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Summary. For given positive integers n and m, the harmonic numbers of order m are those 
rational numbers Hn,m defined as  
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= =∑  is the nth harmonic number. In [12] Z.W. Sun obtained 

basic congruences modulo a prime p > 3 for several sums involving harmonic numbers. 
Further generalizations and extensions of these congruences have been obtained by R. 
Tauraso in [16], by Z.W. Sun and L.L. Zhao in [14] and by R. Me_strovi_c in [6] and [7]. In 
this paper we prove that for each prime p > 3 and all integers m = 0, 1,…,p – 2 there holds 
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As an application, we determine the mod p3 congruences for the sums 1
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=∑  with 
r = 0, 1, 2, 3 and a prime p > 3. 
 
 
1 INTRODUCTION 
Given positive integers n and m, the harmonic numbers of order m are those rational numbers 
Hn,m defined as 
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2 ROMEO MEŠTROVIĆ AND MIOMIR ANDJIĆ

the nth harmonic number (in addition, we define H0 = 0).
Harmonic numbers play important roles in mathematics. Throughout this paper, for a

prime p and two reduced rational numbers a/b and c/d such that b and d are not divisible
by p, we write a/b ≡ c/d(mod ps) (with s ∈ N) to mean that ad− bc is divisible by ps.

In 2012 Z.W. Sun [12] investigated their arithmetic properties and obtained various
basic congruences modulo a prime p > 3 for several sums involving harmonic numbers. In
particular, Sun established the congruences

∑p−1
k=1(Hk)r (mod p4−r) for r = 1, 2, 3. Fur-

ther generalizations and extensions of these congruences have been obtained by R. Tauraso
in [16], by Z.W. Sun and L.L. Zhao [14] and by R. Meštrović in [6] and [7]. Furthermore,
Z.W. Sun [13] initiated and studied congruences involving both harmonic and Lucas se-
quences (especially, including Fibonacci numbers or Lucas numbers). Moreover, some
congruences involving multiple harmonic sums were established in [9], [18] and [19].

Recall that Bernoulli numbers B0, B1, B2, . . . are recursively given by

B0 = 1 and
n∑

k=0

(
n + 1

k

)
Bk = 0 (n = 1, 2, 3, . . .).

It is easy to find the values B0 = 1, B1 = −1
2
, B2 = 1

6
, B4 = − 1

30
, and Bn = 0 for odd

n ≥ 3. Furthermore, (−1)n−1B2n > 0 for all n ≥ 1. These and many other properties
can be found, for instance, in [3]. Recently, the first author of this paper in [6, Theorem
1.1] established the following six congruences involving harmonic numbers contained in
the following result.

Theorem 1.1 ([6, Theorem 1.1]). Let p > 5 be a prime, and let qp(2) = (2p−1 − 1)/p be
the Fermat quotient of p to base 2. Then

p−1∑
k=1

2kHk

k
≡ −qp(2)2 +

2

3
pqp(2)3 +

p

12
Bp−3 (mod p2), (1)

p−1∑
k=1

2kHk

k2
≡ −1

3
qp(2)3 +

23

24
Bp−3 (mod p), (2)

p−1∑
k=1

Hk

k2 · 2k
≡ 5

8
Bp−3 (mod p), (3)

p−1∑
k=1

2kH2
k

k
≡ −1

3
qp(2)3 +

11

24
Bp−3 (mod p), (4)

p−1∑
k=1

H2
k

k · 2k
≡ 7

8
Bp−3 (mod p) (5)

and
p−1∑
k=1

2kHk,2

k
≡ −1

3
qp(2)3 − 25

24
Bp−3 (mod p). (6)

In this paper we prove the following result.
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ROMEO MEŠTROVIĆ AND MIOMIR ANDJIĆ 3

Theorem 1.2. Let p > 3 be a prime. Then for each m = 0, 1, . . . , p− 2 there holds

p−1∑
k=m

(
k

m

)
Hk ≡

(−1)m

m + 1

(
1− pHm+1 +

p2

2
(H2

m+1 −Hm+1,2)

)
(mod p3). (7)

The particular cases of Theorem 1.2 yield the following result.

Corollary 1.3. Let p > 3 be a prime. Then

p−1∑
k=1

Hk ≡ 1− p (mod p3), (8)

p−1∑
k=1

kHk ≡ −
p2 − 3p + 2

4
(mod p3), (9)

p−1∑
k=1

k2Hk ≡
15p2 − 17p + 6

36
(mod p3), (10)

and
p−1∑
k=1

k3Hk ≡ −
21p2 − 10p

48
(mod p3), (11)

Reducing the modulus in congruences (8), (9), (10) and (11) of Corollary 1.3, immedi-
ately gives the following two corollaries.

