waals criteria) [7, 9, 32,33] that never
used together and did not analyzed for their applicability. Statement of computational
experiment allows for all of these methods to perform research for a wide class of interaction
potentials on a single methodological basis and from a comparative analysis of simulation
results to determine the most reliable values of the critical parameters of silicon.
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3 STATEMENT OF THE PROBLEM, MATHEMATICAL MODEL AND
COMPUTATIONAL ALGORITHM

Mathematical model. The basis of the method of molecular dynamics (MD) is a model
representation of a multi-atomic molecular system in which the particles are represented by

—

material points, each of which has a mass, radius vector and velocity, respectively M, ,ﬁ RO

where i=1...N . Interaction between the particles is carried out by forces F, = —w,
I’i
where U(T,...Ty) is the potential energy of interaction of the system of N particles;

interaction with the external field occurs through the of force ﬁieXt. In the classical case, the

movement of an ensemble of particles is described by the Newton equations.

As a result, the mathematical formulation of the problem consists of a system of ordinary
differential equations, their difference analogue (difference scheme), the interatomic
interaction potential and specifically defined initial and boundary conditions. The evolution of
an ensemble of particles is described by the system of 2N ordinary differential equations of
motion:

m; d—tl = lfi + lfleXt

dr; )
—t=g, i=1...N

dt

Initial conditions. Integration of the system of equations (1) requires the knowledge of the
coordinates and velocities (T;,0, )|t=0 for all N particles at the initial time t=0. At the initial

time, the simulated environment is a crystal, polycrystal or liquid. To specify the initial values
of macroscopic parameters more accurately as well as to ensure the sustainability of the
system, a relaxation of the simulated ensemble is performed after setting the coordinates and
velocities.

Combined use of a thermostat and barostat that returns energy to the chaotic component of
the particle motion to hold a given temperature T and pressure allows to quickly bring the
system to a steady state. After bringing the system to such state, certain modified values of the
lattice constant, taking into account the influence of the boundaries of the object will be
reached automatically.

Boundary conditions. In the case of an infinite domain with respect to one, two or three
spatial directions X, Y, Z, the modeling of the processes is performed in the finite
computational domain with the dimensionsL, xL, xL, along X, Y, Z axes correspondingly.

Periodic boundary conditions are used along X, Y, Z axes with the periods of L, L,, L,

correspondingly.
Periodic boundary conditions along X assume that the particles with the coordinate X
within the range of 0 < x < L, exactly represent the particles within kL, < x < (k + 1)L, for any
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integer K #0. That is, the particle leaving the computational domain from the upper
boundary X =L, is replaced by a new particle with the same value of velocity but entering

the computational domain from the bottom boundary X =0. If the accent marks the quantities
relating to the new particle then:

!

3]
'=(x—L,) e [0,L,) for L, <x<2L,
=y

z

!

N < X C
I

Similarly, for particles leaving the computational domain through the lower boundary
Xx=0:

+Ly) € [0,Ly) for —L, <x<0

The second important aspect of periodic boundary conditions is the force and potential
energy of interaction of particles from the boundary areas: 0<x<r, and (L, —r,)<Xx<L,,

where r¢ is the cutoff radius for the potential (it is assumed that one can neglect the forces at
the distances I > I, ).

Interaction of the particle i, which coordinate X; is within the range of (L, —r,) <X, <L,,

with the particles beyond the computational domain L, <X <(L, +r,), is modelled using
the particles 0 <Xj <I;, from the computational domain with radius-vectors being corrected

during calculating the force IE.j -F

: (.r.., () in the following way:

-
r=r+€L,,

where €, is the axis X unit vector.

X
Obviously, all of the above applies equally to the periodic boundary conditions along the
coordinate axes Y and Z.

Computational algorithm. As the object of the study we chose a dielectric film with the
thickness of Z = 32 nm along the primary axis and with total size of the computational domain
of 268 nm along that axis. The particles of the vapor phase were removed from the
computation upon reaching the boundaries (permeable reflectionless boundaries). The size of
the computational domain was 8x8 nm along the axes X, Y, with periodic boundary
conditions. The total initial number of particles was 96 000. The mass of the particles
corresponded to the one of silicon. The computations were performed for Si (diamond lattice
with the lattice constant of 5.43A) with periodic boundary conditions (3D problem). The
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integration timestep was set to 2 fs.

The computational algorithm was based on the finite-difference Verlet scheme [34].
During modeling we used different statistical ensembles: the microcanonical ensemble
(NVE), where the number of particles N, the volume V and the total energy E are constant,
the canonical ensemble (NVT), where only the kinetic energy of the molecules (temperature)
is fixed instead of the total energy, and isothermal-isobaric ensemble (NPT), which provides a
constant pressure. The velocity (for NVT) and pressure (for NPT) adjustment was carried out
by means of a thermostat and Berendsen barostat.

A more detailed description of the mathematical statement of the problem and its
numerical realization can be found in [35],[36].

4 MODELING RESULTS, DISCUSSION
We used the following approaches to determine the parameters of the critical point.
a) Method of the meniscus [9].

This method allows determining in a clear way the range of temperatures and densities,
where the critical point is located for each of the considered interaction potentials. The
method is based on the direct observation of the liquid and vapor in the two phase system in
the numerical experiment.

The computational domain is partially filled with the model liquid at the temperature
knowingly below the critical point. In a series of experiments, the initial temperature was set
to 4000K. The initial mass of liquid My, was set low enough so that the average density

calculated as the relation of this mass to the total volume of the computational domain m,, /\/

was certainly below the critical density. Next, the system is brought to a steady state, in which
a dynamic equilibrium is set between the liquid and the saturated vapor when the flow of
particles emitted from the fluid is equal to the flow of particles returning from the vapor to the
liquid. This is the state when the values of the pressure as well as the values of the density of
liquid and saturated vapor are measured in the system.

Fig.1. Steady states in the computational domain at 7000 K (a) and 8000 K (b) for the potential T-C.

This experiment and measurements are repeated at every step at the higher temperature
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value. At some temperature value of T,, the density becomes uniform across the whole

computational domain. Fig. 1 shows an example of two steady states for the non-uniform (a)
and uniform (b) distributions of density across the volume at the temperatures of 7000 K u
8000 K correspondingly. Since the initial mass of liquid was such that the average density
was certainly below critical one, then T, <T, as well, i.e. at such temperature the liquid will
vaporize completely.

