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Summary. In this paper we present the modifications of a discrete Opial type inequality
applied to the eigenvalues of the graph G. We are going to derive a new proof of generalized
inequalitiy

as well as its special case for m =1 and m =2, whereby use of well-known inequality for

real eigenvalues of the graph Z?fk =2m, where nis number of vertexs, and mis number of
k=1

edges of graph. This proofs are much simpler and shorter then the one given in [6]. In proofs

starting from a classic inequality

NO‘_TM ; \/ExJ >0,
B Oy

where o = (ocl,ocz,...,an) and f = (BI,BZ,...,BH) are arbitry n-tuples of real numbers, where
o, B, >0, for each k=1,2,...,nand X:(k],kz,...,Xn) are eigenvalues of graph G. After
transformation of this inequalities, depending on the appropriate choice of function o, and

B, obtained above inequalities for different angles. Using trigonometric transformations is
obtained their equivalent form

gmsin — " <3 (A~ ) <8mcos?—"— .
msin T k:O( « — A ) <8mcos heD)

It also enables to derive a number of other disrete inequalities related with it.

1 INTRODUCTION

In [6] Opial established the following integral inequality:
Theorem 1.1. (see [6]) Suppose f e C'[0,h] satisfies f(0)= f(h)=0 and f(x)>0 for all
X € (O, h). Then the following integral inequality holds
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j|f(x)fv(x)|dxggf(f~)2dx, 0

h . .
where the constant 2 is best possible.

This inequality, its generalizations and modifications play a fundamental role in establishing
the existence and uniqueness of initial and boundary value problems for ordinary and partial
differential equations, as well as difference equations. These inequalities are also important in
solving the problems in polynomial theory, approximation theory, spectral graph theory, and
technical applications.

2 MAIN RESULTS

Let us prove the following theorem:

Theorem 2.1. If 4,,4,,...,4,,4,.,, real eigenvalues of graph G = (V, E), |V| =n>l,

195 7'n>ne1

|E| =m>1, 4, = 4,,, =0, then inequality

2)

holds. Equality in the left (right) side of inequality (3) holds if and only if

A, =(=1)"V2msin kz (A, =+2msin kz ) for k =1,...,n.
n+1 n+1

Proof. Let 1 = (A4sAyse Ay ) G = (ocl,ocz,...,ocn) and B =(B,,B,.....B, ) are arbitrary n-type
of real numbers, whereby «, f, >0 forall k =1,...,n.

k Qy

where equality holds if and only if a, 4, + S, 4,,, =0, we get following inequality:

From inequality

A o P g
— A+ A 2 2244,
k a,

Z{ﬂﬂi +&ﬂi+lj 2 izz ﬂ’kﬂ“kﬂ
a k=1

k=1 k k

2

n
k=1

n-1
[ﬂ+—ﬁ et }ﬁ > 40> 4 A, +§/1§ +%/1ﬁ @)
= 0

B ., k=1 n
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where 4,,, =0.
By introducing ¢, =sin(k +1)}t and f, =sinkt, inequality (4) becomes

i(sin(k +1)t N sin(k —1)t

sin(n+1)}t P2
sin kt sin kt

n

n-1
2> izz,zkzm +

k=1 sin nt

n

ZCOSIZn:/ii 22/1 Ay + sm(n + 1) A
k=1

sin nt
From sin(n+1)t > 0, it follows that 0 <(n+1)t <7 and t < —1 and we take t = Ll’ and
n+ n+
the last inequality becomes
cos—"_3 12 +n§‘i A
n+1 = k = —k:l k¥ k+1"

Based on the known values of equality for their own graph Z/Ii =2m, followd by
k=1

n-1

T
<) MAy,, £ 2mcos 0
; k+1 n +1

—2mcos

Depending on the choice of values ¢, and f,, as well as parameter m in inequality (4),
leads to discrete inequalities related inequality (1).

Corollary 2.2. For real eigenvalues A,4,,....,4,,4,,,, 4, =4,,, =0 of graph G the

2" n+l»

imequalities

n 1 n-1
1. Kem+——— A2 >2>Y A4 +(m+ )P +—
Z‘( k+m+1j “ ; i+ M n+m+1

2. (m+1)A7 + —Z(

n+m+1

2’2

n>

n-1
+k+m 4 <22) 44
k+m+1 j “ kz::‘ K
hold. Equality in first inequality holds iff 4, = 2m
(k+m),.,

. ~1)'v2m
lff ﬁ“k = ((k)+—m) .
k-1

. Equality in second inequality holds

Proof. If we take in inequality (4) @, = ((k +m+1))" and B, =((k +m))", m>0, we
obtain
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AL GRS, P A NP ILLEE) o
1|: ((k+m)!)‘1 ((k+m))‘ :lﬂk kz:: A T ((m ' A -

k=

n 1 n-1 1
———4k+m |4 >+2 Ay HM+1)L + A
kZ;‘(k+m+1 jﬁk kzz;‘ik o (M1 n+m+1""
from which follows both inequalities. 0

Theorem 2.3. For each sequence of the real eigenvalues 0 = 4,,4,,...,4,,4,,, = 0,0f a graph
G, the following inequalities hold

: V4
8msi <M -2 <8 . 5
msin’ 2(n+1 2, k+l) mcos’ (n+1) (5)
Proof. From inequality (2) it follows that
n n-1 n
~| 2c08> 2~ —1} A < /1/1+S(1—2sin2 z ] .
( 2(n+1) T T g 2(n+1) kzlﬂ*
(2_40032 i ]Zn:ﬂi Sznilﬂyﬂ _(2—4sm d )Zn: .
2+ TET 2n+1) j&
n n n n-I n n n
R+ 2 —deos’ S22 A4 <2+ 2 —dsin® — 22
2T FIORE) == = 24 2(n+1)§ k
Cdeos’ N <Y 22y 4 s - 2 |<4sin T3z
cos 2(n+1)kz_:, K [;ﬂk k:oﬂk K+l kZ:(; k] Sin 2(n+1)kz_:, K
4sin’ n A < n A=A, ) <4cos’ 7y A
2(n+1)é X Z;(k ) 2(n+1)k2=:‘ “
whence follows the desired inequality. 0