Corollary 1.4. Let p > 3 be a prime. Then

p−1∑
k=1

Hk ≡ 1− p (mod p2), (12)

p−1∑
k=1

kHk ≡
3p− 2

4
, (mod p2), (13)

p−1∑
k=1

k2Hk ≡ −
17p− 6

36
(mod p2), (14)

and
p−1∑
k=1

k3Hk ≡
5p

24
(mod p2). (15)

Corollary 1.5. Let p > 3 be a prime. Then

p−1∑
k=1

Hk ≡ 1 (mod p), (16)

7

user
Stamp



4 ROMEO MEŠTROVIĆ AND MIOMIR ANDJIĆ

p−1∑
k=1

kHk ≡ −
1

2
(mod p), (17)

p−1∑
k=1

k2Hk ≡
1

6
(mod p), (18)

and

p−1∑
k=1

k3Hk ≡ 0 (mod p). (19)

Remark 1.5. Notice that the congruences (8) and (9) are proved by Z.W. Sun in [12, p.
419 and p. 417].

2 PROOF OF THEOREM 1.2 AND COROLLARY 1.3

For the proof of Theorem 1.2 we will need the following three auxiliary results.

Lemma 2.1 (see the identity (6.70) in [1]; also [11, p. 2]). If m and n are nonnegative
integers such that m ≤ n, then

n∑
k=m

(
k

m

)
Hk =

(
n + 1

m + 1

)(
Hn+1 −

1

m + 1

)
. (20)

The following result is well known as Wolstenholme’s theorem established in 1862 by
J. Wolstenholme [17].

Lemma 2.2 (see [17]; also [2], [5] and [10]). If p > 3 is a prime, then

Hp−1 ≡ 0 (mod p2). (21)

The following result is well known and elementary.

Lemma 2.3 (see, e.g., [12, Lemma 2.1 (2.2)]). If p ≥ 3 is a prime, then

(
p− 1

k

)
≡ (−1)k

(
1− pHk +

p2

2
(H2

k −Hk,2)

)
(mod p3), (22)

for each k = 0, 1, . . . , p− 1.
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ROMEO MEŠTROVIĆ AND MIOMIR ANDJIĆ 5

Proof of Theorem 1.2. Taking n = p − 1 into the identity (20) of Lemma 2.1 and using
the identities

(
p

m+1

)
= p

m+1

(
p−1
m

)
and

(
p

m+1

)
−
(
p−1
m

)
=
(
p−1
m+1

)
, we find that

p−1∑
k=m

(
k

m

)
Hk =

(
p

m + 1

)(
Hp −

1

m + 1

)
=

(
p

m + 1

)(
Hp−1 +

1

p
− 1

m + 1

)
=

(
p

m + 1

)
Hp−1 +

1

p

(
p

m + 1

)
− 1

m + 1

(
p

m + 1

)
(23)

=

(
p

m + 1

)
Hp−1 +

1

m + 1

(
p− 1

m

)
− 1

m + 1

(
p

m + 1

)
=

(
p

m + 1

)
Hp−1 −

1

m + 1

((
p

m + 1

)
−
(
p− 1

m

))
=

p

m + 1

(
p− 1

m

)
Hp−1 −

1

m + 1

(
p− 1

m + 1

)
.

Using the congruence (21) of Lemma 2.2 and the assumption 0 ≤ m ≤ p− 2, we obtain

p

m + 1

(
p− 1

m

)
Hp−1 ≡ 0 (mod p3). (24)

Furthermore, by the congruence (22) of Lemma 2.3, we have

−
(
p− 1

m + 1

)
≡ (−1)m

(
1− pHm+1 +

p2

2
(H2

m+1 −Hm+1,2)

)
(mod p3). (25)

Applying the congruences (24) and (25) to the right hand side of the identity (23), we
immediately get

p−1∑
k=m

(
k

m

)
Hk ≡

(−1)m

m + 1

(
1− pHm+1 +

p2

2
(H2

m+1 −Hm+1,2)

)
(mod p3). (26)

The congruence (26) is actually the congruence (7) of Theorem 1.2. This completes the
proof. �

Proof of Corollary 1.3. Taking m = 0 and m = 1 into the congruence (7) of Theorem 1.2,
we immediately give the congruences (8) and (9), respectively.

Taking m = 2 into the congruence (7), we find that

p−1∑
k=2

(
k

2

)
Hk ≡

1

3

(
1− 11p

6
+ p2

)
(mod p3),

which can be written as
p−1∑
k=2

k2Hk

2
−

p−1∑
k=2

kHk

2
≡ 1

3

(
1− 11p

6
+ p2

)
(mod p3). (27)
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6 ROMEO MEŠTROVIĆ AND MIOMIR ANDJIĆ

By using the congruences (27) and (9), we obtain

p−1∑
k=1

k2Hk ≡
p−1∑
k=1

kHk +
2

3

(
1− 11p

6
+ p2

)
(mod p3)

≡ −p2 − 3p + 2

4
+

2

3

(
1− 11p

6
+ p2

)
(mod p3)

=
15p2 − 17p + 6

36
(mod p3).

The above congruence is in fact the congruence (10) of Corollary 1.3.
Finally, in order to prove the congruence (11), we put m = 3 into the congruence (7).

This immediately yields
p−1∑
k=3

(
k

3

)
Hk ≡ −

1

4

(
1− 25p

12
+

35p2

24

)
(mod p3).