Then the initial mass of liquid (at constant size of the computational domain) is increased and
a series of experiments with different temperatures is repeated again. The temperatureT, is
determined again, i.e. when the density becomes uniform across the volume of the computational
domain for the new initial mass of liquid My;, . The dependence T, (My;,) is non-monotonous and

has a maximum equal to the critical temperature T, exactly when m, /\/ = P, - To clarify the

position of this peak, we further use the method of Cailletet-Mathias [7]. Thus, the critical
parameters are in the region of the transition from a state in which one can clearly distinguish the
boundary between liquid and vapor (lower limit) to a state where the entire system is uniformly
occupied with vapor (upper limit).
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Fig.2. Temperature dependence of the saturated vapor (below) and liquid (above) for different potentials.

b) Method of Cailletet and Mathias [7].

According to this method, the average density of the liquid and gaseous phases lie on a
straight line, called the rectilinear diameter. The point of intersection of the rectilinear
diameter with the density curve determines the critical value of the density and temperature.
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Fig. 2 shows the temperature dependence of the densities of the liquid and vapor, resulting
from a series of experiments described above, which are used to clarify the critical parameters
using this method.

Thus, we used here the definition of the critical temperature as the temperature, at which
the pressure and density of the vapor have a maximum, while the density of the liquid being
in a dynamic equilibrium with the vapor is minimized.

c) Temperature dependence of the saturated vapor [7].

One can determine the critical pressure (at the known critical temperature) analyzing the
temperature dependence of the pressure of the saturated vapor. The obtained temperature
dependencies of the saturated vapor pressure are shown in Fig. 3. When passing through the
critical point, there is a change of behavior: the strongly non-ideal saturated vapor described
by an exponential function in the subcritical region is transformed into an ideal one with the
linear dependence in the supercritical region.
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Fig. 3. Temperature dependencies of the saturated vapor pressure for different potentials

d) Temperature dependence of the heat of vaporization [33].

Since in the critical point the dividing line between the properties of the gaseous and
liquid phases disappears, the heat of vaporization, which is determined by the difference of
the enthalpies of the liquid and gaseous phases, vanishes. In a series of computational
experiments similar to those described above, the temperature dependencies of the enthalpy of
the liquid phase and the vapor were measured. Next, we calculated the difference between
them at the same temperatures and obtained a family of curves for different interaction
potentials (Fig. 4). The point where the heat of vaporization vanishes was assumed as the
critical temperature for each of the potentials used.

71



V.I. MAZHUKIN, A. V. SHAPRANOV, O.N.KOROLEVA, A.V. RUDENKO

4 | 4
—"d.) - .
2 3
g 2
=k e
\ 2 _\\ “\ LY ]
= 4 6.3 4 Sy
X N S0~ S=
R e U YAt Nl R 1
TN e Seliic-o.
| Qﬁ)‘é\ ,.sgs'78~_‘~=&::@2;mﬂ“
4 6 8 10
T x 10° [K]

1-SW;2-T-C;3-T-D; 4—-EA-1; 5-EA-2; 6 — EDIP; 7 — KIHS; 8 - MIX; 9 - SWM.

Fig.4. Temperature dependence of evaporation heat

e) Temperature dependence of the average cluster size.

In the subcritical region, the density and pressure of saturated vapor increase with
increasing temperature. In the near-critical region, atomic vapor particles begin to unite into
clusters, which reach their maximum size just at the critical point. As the temperature
increases further, the density no longer grows. In this case, the clusters begin to break up into
smaller ones due to the increase of the kinetic energy of random motion. That is, the average
size of the cluster must have a singularity at the critical point. This fact is used in this method
to determine the critical temperature.

Mean number of atomic particles forming a cluster can be estimated using the formula

<N> _ n(TM)ksT
Psat(T) ’
where P

.ot (T) 18 the saturated vapor pressure at the temperature T, N(T) is the concentration

of atomic particles in the saturated vapor.
The temperature dependence of <N> temperature has a typical bend at the critical point

(Fig.5).
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Fig.5. Temperature dependence of the average cluster size

f) Method of isotherms (criteria of Van der Waals) [7.,9].

It is known from the theory of van der Waals that in the critical point, the first and second
derivatives of the pressure with regard to volume (density) vanish. For a set of fixed values of
temperature (in the range of sub- and super-critical values), the dependencies (isotherms) of
pressure vs. density for each of the potentials are plotted. To do this, a cubic computational
domain with periodic boundary conditions in all three axes is completely filled with liquid at
a fixed temperature. The system is brought to a steady state and then the pressure is measured.
Further, the size of the computational domain without changing the number of particles and
keeping the temperature constant is increased in the same three directions. Again, the system
relaxes to a steady state and the pressure is measured.

Since the isotherms corresponding to a temperature below the critical one have a
deflection and a clear minimum, one can select the isotherm, in which the deflection and
minimum are absent (tangent to the graph is zero) - and it will be the closest to the critical
isotherm. For example, for the potential of Erhart-Albe2 at T=5500 K, the isotherm has a
clear deflection (Fig. 6). For the isotherm T=6250 K, it is almost imperceptible.

Received critical parameters of silicon (Fig. 1-6) are summarized in Table 1. Estimates of
the parameters of the critical point [37, 38] used in the industry as well as the results of a
simulation performed by the authors [39,40] Monte Carlo for a potential Stillenzhera - Weber
placed there as well.

Critical temperature determined from the dependence (Fig. 1-6). The procedure for
calculating the average cluster size was the most accurate. The critical pressure is determined
from the temperature dependence of the saturated vapor, Fig. 3. Cailletet - Mathias method for
determining the values of the critical density was used.

If the basis is recommended estimations [37, 38], the potentials of the EA-1, EA-2, KIHS
and MIX show closest values of the critical parameters. Potentials WS and Tersoff show the
largest deviation from the recommended estimations [37, 38].
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At the same time the critical parameters for the potential Stillinger-Weber is in good
agreement with the results for the SW obtained in the calculation [39, 40], which indicates
that the decisive role of the interaction potential, rather than the method that was used.

)l 1
T !
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EE
£ 0 -
-1 - : '
0 0.5 1 1.5
px107* [g-em™]
— T=5500 K T=6000 K — T=6250 K
— T=6500 K — T=7000 K

Fig.6. Method of isotherms to determine the critical temperature (potential of EA-2).