Theorem 2.4. For each sequence of the real eigenvalues A,,...,4,,4,,,,0f graph G, the

following inequalities hold

-2
-2m cos— < z Ao S2M cos—— (6)
- r+1

where n=2-r—-q, 0<g<1 and r = {—1 +1. The equality in the left (right) side of this

2
M). The index i

inequality exists if and only if 4,,,, = 2si (k 1) (Aye; = (=1)2sin
r+

takes values i =1,2, k=0,l,...,r—2 and i=1,....2—q, for k=r—1.
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Proof. From

(B ) o
By Oy

where equality holds if and only if o, 4, £ S, 4,,, =0, we get:

ﬂﬂ'i +&ﬂ'i+2 2 i2ﬂ’kﬂ“k+2

n 2 n-2
Z(%+Bk-2 jﬁk >3 Piaye £23 Mo N-2>0
- k

where A,,, =4,,, =0.
By substituted o, = sin(k + 2)t and S, =sin2t, the last inequality becomes

n sin(k + 2)[ Sin(k - 2)t , n-2
kl( sint " sint = izkzzl: Ay

n -2
20082t) A 21D A Ay,
k=1

1

=}

~
Il

n n-2 n
—20082t) A > A Ay, < 2c082t) A
k=1 k=1

k=1 =
Since sin(n+2)t > 0, it follows that

T T

O<(n+2t<r=0<t< = = , 8
(n-+2) n+2 2-r-q+2 2(r+1)—q ®)
n-1
where Nn=2-r—q, 0<q<1, r:[T}Ll.
T
nN=2-r=tx< = cos2t = cos——
2r+2 r+1
N=2r-1=t<—" —=t=—"" = cos2t=cos——.
2r+1 2r+1 r+1
Substituting these values in the last inequality is obtained desired inequality. 0

The following Theorem is a generalization of Theorem 1 and Theorem 4.

Theorem 2.5. If 4,,...,4,,4,,,, are real eigenvalues of a graph G, then

s Mgl
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—Mm
7
—2mcos—gz om < 2Mcos——

r+1 4 r+1

)

where n=m-r—q, r= {n_—l} +1, 0 < g <m-—1.The equality in the right (left) side of this
m

(k+1)

inequality exists if and only if 4, = (- )k 'Vam 1
r+

km+i

i=1..,m—q, where K=r—1.

2
/gLMizﬁlhwn >0, m>1,
By oy

where equality holds if and only if a, 4, B, 4,., =0, we get:

Proof. From

Gy Pege spa

k+m = — k+m
k ay
" (o m
Z_k_i_ﬂk—myi_Zﬂk le >_+_2z/121k+m,
k=t\ Pk Hem k=t Xx_m

Z[ﬂ+ﬂkm JAi 212 > ﬂ’kﬂ”k-#m’ n-m>0,
k

where 4., =...=4,,, =0.

n+m

If , and B, are substituted by «, =sin(k + m)t and B, =sinkt, te (O,%} then (10)

becomes

k+m >

2“1(51 n(k +m)t sm(k—m)t iZiZf/lkl

= sint sint =

n n—-m
cosmtY A =+> A A
k=1

k=1

10

y— (— l)k 2m sin@). The index i takes values i =1,....m, for Kk =0,1,...,r
r+

-2 and

(10)

(11)
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In accordance with the requirement sin(n + m)t > 0, following inequality holds

V4 4 i
0 0<t = - .
,(n+m)t<7r, < <n+m m-r—q+m m(r+1)—q’ "

where N=m-r—q, 0<g<m-1.

Based on the property 0 < g <m-1, is valid , for each . From (12)

m(r +1) = m(r +1)-

maximum value for t is t = (7[ ) If we substitute t in (11) we obtain

m\r +

cosizn:li > inim/iklkm,
r+1i k=1
1e.
T n ) n—-m T n )
—cos— Y L, <> A A, <cos— > A, 13

r+kZ:1:k k:1kk+m r+lkZ:1:k ( )
whence follows the desired inequality. 0
If inequality (13), when m =1 is multiplied —2pq and term p 2/12 +q z&kﬂ, w1 =0,

is added to each part of the inequality, after arranging the followmg 1nequa11ty

n— 1

2m(p +q —2pchs—) —04.,) <2m[p2+q2+2pqcos%}

k=1

This inequality it is only equivalent form of the inequality (13) for the case m =1.

Theorem 2.6. Let n=2m, n>4 and 4,,...,4, are real eigenvalues of a graph G, when
Avk =4, K=1,...,m. Then

Zn:(kk Ay ) (sin2 2?n—sm —jZ(k + A0 ) +8m-sin’ 2£

k=1 n k=1 n

Equality holds if and only if 4, = \/2m(cos 2kz +sin 2kz + cos 4kz +sin 4kﬂ} k=1,..,m.
n n n n

Theorem 2.7. Let 4,,..., 4, are real eigenvalues of a graph G, n > 2. Then inequality

15°°>7"n

n— 1

IS (sm ——sin’ ijz (A4 + 2,1 ) +8m-sin’ 21
n

k= 1 2n AT n

11
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holds. Equality holds if and only if 4, = \/Zm(cos(zkz;l)ﬂ + cos(zkz;l)ﬂ), k=1,...,n.
n n
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