By substituting
(
k
3

)
= k3−3k2+2k

6
into above congruence, it can be written as

p−1∑
k=3

k3Hk

6
−

p−1∑
k=3

k2Hk

2
+

p−1∑
k=3

kHk

3
≡ −1

4

(
1− 25p

12
+

35p2

24

)
(mod p3). (28)

By using the congruences (28), (9) and (10), we have

p−1∑
k=1

k3Hk ≡ 3

p−1∑
k=1

k2Hk − 2

p−1∑
k=1

kHk −
3

2

(
1− 25p

12
+

35p2

24

)
(mod p3)

≡ 15p2 − 17p + 6

12
+

p2 − 3p + 2

2
− 35p2 − 50p + 24

16
(mod p3)

= −21p2 − 10p

48
(mod p3).

The above congruence coincides with the congruence (11) of Corollary 1.3, and thus, the
proof is completed. �

Remark 2.4. Of course, by applying the recursive method used in proof of Corollary 1.3,
it is possible to determine the expression for

∑p−1
k=1 k

mHk (mod p3) for each positive integer
m, where p > 3 is a prime. Furthermore, it is obvious that each of these congruences can
be written in the form

p−1∑
k=1

kmHk ≡ amp
2 + bmp + cm (mod p3),

where am, bm and cm are rational numbers depending on m whose denominators are not
divisible by p.
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Summary. The paper deals with a phenomenological model of the developed turbulence in a 
compressible homogeneous medium with an account for nonlinear cooperative processes. The 
bottom line is representation of turbulized fluid motion as a thermodynamic system consisting 
of two continua, the subsystem of averaged motion and the subsystem of turbulent chaos, the 
latter addressing as conglomerate of vortex structures of various spatiotemporal scales. We 
develop the ideas of a stationary non-equilibrium state of the dissipative active subsystem of 
turbulent chaos that emerges due to influx of negentropy from external medium (the subsys-
tem of averaged motion) and the appearance of relatively stable coherent vortex structures in 
the system when the flow control parameters are varied. This allows us to consider some of 
the turbulent field rearrangements as self-organization processes in an open system. Methods 
of the stochastic theory of irreversible processes and extended irreversible thermodynamics 
are used to derive the defining relations for the turbulent fluxes and forces to close the system 
of averaged hydrodynamic equations and describe the transport and self-organization process-
es in the stationary non-equilibrium case sufficiently to be used in some practical applications. 
 
1 INTRODUCTION 
 

Turbulence is regarded as the most common type of fluid motion in nature. Traditionally, it 
was mainly represented as a fine-grained fluctuating continuum in a state of total stochastic 
chaos. However, a different viewpoint on turbulence that was probably first put forward ex-
plicitly by Prigogine1 is also admissible. According to this approach, a real turbulent fluid 
flow is a less-random and macroscopically more organized process than it seems at the first 
glance: transition from a laminar flow to a turbulent one is regarded as the process of self-
organization whereby part of the energy of turbulent chaos corresponding to small-scale fluc-
tuations of thermo-hydrodynamic fluid parameters passes into a macroscopically organized 
motion of vortex coherent structures (CSs). This increases the internal order of the turbulized 
hydrodynamic system compared to molecular chaos (laminar fluid motion). In particular, the 
cascade fragmentation of vortices in fully developed turbulence can also be interpreted as an 
unbounded sequence of self-organization processes. In this case, the set of spatiotemporal 
scales on which such a process unfolds corresponds to a coherent behavior of an enormous 
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number of particles exhibited in the formation of relatively stable mesoscale super-molecular 
structures (when molecules are involved in collective, coordinated, and interrelated motions 
corresponding to different-scale vortices continuously distributed in a real fluid flow). This 
change of the view on turbulence is clearly expressed in Prigogine’s utterance2, who “could 
predict thirty years ago that non-equilibrium leads to self-organization in the form in which 
we observe it in hydrodynamic instabilities like Bernard cells.” 

As has now become clear, the presence of relatively large coherent vortex structures (tur-
bulent filaments, rings, vortex spirals, etc.) randomly distributed in space and time is a charac-
teristic feature of many, if not all, developed turbulent flows3-6. According to the latest view-
points7, hydrodynamic turbulence, which is among the most complex dynamical phenomena, 
is related, in particular, to the formation and development of an enormous number of orga-
nized dissipative vortex structures with various spatiotemporal scales under certain fluid flow 
conditions in an essentially non-equilibrium open system. For instance, the self-organization 
processes against the background of a chaotic fluctuating motion of cosmic matter appear to 
be the most important mechanism that form the peculiar features in astro- and geophysical 
objects at various stages of their evolution, including  formation of galaxies and galaxy clus-
ters, birth of stars from the diffuse medium of gas-dust molecular clouds, formation of 
protoplanetary disks and subsequent accumulation of planetary systems, formation of plane-
tary and cometary gaseous envelopes (atmospheres), and the  different-scale flows in atmos-
pheres and circumplanetary plasma environment, just to mention a few. 