Critical temperature, | Critical density, Critical

K g/em’ pressure, bar
SW [20] 8550+ 250 0.27£0.06 2200£ 400
T-C [23] 7750+ 250 0.24+0.04 1900+ 100
EDIP [29] 7500+ 250 0.31£0.08 1000+ 100
T-D [24] 7250+ 250 0.23£0.07 1300 % 300
SWM [21] 7700 250 0.25£0.06 1200+ 200
KIHS [27] 6850+ 250 0.24£0.06 800+ 300
MIX [31] 6650+ 250 0.22+0.07 650+ 100
EA-1[26] 5750+ 250 0.19£0.05 500% 100
EA-2 [25] 6250+ 250 0.24£0.04 800x 100
Estimations [37, 38] 5160 0.1207 530
Calculations (SW) [39] 7500+ 500 0.75%0.1 -
Calculations (SW) [40] 79251250 0.76 0.5 1850+ 400

Table. 1. Critical parameters of silicon for different interaction potentials.
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5 CONCLUSIONS

According to carried out computational experiments and analysis of the dependencies
were determined critical values: pressure P, density p, and temperature T, of the silicon

to 9 interaction potentials. Statement of computational experiments carried out for 6 physical
methods: meniscus [9], Cailletet - Mathias [7], the van der Waals isotherms [7,9], the
temperature dependence of the saturated vapor [7], the temperature dependence of the heat of
vaporization [33] and the average cluster size (method proposed by the authors).

Comparison of the simulation results (Table 1) with critical parameters used in practical
applications [37,38] showed that the best agreement observed for potentials EA-1, EA-2, MIX
and KIHS.

Comparison of the obtained critical parameters for the potential Stillinger -Weber [20]
with results of calculations based on Monte-Karlo methods [39,40] for the same potential
showed good agreement of results with each other, but with a large scatter of data [37,38].
Performed analysis allows us to recommend for modeling high-temperature processes
(T, < T <T,) in silicon exactly potentials EA-1, EA-2, MIX and KIHS, in contrast to low-

temperature processes (T < T, ) where according to [31] classical potential Stillinger -Weber
[20] and potentials KIHS, EA-2 and MIX have the advantage.

This work was supported by RFBR projects Ne13-07-00597, Ne15-07-05025.
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Abstract. The paper considers a physical model of metal nanoparticles fragmentation in
liquids under the action of femtosecond laser pulses at the example of gold particles in water.
The model is based on the electrolization of metal nanoparticles heated by a laser pulse, and
their division under the development of instability of a charged drop of liquid metal. The
process of hot electrons emission from the surface of a nanoparticle and further solvation in
liquid has been studied. The critical fragmentation parameter, namely a particle charge, has
been defined.

1 INTRODUCTION

Laser nanostructuring of materials is important in many scientific, technological and
medical applications [1-4]. Of special interest are the metal nanoparticles, in particular the
gold ones. Their unique optical properties stimulate the research of possible applications in
optics, photonics, and biomedicine [5-15]. All the methods of producing nanoparticles may
be conventionally divided into two groups: wet chemistry i.e., the chemistry using liquid
components [16,17] and dry processes i.e., the processes with the use of plasma discharge
or those that make use of the synthesis of the needed product in flame, as well as the
material evaporation under the action of a laser pulse.

Laser ablation has manifested itself as one of most effective physical methods of
nanofabrication [18-25]. However, the laser methods form rather large-sized nanoparticles
with a wide size spectrum. In this connection, in order to reduce the size of nanoparticles
their colloids are additionally treated by ultrashort laser pulses [25-28]. The mechanism of
laser nanoparticles fragmentation in liquids has not been much studied and there is no
consensus on this problem. They name the following possible mechanisms: the
hydrodynamic instability of the melted metal drop arising due to its interaction with the
liquid vapor [25]; the evaporation of gold atoms under heating the nanoparticles by laser
radiation [26]; the Coulomb explosion [27,28].

A physical model of gold nanoparticles fragmentation in water under the action of
femtosecond laser pulses is presented in this paper. When the colloids of relatively large gold
nanoparticles (several tens of nm) are irradiated by femtosecond laser pulses, one can observe
their fragmentation into smaller nanoparticles (up to several nm). In the process the particle is
heated up to the melting temperature and turns into a drop of liquid. The heating is
accompanied by thermionic emission from the drop surface. The emitted electrons take away
the negative charge, and the drop of melted metal turns to be positively charged. Thus the
model of fragmentation is based on the electrolization of metal nanoparticles heated by a laser

2010 Mathematics Subject Classification: 82D80, 81T80, 37N20.
Key words and Phrases: Nanoparticle fragmentation, femtosecond laser pulses, solvation, particle charge.
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pulse, and their division under the development of instability of a charged drop of liquid
metal. As a mechanism of electrolization we have considered the emission of hot electrons
from the surface of a nanoparticle with further salvation in liquid. The problem of gold
particles heating at femtosecond laser pulse absorption has been solved. Time dependence of
electron thermionic emission current from the particle surface has been found. The particle
fragmentation parameter has been defined. The estimates are given of nanoparticle charge
gained under the action of the laser pulse in water.

2 EXPERIMENTAL RESULTS

Laser ablation is an effective method of nanofabrication. The method presents an ablation
of a solid target by strong laser radiation, and this leads to the ejection of the target
components, and formation of nanoclusters and nanostructures. Generally, the size and
structure of nanoobjects produced with the help of laser ablation are influenced by the
following factors:

e The laser radiation characteristics: intensity, pulse duration, and the wavelength.

e Target material properties: absorption at different wavelengths, the melting,

vaporization and crystallization temperatures.

e The environment properties: vacuum, gas, liquid.

When laser radiation is focused onto the solid target surface there takes place the
absorption of the laser energy, which results in thermal and nonthermal heating of the target
material, melting and ablation of the material in the form of atoms and nanoclusters.

At the same values of laser intensity the mass of particles produced by ablation depends
on the amount of energy absorbed from the laser pulse. Micro- and nanosecond pulses contain
more energy as compared to pico- and femtosecond ones, and this makes the ablation with
longer pulses more effective to produce a greater mass of particles. However, one should note
that ultrashort pulse ablation leads to the ejection of particles of higher energy due to high
intensity of the laser pulse.

