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Summary. In this paper we present the modifications of a discrete Opial type inequality 
applied to the eigenvalues of the graph G. We are going to derive a new proof of generalized 
inequalitiy  
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as well as its special case for 1m =  and ,2m =  whereby use of well-known inequality for 

real eigenvalues of the graph ,m2
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 where n is number of  vertexs, and m is number of 

edges of graph. This proofs are much simpler and shorter then the one given in [6]. In proofs 
starting from a classic inequality  
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where ( )n21 ,...,, ααα=α
r

 and ( )n21 ,...,, βββ=β
r

 are arbitry n-tuples of real numbers, where 
,0kk >βα  for each n,...,2,1k = and ( )n21 ,...,, λλλ=λ

r
 are eigenvalues of graph G. After 

transformation of this inequalities, depending on the appropriate choice of function kα  and 

kβ  obtained above inequalities for different angles. Using trigonometric transformations is 
obtained their equivalent form  
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It also enables to derive a number of other disrete inequalities related with it.   
 
 

1 INTRODUCTION 

In [6] Opial established the following integral inequality: 
Theorem 1.1. (see [6]) Suppose [ ]h,Cf 01∈  satisfies ( ) ( ) 00 == hff  and ( ) 0>xf  for all 

( ).h,x 0∈  Then the following integral inequality holds  
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where the constant 
4
h  is best possible.  

This inequality, its generalizations and modifications play a fundamental role in establishing 
the existence and  uniqueness of initial and boundary value problems for ordinary and partial 
differential equations, as well as difference equations. These inequalities are also important in 
solving the problems in polynomial theory, approximation theory, spectral graph theory, and 
technical applications.                  

 

2 MAIN RESULTS 
Let us prove the following theorem: 

Theorem 2.1. If ,,,...,, 110 +nn λλλλ  real eigenvalues of graph ( ),, EVG =  ,1>= nV   

,1>= mE ,010 == +nλλ  then inequality 
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holds. Equality in the left (right) side of inequality (3) holds if and only if 
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 ( )n21 ,...,, ααα=α
r

 and ( )n21 ,...,, βββ=β
r

 are arbitrary n-type 
of real numbers, whereby 0>kkβα  for all .,...,1 nk =  

From inequality 
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where equality holds if and only if 01 =± +kkkk λβλα , we get following inequality: 

1
2

1
2 2 ++ ±≥+ kkk

k

k
k

k

k λλλ
α
β

λ
β
α

 

∑∑
=

+
=

+ ±≥⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

n

k
kk

n

k
k

k

k
k

k

k

1
1

1

2
1

2 2 λλλ
α
βλ

β
α  

22
1

0

0
1

1
1

2

1 1

1 2 n
n

n
n

k
kkk

n

k k

k

k

k λ
β
α

λ
α
β

λλλ
α
β

β
α

++±≥⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ ∑∑

−

=
+

= −

−                                  (4) 

6



D. Jokanović, T. Mirković. 

where .01 =+nλ  

By introducing ( )tkk 1sin +=α  and ,sin ktk =β  inequality (4) becomes  
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the last inequality becomes  
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Depending on the choice of values kα  and ,kβ  as well as parameter m  in inequality (4), 
leads to discrete inequalities related inequality (1).  

 

Corollary 2.2. For real eigenvalues ,,...,,, 110 +nn λλλλ  010 == +nλλ  of graph G the 
imequalities 
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Proof. If we take in inequality (4) ( )( ) 1!1 −++= mkkα  and ( )( ) ,! 1−+= mkkβ   0≥m , we 
obtain 
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from which follows both inequalities.                                                                                         ◊
                 

 
 

Theorem 2.3. For each sequence of the real eigenvalues ,0,,...,,0 110 == +nn λλλλ of a graph 
,G  the following inequalities hold 
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Proof. From inequality (2) it follows that
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whence follows the desired inequality.                                                                                       ◊ 
 

Theorem 2.4. For each sequence of the real eigenvalues ,,,..., 11 +nn λλλ of graph ,G  the 
following inequalities hold
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Proof. From        
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Substituting these values in the last inequality is obtained desired inequality.                          ◊ 

 
The following Theorem is a generalization of Theorem 1 and Theorem 4.  
       

Theorem 2.5. If ,,,..., 11 +nn λλλ  are real eigenvalues of a graph ,G  then 
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In accordance with the requirement ( ) ,0sin ≥+ tmn  following inequality holds 
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Theorem 2.6. Let ,2mn =  4≥n  and nλλ ,...,1  are real eigenvalues of a graph ,G when 
,kkn λλ =+  .,...,1 mk =  Then 

( ) ( ) .
2

sin8sin2sin
1

22
1

22

1

2
1 ∑∑

=
−+

=
+

π
⋅+λ+λ⎟

⎠
⎞

⎜
⎝
⎛ π

−
π

≥λ−λ
n

k
knk

n

k
kk n

m
nn

 

Equality holds if and only if .,...,1,4sin4cos2sin2cos2 mk
n
k

n
k

n
k

n
kmk =⎟

⎠
⎞

⎜
⎝
⎛ +++=

ππππλ  

 

Theorem 2.7. Let nλλ ,...,1  are real eigenvalues of a graph ,G  .2≥n  Then inequality 

( ) ( )∑∑
=

−+

−

=
+ ⋅++⎟

⎠
⎞

⎜
⎝
⎛ −≥−

n

k
knk

n

k
kk n

m
nn 1

22
1

22
1

1

2
1 2

sin8
2

sinsin πλλππλλ  

11



D. Jokanović, T. Mirković. 

holds. Equality holds if and only if ( ) ( ) .,...,1,
2

12cos
2

12cos2 nk
n

k
n

kmk =⎟
⎠
⎞

⎜
⎝
⎛ −

+
−

=
ππλ  

 

REFERENCES 
[1] R.P.Agarwal, Difference equations and inequalities: Theory, methods and applications,  Taylor 
and Francis (2000). 
[2] R.P.Agarwal and P.Y.H.Pang, Opial inequalities with applications in differential and difference 
equations, Kluwer Academi Publ., Dorddrecht (1995). 
[3] G. V. Milovanović and I. Ž. Milovanović, “Some discrete inequalities of Opial’s  type”, Acta Sci. 
Math. (Szeged), 47, 413-417 (1984). 
[4] G. V. Milovanović and I. Ž. Milovanović, L. Z. Marinković, “Extremal problems for polynomials 
and their coefficients”, pp. 435-457 in “Topics in polynomials of one and several variables and their 
applications. Volume dedicated to memory of P.L. Chebyshev”, Ed. by Th. M. Rassias, H. M. 
Srivastava, A. Yanushauskas, World Scientific Publ., Com. Singapore (1993). 
[5] I. Ž. Milovanović, “An extremal problem for polznomials with a prescribed zero”, Proc. Meth. 
Soc., 97 (1), 105-106 (1986).  
[6] Z. OPIAL, “Sur une inégalité”, Ann. Polon. Math., 8, 29–32 (1960). 
[7] Z.-H. Znong and Z.-G.Xiao, “A simple new proof of Fan-Taussky-Todd inequalities”,      
Australian J. Math. Anal. Appl., 2, 1-5 (2005). 
 
 
Received Oktober, 5 2015. 
 
 

12