Based on the currently available experimental data8 where a comprehensive overview of 
the relevant publications is contained), a coherent vortex structure can be defined as a con-
nected, liquid mass with phase-correlated (i.e., coherent) vortices in the entire region of coor-
dinate space occupied by the structure. In the last decade, a large number of various CSs have 
been discovered and their topological properties firmly established owing to progress 
achieved in developing the technique for a visual observation of turbulized fluid flows. As 
examples, we could mention such CSs as vortex filaments, Taylor vortices, turbulent spots, 
vortex balls, hairpin-like vortices, burstings, vortex spirals, streaks, Brawn–Thomas struc-
tures, and mushroom-shaped vortices. The frequency of occurrence of a particular structure 
depends on the type of flow (a boundary layer, a mixing layer, a jet, etc.) and on the geometry 
and regime of turbulized fluid motion. As a rule, such vortex structures are localized in space 
and do not overlap and therefore, they can often be considered as lumped objects–clusters.  
Their mean free paths is much larger than their own sizes. By definition, the characteristic CS 
size is the largest spatial scale l on which coherent vorticity exists; the latest results show that 
l can be much smaller than the characteristic hydrodynamic flow scale L  but larger than the 
Kolmogorov scale η , i.e., it can lie in the inertial range of scales, l Lη < << . Due to the inter-
action of individual CSs (e.g., according to the Biot–Savart law in the case of two simple vor-
tices), which generally is essentially nonlinear, they combine or break up, i.e., a new single 
structure (e.g., a spiral vortex) or adjacent similar structures (rings, balls, etc.) set up, which 
can be connected by ropes – the regions of low coherent vorticity. Below, we will proceed 
from the idea that the mesoscale spatiotemporal CSs are random in all range of the parameters 
used for their description. 

Unfortunately, a direct numerical simulation of the developed turbulent motion based on 
exact (instantaneous) hydrodynamic equations encounters great mathematical difficulties, 
while constructing a full-blown hydromechanics theory of structured turbulence is hardly pos-
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sible because mechanisms of the formation, interaction, and evolution of different-scale vor-
tex structures are extremely complex. For this reason, the development of new model ap-
proaches (including phenomenological ones) to describing fully developed turbulence, the 
introduction of additional internal parameters of a medium (including those characterizing 
small-scale flow structures), the introduction of universal laws and special relations supple-
menting the known mass, energy, and momentum conservation laws equations are required. 
Basically, while semiempirical modeling of the structured turbulence is idealized description 
of a real fluid flow, such an approach is inevitable in order to preserve the main features of the 
most important hydrodynamic effects and minimize computational efforts.  

Hence, to construct an adequate model of “highly organized” turbulent flow, it is generally 
necessary to incorporate relatively large dissipative coherent structures, along with fine-
grained patterns of fluctuating field of thermo-hydrodynamic flow parameters. They should 
be taken into account when modeling both the process of yet non-turbulized surrounding fluid 
transfer into turbulized motion and the fully developed turbulent mass, momentum, and heat 
transport processes. In other words, any efficient continuum model of turbulence cannot be 
constructed without including explicitly enough spatiotemporal coherent structures and with-
out describing them by some internal state parameters of fluctuating flow. According to 
Frisch9, such regular vortex structures are, in a sense, the “sinews” of turbulence. Consequent-
ly, the true possibilities to overcome efficiently various mechanical and mathematical prob-
lems when dealing with their formulations and numerical implementations become open up 
only  in turbulence  modeling with an account of its internal structurization10-13. 

The phenomenon of structured turbulence is rooted in the order–chaos relationship in 
turbulized fluid flows. Different complex patterns in the behavior of open fluctuating hydro-
dynamic systems form spatiotemporal vortex structures with no specific impact from outside 
through self-organization, i.e., establish “order through fluctuations” far from local thermody-
namic equilibrium. Unfortunately, although more than 30 years has elapsed since the under-
standing of the synergetic nature of turbulence as a self-organization process, the views of 
dissipative coherent structures emerging in a flow have not yet been implemented into devel-
opment of model approaches aimed at creating practical (engineering) methods of turbulence 
calculation based, as a rule, on hydrodynamic equations. At the same time, extending the for-
malism of non-equilibrium thermodynamics to media with excited internal degrees of free-
dom of macromolecules (which can be described by additional parameters characterizing the 
internal microstructure of the medium) probably allows us to extend this approach to model-
ing the cascade transport of kinetic energy by vortices of various sizes formed by their suc-
cessive fragmentation in the developed turbulent flow. 

Here we consider a synergetic approach to the phenomenological modeling the developed 
turbulence in a compressible homogeneous fluid with an account for the nonlinear coopera-
tive processes. The goal of this study is an attempt to construct a phenomenological hydrody-
namic model of stationary non-equilibrium turbulence using the methods of extended irre-
versible thermodynamics with internal variables14,15 and statistical thermodynamics of irre-
versible processes16,17. It turned out very efficient in the study of different physical problems, 
by taking into account the nonlinear cooperative processes in them giving rise to various non-
equilibrium dissipative vortex structures far from thermodynamic equilibrium18. In other 
words, we will attempt to obtain in phenomenological way a closed system of averaged hy-
drodynamic equations which would described self-consistently the various turbulent transport 
and self-organization processes. In this approach, the vortex CSs belonging to the strongly 
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localized regions of small-scale motion of the subsystem of turbulent chaos should be taken 
into account both at the stage of laminar flow turbulization due to the development of a hier-
archy of some type instabilities (e.g., the Kelvin–Helmholtz instability in free shear flows — 
in mixing layers, jets, wakes, etc., or the Taylor–Gertler instability in the sublayer of a turbu-
lent boundary layer where longitudinal vortices can appear in near-wall layers) and at the 
stage of developed turbulence given all possible resonant situations associated, for example, 
with the synchronization of small-scale vorticity in a strongly turbulized fluid flow. Herewith, 
by the synchronization of regular and chaotic (stochastic) oscillations we mean the establish-
ment of some relations between the characteristic frequencies and phases of self-oscillating 
systems as a result of their mutual influence. 