Target laser ablation may be accompanied by hot plasma formation. If the plasma is
produced near the target, it may decrease the efficiency of energy transfer to the target
surface, as well as give rise to secondary ablation of the material due to the target heating or
cavitation phenomena (in liquid media). These effects are well illustrated in [21], in which the
authors studied the dependence of the size of nanoparticles produced in water on the position
of the focal plane of the lens focusing the laser radiation relative to the target surface. The
produced nanoparticles may be devided into two groups: narrow-dispersed (particle average
size, 10-20 nm) nanoparticles and wide-dispersed ones (particle average size, 60-70 nm). The
authors attribute the origin of the first group to the ablation due to the laser interaction with
target material, and the second group is a result of interaction with the produced plasma. It
was found that the produced plasma intensity correlates with the amount of ablated material,
as well as the average size of nanoparticles related to the wide-dispersed group. The authors
assume that plasma heating of the target or mechanical target destruction due to the collapse
of plasma-induced cavitation bubble are possible mechanisms of secondary ablation
connected with plasma.

If the target is ablated in vacuum or gas medium, the nanoclusters may be transported to a
substrate located at some distance from the target and form a nanostructured film. Ablation in
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liquids (e.g., water solutions) leads to the ejection of nanoparticles into the environment and
to the formation of colloidal solutions.

Ablation in liquids makes it possible to obtain pure nanomaterials, which are free of
surface contamination typical of chemical methods. Nanoparticles obtained in a pure well-
controlled medium are especially important for the application in vivo biodetection and
visualization. Ablation in liquids has a number of specific features, namely:

e The presence of an optical breakdown in a dense medium, which absorbs a significant
part of laser energy (typical time up to 50 pm); an effective transfer of energy from
the laser plasma to the ambient liquid and formation of a cavitation bubble that is
growing up to 150-250 us and then collapsing yielding a large amount of mechanical
energy;

e Absorption of an incident laser radiation by produced suspended nanoparticles. May
cause various effects: secondary ablation of the material [29], fragmentation of
colloidal particles [30], formation of complex chemical structures [31].

e The presence of self-focusing phenomenon and generation of a continuum for
ultrashort pulses. In particular, the filamentation may take place when ultrashort laser
pulses pass through the optical medium, and appears as a result of a balance between
the laser pulse self-focusing and de-focusing effect of the plasma produced under high
laser intensity in self-focusing area [32].

Laser ablation in liquids is an effective method to produce nanoparticles in the form of
colloidal solutions. One should note that at ablation in water or other solutions under the
absence of chemically active components the produced nanoparticles are of rather large size.
This is associated with the coagulation and aggregation of atoms subjected to ablation.
Nanosecond laser pulses, for example, give the particles of 10-300 nm in size and 50-300 nm
dispersion [33].

Ultrashort laser pulse ablation offers better chances to control the size and dispersion of
nanoparticles. A possibility to control effectively the nanoparticle size by changing the the
laser flux density (F) has been shown in [23]. The size of nanoparticles varied from
410 120 nm when F changed from 60 up to 1000 J/cm’. Two populations of nanoparticles
have been produced in the experiments. The first one was produced under low density of the
laser flux and included the particles of small size and narrow dispersion. At average F values
both populations were observed. At high F the particles had large average size and wide
dispersion. The mentioned populations are similar to those produced in the experiments on
changing the position of the focal surface of a focusing lens discussed above. So, one can
conclude that different mechanisms are responsible for the occurrence of each of the
populations: the ablation due to the incident radiation and ablation due the effects caused by
plasma formation.

To control the size of produced nanoparticles the water solutions of surface-active agents
are used frequently, for example, sodium dodecyl sulfate, which cover the nanoparticles just
after the ablation and prevent further agglomeration [34]. A drawback of the method lies in
the fact that the nanoparticles covered by surface-active agents have no free chemical bonds,
and the area of its further application is limited.

Paper [14] presents the results from the experiments on the ablation of gold in water
solutions containing neutral o-cyclodextrins, [B-cyclodextrins, or y- cyclodextrins. A
Ti/sapphire laser was used in the experiments (pulse duration, 110 fs; wavelength, 800 nm;
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pulse maximum energy, 1 mJ). A sharp decrease in the size of nanoparticles was observed in
comparison with the experiments in water. The nanoparticles produced at ablation in the
solution of B-cyclodextrins (10 mMole) had the average size 2.1-2.3 nm, the dispersion did not
exceed 1 nm. The solution was of saturated red color. The produced colloids turned to be very
stable.

To make smaller the nanoparticles produced by ablation in a liquid medium the colloids
are additionally treated by ultrashort laser pulses. In [27] the 11£5 nm nanoparticles were
produced by laser ablation of a gold plate in a sodium dodecyl sulfate solution. Then, using a
sprayer, the colloid 80 um droplets were produced and subjected to structural changes with
the help of single nanosecond laser pulses (wavelength, 532 nm; pulse duration, 10 ns; pulse
energy, 30 mJ). The experiment resulted in obtaining the nanoparticles of 3.7 nm average size.
The authors assume that, as a result of laser energy absorption, nanoparticles are heated up to
the temperature of metal melting, and then are ionized due to thermal emission. The electrons
emitted from the particles’ surface are temporarily solvated in water. As a result, a multiply
charged gold nanoparticle becomes unstable and fragmented owing to the Coulomb
explosion. A similar scenario of fragmentation is considered in [28]. At the first stage the
8+5 nm nanoparticles were produced by ablation of a gold plate in sodium dodecyl sulfate
solution. Then, the nanoparticles were subjected to laser radiation (the wavelength, 355 nm;
pulse duration, 10 ns; pulse energy, 50 mJ; pulse repetition rate, 10 Hz). The nanoparticles
reduced in size to 1.5 nm.

In [15], as a result of gold shells ablation in pure deionized water the produced gold
nanoparticles had an average size of 55 nm and 34 nm dispersion. At the second stage, the
obtained colloids were subjected to laser irradiation with the following characteristics: (pulse
duration, 140 fs; wavelength, 800 nm; pulse energy, 500 mJ; pulse repetition rate, 1 kHz).
After 30 minutes of irradiation of the colloid, the average size of nanoparticles reduced to
11+5 nm. Figures 1 and 2 illustrate size distribution of nanoparticles before and after
irradiation.

Under further treatment (up to two hours) the nanoparticle average size increased
gradually, and finally stabilized at 20-30 nm. The obtained colloids demonstrated excellent
stability — up to several months. The authors consider the nanoparticle fragmentation to be a
consequence of Coulomb explosion. Originally the size of nanoparticles reduces sharply due
to the absorption of the incident 800 nm laser radiation. Further decrease is caused by
absorption of energy from the white continuum, which occurs due to nonlinear optical
interaction between the incident radiation and medium.

An absence of nanoparticles of intermediate size even at a very short time of irradiation
speaks in favor of a concept of Coulomb explosion. The presence of such particles is typical
for nanoparticle size reduction due to thermal evaporation of matter.

In [26] the colloids of gold 5-50 nm nanoparticles were obtained by the method of
chemical reduction. Later, a laser with the wavelength of 532 nm, pulse duration 7 ns and flux
density 210 mJ/cm’ was used in the experiments on nanoparticle size reduction. The time of
laser irradiation was 10 minutes. As a result, the nanoparticles having the size of 20 to 50 nm
disappeared, and the number of nanoparticles of the size up to 10 nm sharply increased. TEM
pictures of nanoparticles before and after laser irradiation are shown in Fig. 3.
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Fig. 1. TEM picture of Au nanoparticles produced by target ablation in water. Size distribution of nanoparticles.
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Fig. 3 TEM picture of Au nanoparticles before (a) and after (b) 10 minutes of laser irradiation; the laser flux
density 210 mJ/cm™
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The influence of laser irradiation time and laser flux density on nanoparticle size
distribution was also studied in the paper. At a fixed laser flux density of 140 mJ/cm’ , the
maximum size of nanoparticles after 5 minutes of irradiation was 22 nm. Further irradiation
did not change this value, and this shows that nanoparticle maximum size value may be
considered as a certain threshold value. When laser flux density increased from 30 up to 500
mJ/cm’ , there was observed a decrease in nanoparticle maximum size. The authors suggested
as a mechanism of nanoparticle size reduction the evaporation of Au atoms under nanoparticle
heating by laser radiation up to the temperature exceeding the gold melting temperature.

A possibility to reduce the nanoparticle size by means of laser treatment has been
demonstrated for silver as well [35]. The colloids of silver 40-60 nm nanoparticles were
obtained by the method of chemical reduction of AgNO; in water with an addition of sodium
citrate at a temperature close to the boiling temperature. Then, the produced nanoparticles
were subjected to laser radiation: pulse duration, 18 ps; wavelength, 355 and 532 nm; pulse
energy, 2-3 mJ. As a result, 5-10 nm nanoparticles were produced. It was established that the
choice of laser wavelength affects the selectivity of cluster fragmentation. For example, when
the wavelength was changed for 532 nm, there was observed the fragmentation of large
nanoparticles only, or irregular-shaped nanoparticles. The authors stated that there takes place
an electron photoemission as a result of laser action on silver nanoparticles. The nanoparticles
become charged and disintegrate into the smaller ones.

3 THEORETICAL MODELING

The papers are available which consider various aspects of laser interaction with metal
nanoparticles. Paper [36] is devoted to numerical simulation of the interaction between short
laser pulses and gold nanoparticles in water. The authors made use of a hydrodynamic model,
which describes, with the help of Navier-Stokes equations, the heat and mass transfer in the
system, and includes the equations of state (EOS) for water, two-temperature description of
electron-phonon equilibrium in a metal nanoparticle, as well as the description of
thermoelastic response of the particle matter. The modeling was made for moderate laser
fluxes (F < 100 J/m®), when the temperature is lower or slightly higher than the critical
temperature in water; nanoparticle radius lies within the limits 25-200 nm; pulse duration is
0.1-1 ps. It was found that irradiation of nanoparticles by femtosecond laser pulses results in a
propagation of a compression wave in the direction from the particle, and the width of the
wave depends on the viscosity and heat conductivity of the ambient liquid. For 50 nm
nanoparticles irradiated by 200 fs laser pulses and F = 60 J/m’, the vapor formation on the
surface of the particle starts at t = 23 ps, and the vapor layer is produced up to the time t = 84
ps. It was established that a total amount of evaporated matter remains relatively small, and
the effect ofvapor formation on the temperature profilesis insignificant. The water
temperature near the nanoparticle surface reaches the boiling temperature at flux density of
18 J/em®, and the critical temperature at 72 J/cm’. At higher fluxes there is observed a
continuous transition from liquid to the vapor without vapor-liquid common existence near
the surface of a nanoparticle.

Paper [37] presents a kinetic theory of laser-metal nanoparticle interaction in a matrix of a
wide-band dielectric (Si0;). The formalism is based on Boltzmann equation for the electrons
of an open system adapted to the description of nanoparticle electron losses owing to
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thermionic emission and photoelectric effect. The simulations of energy transfer and re-
distribution are presented, as well as those of electron emission within the framework of the
study into the destruction processes resulting from laser-gold nanoparticle interaction in a
SiO; matrix. The calculations were made for 1.3 nm and 2.6 nm nanoparticles in SiO, matrix
irradiated by 351 nm laser pulses with pulse duration 0.5 ns and 50 ps, and flux density 0.3
J/em?2 and 0.15 J/em2, respectively. It was shown that under such regimes a considerable
number of electrons can be ejected from the nanoparticles due to thermionic emission. In both
cases the electron effective temperature in nanoinclusions reached saturation at > lel” (5000-
6000K), and the grating temperature was relatively low (620K and 390K, respectively) due to
energy transfer to the aambient glass and the emission of high-energy electrons.

Paper [38] presents a model which allows one to determine the dynamics of electron and
ion temperature in a gold nanoparticle dipped into dielectric of a finite volume under the
action of subpicosecond laser pulses. The model is based on a two-temperature model
destined for the calculation of nanoparticle temperature and ballistic-diffusion approximation
(BDA) for the estimation of heat transfer from the particle and its propagation in a dielectric
environment. The model was applied to gold 10 nm nanoparticles in Al,Oj3 shell, and the shell
thickness varied from 0.54 to 54 nm. The laser pulse duration constituted 110 fs. Time
dependences of electron and grating temperature were found with the help of Fourier law and
BDA for 5.4 nm thick shell.