We will also discuss the synergetic approach to constructing a phenomenological model of 
the developed turbulence in a compressible homogeneous fluid by taking into account the 
nonlinear cooperative processes. Including a set of random variables in the model as the in-
ternal parameters of the subsystem of turbulent chaos related to its microstructure allows us in 
this case to derive the Fokker–Planck–Kolmogorov (FPK) kinetic equations in configuration 
space by thermodynamic methods. These equations are designed to determine the temporal 
evolution of the conditional probability density for the random structural parameters of chaos 
(referring, in particular, to the cascade fragmentation of large-scale vortices or temperature 
inhomogeneities). They will be also used to analyze the Markovian stochastic processes of the 
transition from one quasi-non-equilibrium state of turbulent chaos to another through a suc-
cessive loss of fluid flow stability when varying the corresponding control parameters. As it 
will be shown, stabilization of the subsystem of chaos near a subsequent stationary-non-
equilibrium state in configuration space corresponds to the transition of turbulized system to a 
new state appropriate to the formation of complex spatiotemporal CSs in a turbulized flow. 

 
2 SYSTEM OF HYDRODYNAMIC EQUATIONS OF THE MEAN MOTION 
FOR A SINGLE-COMPONENT COMPRESSIBLE FLUID 
 

Developed turbulence is known to be realized at the finite but fairly large Reynolds num-
ber and is characterized by continuous Fourier spectra (both temporal and spatial ones) sug-
gesting an existence of multiscale structure in the field of hydro-thermodynamic parameters. 
Basically, multiscale structure of a fluid flow when an enormous number of degrees of free-
dom are excited is a key signature of the developed turbulence. Therefore, any model ap-
proach to describing fully developed turbulence is regarded as one or another way of limiting 
the degrees of freedom.  

In this study, when phenomenologically constructing the model of structured turbulence 
(aimed at describing “regular” fields of hydro-thermodynamic parameters), we will represent 
a moving fluctuating fluid as a hydro-thermodynamic system consisting of two interrelated 
continua (subsystems) that simultaneously fill the same volume of coordinate space continu-
ously − the subsystem of averaged motion and the subsystem of turbulent spatiotemporal cha-
os19-21. The continuum of averaged motion obtained by the probability-theoretical averaging 
of the instantaneous hydrodynamic equations for a fluid is designed mainly to investigate the 
evolution of the averaged fields of hydro-thermodynamic parameters (including the descrip-
tion of large vortex structures). In turn, the subsystem of turbulent chaos (turbulent “super-
structure”) consists of two components (phases): proper turbulent chaos (the so-called inco-
herent turbulence) associated with the stochastic small-scale fluctuating motion of a 
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turbulized fluid, and a coherent component associated with mesoscale vortex structures in a 
turbulized fluid flow embedded in this almost uniform (fine-grained) fluctuating field of t  
hydro-thermodynamic parameters and generally having the topology of a fractal set. In the 
thermodynamic description of the subsystem of turbulent chaos, we will include the set of in-
ternal coordinates that ultimately correspond to excited macroscopic degrees of freedom of a 
turbulized fluid. This makes it possible to use the generalized Onsager formalism when mod-
eling the processes of turbulent transport and kinetics in the total continuum. In the case under 
consideration, this theory describes not only the linear relaxation of the averaged extensive 
thermodynamic parameters to their stationary values but also the behavior of the turbulent 
fluctuations in the neighborhood of stationary non-equilibrium states of chaos17. By applying 
the well-known extension of the formalism of non-equilibrium thermodynamics to systems 
with internal degrees of freedom22, we can obtain the FPK kinetic equations for the distribu-
tion functions of the characteristic parameters of small-scale turbulence and on their basis to 
model the Richardson–Kolmogorov cascade process.  

It should be noted that our separation of a real fluctuating fluid flow into imaginary (aver-
aged and turbulent) ones, in general, depends on the choice of the spatiotemporal region for 
which the mean values of the local physical variables that are continuous functions of the co-
ordinates r  and time t  have been established, i.e., to some extent, it is arbitrary. Below, we 
will assume the hydrodynamic scale of averaged motion L  (the Obukhov23,24 scale of obser-
vation or the resolution step of the finite-difference grid) lying in the inertial range 
η < Λ << L and determined by the size dr ~ Λ3 of the averaging region G  to be such that the 
subsystem of turbulent chaos contains the entire set of mesoscale CSs whose size is smaller 
than the averaging region, l < Λ . Here, 3 1/4( / )bη = ν ε is the Kolmogorov length scale that 
characterizes the effect of viscous dissipation on the structure of small-scale turbulence; L  is 
the external or integral scale of turbulence characterizing its generation mechanism; bε  is a 
key parameter of the Richardson–Kolmogorov cascade vortex fragmentation process that is 
the mean dissipation rate of turbulent energy per unit fluid mass per unit time and simultane-
ously (under quasi-equilibrium conditions) the transfer rate of the kinetic energy of fluctuat-
ing motion over the hierarchy of vortices. According to the existing estimates, for the aver-
aged flow to contain the bulk (80 or 90 %) of the total energy of a turbulized flow, the averag-
ing scale Λ  must be smaller than the integral turbulence scale L  by a factor of 10–20. Note 
that the specificity of the two-phase structure of turbulent chaos manifests itself in the addi-
tional turbulent momentum and energy transport by vortex coherent structures. This slightly 
modifies the known closure models (defining relations) and necessitates refining the effective 
(given the presence of CSs in the flow) turbulent viscosity and thermal conductivity coeffi-
cients. 

We will follow the classical approach to the phenomenology of fully developed turbulence. 
It is based on Reynolds’ idea of averaging the instantaneous equations of fluid motion for 
fluctuating hydro-thermodynamic parameters over space and/or time or through a different 
equivalent procedure, for example, through the probability-theoretical averaging over an en-
semble of statistically similar hydrodynamic systems under identical external conditions 
adopted in statistical hydrodynamics25. Under the standard in statistical physics assumption 
about the system’s ergodicity, when the time (space) average of any physical variable can be 
identified with its probability-theoretic average, these averaging’s filter out the modes of mo-
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tion whose scale is smaller than the spatiotemporal averaging interval. These small-scale fluc-
tuating motions excluded in the averaging process are assumed to contribute to the turbulent 
fluid motion determined by the fluctuations of hydrodynamic parameters with respect to the 
corresponding average values. Actually, it is this small-scale turbulent motion that is modeled 
below by the subsystem of turbulent chaos. 

It is important to notice that the averaging problem is a central one in the mechanics of 
natural media. In the case of such a complex system as structured turbulence, the construction 
of its macroscopic model itself often depends precisely on the averaging method. Bearing in 
mind the various applications of the turbulence model being developed, in particular, to astro-
physical phenomena in which the ratio of the characteristic fluid velocity to the average speed 
of sound (a measure of significance of the fluid density fluctuations) is much greater than uni-
ty, we will assume the system’s mass density ( , )tρ r  to be variable. As is known, the averag-
ing’s in classical theories of turbulence with a constant mass density usually for all physical 
parameters of the medium without exception are introduced in some identical way, as a rule, 
without any weight coefficients. At the same time, such an identical averaging for all physical 
parameters in the case of a fluid with a variable mass density leads not only to cumbersome 
hydrodynamic equations of mean motion but also to difficulties in the physical interpretation 
of some individual terms in them. Therefore, when constructing a phenomenological model of 
structured turbulence in a compressible medium, in addition to the “ordinary” means ( , )f tr of 

some hydro-thermodynamic variables ( , )f tr  (e.g., the density or pressure), we will also use 
the Favre means26 for some other parameters ( , )g tr  (e.g., the temperature or hydrodynamic 
velocity) specified by the relation 

 

[ ] [ ] [ ]

1 1

1 1( , ) ( , ) / lim / lim
M M

p p p
M Mp p

g t g t g
M M→∞ →∞= =

〈 〉 = ρ ρ = ρ ρ∑ ∑r r  .                       (1) 

 
Here, the summation is over the set of possible realizations [ ] (1 [ ] )p p M≤ ≤  [or a stochas-

tic hydrodynamic system; ( , )f t f f ′= +r , ( , )g t g g′′= 〈 〉 +r , where g′′ and f ′ are the corre-

sponding turbulent fluctuation, with 0g′′ ≠ and 0f ′ = . Below, unless stated otherwise, the 
letter in angle brackets will denote the weighted-mean averaging of the corresponding physi-
cal quantity. Let us write out here the properties of the weighted-mean averaging of physical 
quantities that are often used in this paper: 
 

gf g f g f′′ ′′ρ = ρ〈 〉〈 〉 + ρ ,    0g′′ρ = ,    /g g′′ ′ ′′= −ρ ρ , 
 

( ) turb
f

f f f f D ff
t t Dt
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(..) (..) (..)D
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∂ ∂
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∂ ∂
u

r
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Here, the turbulent flux of an attribute ( , )f tr  is denoted by 
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( , )turb
f t f f′′ ′′ ′′ ′′≡ ρ = ρ〈 〉J r u u . 