We consider such scenario of gold nanoparticles fragmentation in water under the action
of femtosecond laser pulses. When the colloids of relatively large gold nanoparticles (several
tens of nm) are irradiated by femtosecond laser pulses, one can observe their fragmentation
into smaller nanoparticles (up to several nm). In the process the particle is heated up to the
melting temperature and turns into a drop of liquid. The heating is accompanied by thermionic
emission from the drop surface. The emitted electrons take away the negative charge, and the
drop of melted metal turns to be positively charged. Thus the model of fragmentation is based
on the electrolization of metal nanoparticles heated by a laser pulse, and their division under
the development of instability of a charged drop of liquid metal. As a mechanism of
electrolization we have considered the emission of hot electrons from the surface of a
nanoparticle with further salvation in liquid. The problem of gold particles heating at
femtosecond laser pulse absorption has been solved. Time dependence of electron thermionic
emission current from the particle surface has been found. The particle fragmentation
parameter has been defined. The estimates are given of nanoparticle charge gained under the
action of the laser pulse in water.

To develop a physical model and optimize the regimes of laser irradiation for producing
nanoparticles one needs to solve the following problems:

e The problem of nanoparticle heating under the action of laser radiation;

¢ Find the current of electron thermionic emission from the surface of a nanoparticle;

e (alculate the fragmentation parameter for gold nanoparticles;

e Evaluate the charge gained by the nanoparticle as a result of thermionic emission and

electron salvation

4 THE PROBLEM OF NANOPARTICLE HEATING

A two-temperature model [3] has been used to solve the problem of metal nanoparticles
heating by femtosecond laser pulses:
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(1)
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ph
Cph?_g(Te _Tph)
T, , is the electron subsystem temperature; 7, , the phonon subsystem temperature;
C,,C ,, the electron and phonon heat capacity; g, the factor of electron-phonon coupling,

which describes the rate of energy exchange between the electrons and the lattice; A, the
coefficient of heat conductivity; P, the laser radiation power absorbed by a nanoparticles; V',
the nanoparticles volume.

Each of the equations represents the energy conservation law. The equation for the
electrons illustrates the change in their temperature due to the heat transfer to the phonons,
and laser radiation and laser radiation absorption. The phonons’ temperature changes only due
to the heat exchange with electron, since the phonons do not absorb the laser radiation.

One can use an approximation of homogeneously heated nanoparticle for the
nanoparticles with the radii smaller than the distance covered by the heat from the incident
radiation during the pulse action. The distance covered by the heat during the pulse is:

ph>

2
1=27., 3. =~
3v

where 7 is the pulse duration; y. the temperature conductivity of the metal electron subsyste;
v, , the Fermi velocity; v,, the frequency of electron collisions. For the metals the electron
collision frequency consists of the electron-phonon and electron-electron collisions. The
grating temperature [Ipu Temmeparypax pemerku 7, being higher than Debye temperature
0, (for Au ®, =170K ), the frequency of electron-phonon collisions is proportional to 7, .
When the electron thermal energy k,7, is snaller than Fermi energy ¢, , the frequency of
electron-electron collisions v, , depends quadratically on the electron temperature. Bearing
this in mind, let us neglect the contribution of electron-phonon collisions and consider
v, xv,_ . At v, =0.93-10"s" v, =1.4-10%cm/s, we get y, =70cm/s. At 100 fs pulse
duration we get / =52nm. So, for the particles having the radii smaller than 52 nm, one can

neglect the thermal fluxes directed from the areas with higher temperatures to the areas with
lower temperatures. Finally we have the following system of equations:

oT P
; :_g(]L_Tph)_F;

C

e

or,
Cph al :g(T'e_Tph)
2)

The initial conditions:

rL(0)=T,
Tph O)=T,

in
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Here T}, is the temperature of the environmental area considered to be equal to 300K.

If the electron subsystem temperature is much lower than Fermi temperature (for Au 7 =
63 900), only the electrons near Fermi surface are charged, and the electron heat capacityis
presented in the form of linear temperature dependence:

Cc(T)=C T
(T)=C, T, 3)

where C!=7’kin,/2¢, and n, is the concentrationof free electrons; ks, the Boltzman
constant; &, the Fermi energy.

Theoretical and experimental research shows that the Au d zone, located close to Fermi
level, has a very complex structure. The electrons of U d zone introduce significant correction
into the number of thermally excited electrons, and, hence, influence the electron heat
conductivity [39]. The use of linear approximation for temperature dependence of electron
heat conductivity may lead to an essential overestimation of electron subsystem temperature
in a state of partial thermodynamic equilibrium with the phonon subsystem. Such equilibrium
is usually realized under the action of femtosecond laser pulses onto the metals.

Thermally excited electrons of d zone also make contribution into the interaction

between the electron and phonon susbsystems. That is why the temperature dependence of g
was taken into account in the solution of the thermal problem. Figure 4 illustrates the
temperature dependence of g factor.

L
1

Electron-phonon Coupling Factor g, 10" Wm K"

0 1 2 3 4 ]

Electron Temperature T, 10" K

Fig.4. Dependence of electron-phonon coupling factor on the electron subsystem temperature.

Define the dependence of electron maximum temperature on the laser pulse energy
density using a linear dependence between the electron heat conductivity and temperature. At
the stage of heating by the laser pulse (100 f5) one can neglect the term responsible for the
energy exchange between the electrons and phonons in the first equation of system (2). We
get:

o7,

V.C,-¢=P=¢, -q, 4
e 5t abs q ()
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where V' is the nanoparticle volume; P , the absorbed laser radiation; o, , the absorption

abs °

crosssection considered to be equal to a geometrical crosssection zm”; and @, the nanoparticle
radius; g, the laser flux. After time integration of equation (4) to the pulse duration we get the

ratiobetween the electron maximum temperature 7 e(o) on the laser pulse energy density F:

ro_ 3_F
‘ 2a-C,

(%)
The obtained dependences between the maximum electron temperature 7.” and laser

pulse energy density are given in Fig. 5. As seen from the figure, the maximum electron
temperature calculated with the use of linear approximation for electron heat capacity is twice
as much as the one obtained with account for d-electron contribution to heat conductivity.

5

Electron temperature, 1 0*K

T T T T T T T T |
0,0 0,2 0,4 06 08 1,0

Flux, Jlem?
Fig. 5 Electron subsystem temperature vs flux density. Solid line: d-electron contribution taken into

account; dashed line: linear approximation with no account for d-electron contribution.