 
These relations can be easily derived from definition (1) and the Reynolds averaging pos-

tulates. 
The system of exact hydrodynamic equations of mean motion for a single component 

compressible fluid obtained by the probability-theoretical averaging of the corresponding in-
stantaneous hydrodynamic equations which is valid on the microscale is as follows: 

 

D v div
Dt
〈 〉

ρ = 〈 〉u ,   ( 1/v〈 〉 = ρ ),                                                   (2) 

 

pD
Dt

Σ∂〈 〉 ∂⎛ ⎞
ρ = − + ⋅ + ρ⎜ ⎟∂ ∂⎝ ⎠

u Р F
r r

,                                              (3) 

 

( ) :turbD E div p pdiv
Dt

∂〈 〉⎛ ⎞〈 〉 ′ ′′ρ = − + − − 〈 〉 + −⎜ ⎟∂⎝ ⎠

uq q u u Р
r

 

turb
v b

pp div ∂⎛ ⎞′ ′′− + ⋅ + ρ〈ε 〉⎜ ⎟∂⎝ ⎠
u J

r
,                                                 (4) 

 

.p T= ρ 〈 〉R                                                             (5)  
 

Here, ( , )tu r ; ( , )p tr , ( , )v tr ; ( , )E tr are, respectively, the instantaneous values of the hy-
drodynamic velocity, pressure, specific volume ( 1/v = ρ ), and specific internal energy for a 

fluid particle; /〈 〉 = ρ ρu u  is the Favre-averaged hydrodynamic velocity of the medium; 
(..) / (..) / (..) /D Dt t= ∂ ∂ + 〈 〉 ⋅ ∂ ∂u r  is the total time derivative relative to the averaged veloci-

ty field; ( , )p tr is the average pressure; R  is the gas constant; ( , )tF r  is the external force act-
ing on a unit mass (in this section, we neglect the fluctuations in mass force); 

( , ) ( , ) ( , )t t tΣ = +Р r Р r R r  is the total stress tensor in a turbulent flow; ( , )tР r  is the average 

molecular viscous stress tensor; ( , )t ′′ ′′≡ −ρR r u u  is the turbulent (Reynolds) stress tensor; 

( , )tq r  is the average molecular heat flux; ( , )turb t H′′ ′′= ρq r u and ( , ) /turb
v t ′ ′′= −ρ ρJ r u  are, 

respectively, the turbulent heat and specific volume fluxes (here, we use the relation 
/v′′ ′ρ = −ρ ρ ; ( , ) /H t E p= + ρr  is the instantaneous value of the specific fluid enthalpy; 

( , ) / ( : / ) /b bt ′′〈ε 〉 ≡ ρε ρ = ∂ ∂ ρr Р u r  is the weighted-mean value of the specific dissipation 
rate of turbulent kinetic energy into heat due to molecular viscosity ν . 

It can be seen from the system of equations (2)–(5) that the averaged motion of a 
turbulized homogeneous fluid is characterized by: 1) the average molecular thermodynamic 
fluxes ( , )tq r  and ( , )tР r  for which the corresponding defining relations are needed (they are 
derived for a turbulized medium using the thermodynamic approach, for example27); and 2) 
the as yet indefinite mixed one-point one-time correlations (second-order moments) ( , )tR r , 
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( , )turb tq r , and ( , )turb
v tJ r  , which represent the so-called turbulent fluxes of the fluid charac-

teristics related to the fluctuations of  hydro-thermodynamic parameters. The correlation 
terms including pressure fluctuations p div′ ′′u  and ( )div p′ ′′u  as well as the weighted-mean 
viscous dissipation rate of turbulent energy b〈ε 〉  should also be determined. When the model 
of developed turbulence is constructed phenomenologically, the defining (constitutive) rela-
tions closing the system (2)–(5) can be established by the same method as in the laminar case, 
i.e., in accordance with the thermodynamic rules of continuum mechanics by the Onsager 
method. However, the additional basic idea that the corresponding thermodynamic forces are 
also responsible for the linear relaxation of the fluctuating characteristics of turbulized chaos 
to its stable stationary non-equilibrium state17 will be further used as well. 

 
3 THERMODYNAMICS OF THE STRUCTURED TURBULENCE.  
INTERNAL FLUCTUATING COORDINATES OF THE SUBSYSTEM OF TURBU-
LENT CHAOS 
 

An important task we face is to suggest a concept that would allow us to go beyond the 
classical formalism of irreversible thermodynamics. This goal can be achieved by expanding 
the space of independent basic variables by introducing the internal coordinates defining the 
microstructure of the subsystem of turbulent chaos. The subsequent step involves finding the 
evolutionary equations for these additional state parameters. 