At the initial stages of heating the electron subsystem temperature is much higher than the
temperature of phonon subsystem (7, >>T7, ), and, so, we may neglect the grating

temperature in the system (2):

oT,
T o _o.T
e e 6t 14 e
oT
ph@_:h:g']-’e
(6)

The solution of the system (6) has the following form:
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_ 7(0) gl |_ o 4
T(1)=T, (I—W]—Te [1—;]

g.];(o) t2
Tph(t): C [t—z—rc

ph

(7)
., the typical time of electron subsystem cooling. For Au we have g= 2.5x10"° W/em’K,
C =6.27x10" J/em’K’. From the first equation of the system (7) we may estimate the typical
time of electron subsystem cooling: if 7.” ~10*K , then 7, ~ 25nc .

Figure 6 illustrates the results from solution of systems (2) and (6) for the laser pulse
energy density 100 mJ/cm’.

1.0 4

temperature, 10° K

time, 10"s

Fig.6 Time temperatures profile of the electron (A,B) and phonon (C,D) subsystems. Solid lines —
numerical solution; dashed lines — analytical solution.

In the calculations the absorption cross-section was assumed to be equal to the
geometrical cross-section 7m”, where @ = 100 nm is the particle radius. As seen from Fig.1,
after the end of the laser pulse the electron temperature reaches about ten thousands degrees,
and then drops linearly during the time of tens of picoseconds. The final temperature of the
nanoparticles lattice exceeds the melting temperature of gold (7=1337 K), i.e. the
nanoparticles is transformed into a liquid state.

5 DEPENDENCE ON THE SIZE OF NANOPARTICLES

The absorption crosssection o, for the nanoparticles depends on their size. The

efficiency of laser radiation absorption Q. is defined as follows: Q_, = a“b;. The

abs
a
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dependence of the efficiency of laser radiation (800 nm) absorption by gold nanoparticles in
water is shown in Fig. 7.

0,14

0,10

0,08

Qabs

0,06

i T ¥ T x T ¥ T
0 50 100 150 200 250
particle size, nm

Fig.7. The dependence of absorption efficiency for for the incident laser radiation with A=800 nm.

For the calculations we have used the program package MatLab [40], based on the Mie
scattering theory of a plane electromagnetic wave on a homogeneous sphere of random size.
As seen from the figure 7, the absorption crosssection increases with an increase in the
nanoparticle size, and reaches its maximum for the nanoparticles with the radius of about 75
nm.

The incident laser energy is absorbed by the metal electron subsystem and leads to its
heating. This means that that the change in the absorption crosssection under the change of
nanoparticle size results in the change of electron temperature. Figure 8 presents the
dependence of electrom maximum temperarture on the size of nanoparticles for different
densities of the the incident laser flux obtained by equation (4). Maximum temperature of the
heated electron subsystem corresponds to the absorption maximum efficiency, and falls at 75
nm nanoparticles.

The electron subsystem transfers the energy to the grating, and this leads to the
temperature growth. Let us estimate estimate the amount of heat H, which is necessary for the
gold nanoparticle to be melted under the action of a laser pulse. H =C, -(T -T, )+ AH

ni nn

here C,, =25.4 J/mole K is the gold heat capacity; 7,,, the melting temperature of Au; 7)) =
300K , the initial temperature; AH, =12.6-10° J/mole, the melting molar heat. Then
H =3.8kJ /mole-K = 37kJ /cm’ .
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electron temperature, 10° K

0 50 100 150 200 250
particle size, nm

Fig. 8. Maximum electron temperature vs nanoparticle size for the laser flux density of 200 mJ/cm?
(dotted line), 250 mJ/cm?” (dashed line), 300 mJ/cm? (solid line).

If one knows the H value, the, by using formula (4) it is possible to find the dependence
between the threshold flux density of the laser flux Fy, and the nanoparticle size. Under the
threshold density of the laser flux we mean here its minimal value needed to transfer to the
particle the amount of heat sufficient to melt it.

800
700 A
600

500

F. mJicm®

400 4

300

200 y T T T T T T 1
] 25 50 75 100

particle size, nm

Fig. 9. Laser flux threshold density vs nanoparticle size.

One can see from Fig. 9 that the F, value lies within the limits of 300 to 800 mJ/em’ for
100 nm nanoparticles. The smaller is the absorption efficiency the more energy should be
given to the nanoparticle in order to reach the metal melting temperature. This is well seen
from a comparison of Fig.8 and Fig. 9: the growth of absorption efficiency corresponds to the
decrease in laser flux density.

90



IN. ZAVESTOVSKAYA, A.P. KANAVIN.

6 THERMIONIC EMISSION

A thermionic emission from the surface of heated gold nanoparticles is observed. The
value of electron thermionic emission current is defined by the temperature of the metal

electron subsystem:
w
= A- T2 exp(——
J . -exp( kTe)

(8)
. . A
Here A, is the Richardson constant; 4 = 120 PR W=5,1 eV, the work of the gold
cm o -
yield; T, the electron temperature.
1
0,1
0,01
1E-3 : . .
0 50 100 150
time, 10"7s
Fig. 10. Time profile of thermionic emission current. Solid line —analytical solution, dashed line — numerical
solution.

Fig. 10 illustrates time dependence of thermionic emission current for laser fluence
F = 100 mJ/cm’. Maximal density of thermionic current is ~ 10° 4/cm’. One can see from the
Fig. 10 that, in accordance with the numerical and analytical solutions, the current drops
exponentially after the end of the laser pulse during a typical time of several picoseconds.

7 SALVATION OF ELECTRONS IN WATER

The electrons emitted from the surface of a nanoparticle are rapidly thermolized.

The interaction electrostatic forces occurr berween the water dipoles and electrons
emitted from the nanoparticle surface due to thermionic emission. Water molecules are
polarized by electron and captured, i.e. the electrons are solvated in water.

Typical time of salvation is about 250 fs [3]. The mobility of electrons sharply drops here.
As aresult, an electric double layer of a space charge is formed near the nanoparticle surface.

Pure deionized water presents an amorphous dielectric with the forbidden zone
E~6.5£0.5 eV [3]. Hence, the motion of emitted electrons in water can be considered as
electron motion in a semiconductor in the space charge self-field.
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This field grows with the growth of the number of emitted electrons, and it becomes more
and more difficult for the new electrons to leave the nanoparticle surface. As a result, the
emission current decreases, and, hence, the ficld becomed weaker. When the field decreases,
it is easier for the electrons to leave the nanoparticle surface, and the emission current grows.
Such electric field is called a self-consistent field.

Water molecules are heavier than electrons, and, so, the capture of electrons by water
molecules in salvation prevents the electron motion by the electric field. Consequently, the
molility and the depending (by Einstein relation) diffusion coefficient of slvated electrons
sharply drop down to ~ 107 em*/s [3].

In this case salvation is similar to electron capture on a capture center. The above
considerations allow one to use the elements of the solid body theory to describe the electron
motion in water. Namely, the equations of electron motion in a dielectric medium with
account for the space self-charge have the form [41]:

a(;a; =D,An, -, - divln, E)—:—
% =D An, — u, -div(ns E)+Z—e 9

s

— & Ap = 47re(ne + ns)
E =—gradg

e 1is the electron charge; n , the concentration of electrons; D , the electron diffusion
coefficient in water; u , the electron mobility in water; £ , the electron spatial self-
consistent field; gy, the dielectric constant of water; ¢, the electric potential of the self-
field of electrons, the indices e and s refer to the emitted and solvated electrons,
respectively.

The first two equations in (9) describe the motion of the emitted and solvated electrons
due to the diffusion and drift in a self-consistent electric field and the solvation in water,
respectively. The third equation of the system is derived from the Maxwell equation for the
rotor of the magnetic field vector provided that our problem is a spherically symmetric one
(assume the nanoparticle to be sphere-shaped).

The boundary conditions are as follows:

on —
D ——unkFE
( N 8}/‘ ﬂé S j _

Here j7 is the emission current and <UT >, the average velocity of the emitted electrons.

(10)

The first equation of system (10) shows that the concentration of electrons emitted at
nanoparticle boundary is defined by the emission current only; the second one shows that the
current at the boundary of a nanoparticle equals zero.
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Since the mobility and diffusion coefficient of solvated electrons are small, we neglect the
terms corresponding to the diffusion and drift of solvated electrons. Finally, instead of system
(9) we get the following system of equations:

on -\ n
—~ =D An —u -divin, - E)-—%
8t e e /“le (e ) Z_S
on n
s — e 11
ot T (b

s

- & Ap = 47ze(ne + ns)

Systems (10) and (11) determine the electric field E(r,#) and n(rt), at the given
parameters j7 and <UT >, and the parameters ¢y, u and 7. For further solution of the system it is

convenient to introduce dimensionless functions and variables. In a dimensionless form in a
spherical system of coordinates we have the system of equations where all the values are

dimensionless:

on, :izi I’Z% —inl’z(neEr)—n—e

ot r°or or ) r-or T,

on, n, 1
ot T, (12)
1 o0

FE(VZE,,):I/ZE‘F”S

Numerical solution of (12) resulted in obtaining time dependence of a space charge self-
consistent field value. It is well known that the field value and the value of the generating

Ze
charge are related as follows: £ = —5 , E is the electric field; Ze , the charge, a , the size of a
a

nanoparticle.
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Fig.10. Electric charge (in relative units) vs time.
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Figure 10 illustrates the time of a space charge. The obtained time dependence of the
space charge indicates that a sharp growth of the electric field is observed for the times of
~1 ps, i.e., the times corresponding to a sharp growth of the thermionic emission current (see
Fig. 10).

After this one can observe an exponential drop of the thermionic emission current, and the
electric charge reaches the saturation. The estimated electric charge gained by a nanoparticles
as a result of electron emission from its surface Z()2106.

8 FRAGMENTATION PARAMETER

It has been shown that under irradiation of colloids of relatively large gold nanoparticles
(several tens of ns) by femtosecond laser pulses one observes the fragmentation of these
nanoparticles into smaller nanoparticles (up to several ns). The nanoparticle is heated to up to
the metal boiling temperature and turns into a drop of liquid. The heating is accompanied by
electron thermionic emission from the surface of a drop. The emitted electrons take away the
negative charge, and the drop of melted metal becomes positively charged.

The problem of charged spherical drop stability depending on the ratio between the
surface and Coulomb energy was solved by Rayleigh in 1882 [42]. The fission parameter X is
defined as follows:

E

C

T2E,

where E. is the Coulomb repulsion force, E;, the surface tension force.

It’s well known that the fragmentation is observed at X >1; at 0.3< X <1 one can
observe both the fragmentation and evaporation of single atoms from the the nanoparticle
surface; at X < 0.3 only the evaporation of single atoms is observed [43].

2
The fission parameter for the metal (gold) nanoparticles is defined as X = Aq—, g, the
n

e’p
6-0-M

a

particle charge; n , the number of atoms in the nanoparticle; A= ~2; e, the

electron charge; p=19.3g/cm’, the gold density; o =1.125-10’erg/cm”, the surface
tension coefficient of melted gold; M, =196.97g/mole , the gold molar mass.

The drop is stable in the face of extreme deformations — splitting into two identical parts
at chr =0,36x 167’ o, where a - particle size, OQ=Ze, g, surface tension coefficient of the
liquid.

One can estimate the minimal number of electrons, g,,, which should leave the drop
surface to make it unstable and fragmented.

Figure 12 presents the dependence of g, on the size of nanoparticle. Mimimum number
of electrons needed for fragmentation grows as function a>”?, where a is the nanoparticle
radius.

The typical values of ¢,,;; for the nanoparticles at a diameter a=100nm should be an order
Z »=10". Comparing the typical values with the charge estimates obtained from numerical
solution of (9), one can obtain that
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Z,/Z,>>1

The charge gained by the nanoparticle from the electron thermionic emission is sufficient
to make the particle unstable and fragmented.

10000
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g
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0 : : : . . . . . . .
0 20 40 B0 80 100

particle size, nm

Fig. 12. Minimum number of electrons needed for fragmentation vs nanoparticle size. .

9 CONCLUSION

Theoretical modeling of metal nanoparticles fragmentation in water under the action of
femtosecond laser pulses is discussed. The problem of heating a gold nanoparticle by laser
pulses of femtosecond duration has been solved. The value and typical time of the drop of
thermionic emission current from the nanoparticle surface due to the heating of the particle by
the laser radiation field has been found. On the basis of the Rayleigh drop model the criterion
of nanoparticle fragmentation has been found. The estimates of the charge gained by the
nanoparticle due to the electron thermionic emission and their further solvation have been
obtained. It was shown that the charge exceeds the threshold value given by the Rayleigh
criterion. It is possible to conclude that as a result of the influence of laser radiation the
particle becomes unstable and the nanoparticles fragmentation takes place.

The results of theoretical modeling may be used to optimize the laser operation regime
destined to produce the nanoparticles of the given size.
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