Within the framework of the complete model of structured turbulence, the system of equa-
tions (2)–(5) obtained by the probability-theoretical averaging of the instantaneous hydrody-
namic equations for a single-component fluid is designed to study the spatiotemporal evolu-
tion of the averaged fields of hydrodynamic quantities, including various large vortex struc-
tures. Following Prigogine’s viewpoint on hydrodynamic turbulence as a macroscopically 
highly organized flow we will address the subsystem of turbulent (vortex) chaos as a continu-
um with a certain internal microstructure. Moreover, recalling the above said, we will assume 
that the vortex continuum consists of two components: proper turbulent chaos (the so called 
incoherent turbulence) associated with the stochastic small-scale fluctuating motion of a 
turbulized fluid, and a coherent component embedded in this almost uniform fluctuating field 
of hydrodynamic parameters. The latter component is an ensemble of mesoscale vortex struc-
tures (multi-molecular structures) whose images in the phase space of an equivalent dynam-
ical system are classical attractors (e.g., limit cycles) or strange attractors (having a fractal 
structure). Each of these two subsystems is thermodynamically open, i.e., capable to exchange 
energy and entropy (but not mass) with the adjacent subsystem. We also assume the hydrody-
namic velocity fields for the subsystems of averaged motion and turbulent chaos to be coinci-
dent, because no separation of the corresponding Lagrangian volumes (diffusion effect) oc-
curs in the process of a real turbulent fluid motion, i.e. the subsystem of turbulent chaos has 
no macroscopic hydrodynamic velocity relative to the subsystem of averaged motion. Let us 
note that a different approach to modeling structured turbulence associated, in particular, with 
the triple decomposition of the instantaneous motion of a fluid into an averaged motion and 
coherent and incoherent fluctuations is also known. The hydrodynamic equations with double 
averaging over time and over a specially chosen ensemble determined by some features char-
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acteristic of CSs, serve as a basis for such models. However, this procedure encounters some 
internal inconsistencies8. 

It should be emphasized once again that our artificial separation of a real turbulized fluid 
flow into imaginary averaged and turbulent (vortex, fluctuating) ones is just a way of pictori-
ally describing the phenomenon to be convenient for modeling. For any elementary volume 
dr  of the medium in each of these subsystems, we determine local “coarse-grained” thermo-
dynamic parameters (which are continuous functions of the coordinates r and time t ), such as 
density, pressure, temperature, internal energy, and entropyi.  Furthermore, we additionally 
characterize the subsystem of turbulent chaos by a number of internal coordinates that are ul-
timately related to its microstructure. Note that such primary concepts as the generalized tem-
perature and entropy of the subsystem of turbulent chaos have no precise physical interpreta-
tion and they are introduced only to ensure coherence of the theory15. 

It is also assumed that the generalized thermodynamic state parameters characterizing the 
stationary non-equilibrium vortex structure of turbulent chaos are related by ordinary relations 
in the local equilibrium thermodynamics such as the Gibbs and Gibbs–Dugham relations. 
They serve exclusively as a constraint on the form of the derived defining (constitutive) rela-
tions. In other words, such identities also remain valid far from local thermodynamic equilib-
rium of the subsystem of chaos provided that chaos is in a stable stationary non-equilibrium 
state choosing as a reference one. This fundamental assumption is a kind of new postulate22 
underlying the thermodynamic approach to description of the fully developed turbulence. One 
should be aware that since the energy of turbulent motions continuously dissipates due to mo-
lecular viscosity, it is impossible to reach the situation when the subsystem of turbulent chaos 
comes to a local statistically equilibrium state in principle. At the same time, for a stationary 
turbulized fluid flow, where the viscous energy dissipation is, on average, compensated for by 
the energy from the external source on a long time scale, the stationary non-equilibrium 
transport processes in the subsystem of turbulent chaos are affordable and do not differ much 
in physical sense from the local equilibrium processes in a dissipative system. Let us note that 
in the case under consideration, the H-theorem is valid since any initial state of turbulent cha-
os approaches a stationary non-equilibrium state in sufficiently long time. 

In constructing our turbulence model, key concept of the Kolmogorov28 theory was used. 
In the limit of very large 0 /Lu= νRe  and Peclet 0 /T TL u= χPe  numbers corresponding to 
large-scale motions in anisotropic, inhomogeneity, and non-stationary averaged flow, the ran-
domness of the fragmentation of vortices (or macrostructural temperature inhomogeneities) 
and the chaoticity of their energy transfer over the cascade downward are assumed to cause 
the statistical regime of turbulent fluctuations within the small spatiotemporal averaging re-
gion G  of the instantaneous values of hydrodynamic parameters to be almost locally iso-
tropic−homogeneous, isotropic, and quasi-stationary. This allows us to varying only with con-
trol parameters and primarily with the Reynolds number Re  which eventually determines the 
number of cascades in the hierarchy of vortices of various order. Basically, there can be no 

                                                 
i In this connection, it is pertinent to recall the following: according to Onsager29, the methods of 

statistical mechanics can be used to describe turbulent chaos in which different-scale vortices are well 
mixed and, hence, the methods of statistical thermodynamics of irreversible processes are also appli-
cable. 
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complete local isotropy due to the presence of mesoscale vortex structures. Here, 0u and 0Tu  
are typical changes in the mean velocity at distances ~ L and TL , respectively; χ  and ν  are 
the molecular thermal diffusivity and kinematic viscosity, respectively; TL  is the distance at 
which the mean temperature changes noticeably. It is also assumed, for simplicity, that the 
Prandtl number /= ν χPr  is of the order of unity and TL L≈ ; in this case, boundaries of the 
inertial and convective ranges within which the molecular viscosity and molecular heat con-
duction effects are significant may be considered to be coincident. 

Let us now use the methods of extended irreversible thermodynamics15 and non-
equilibrium statistical thermodynamics17 to obtain the defining (closing) relations for the 
thermodynamic fluxes and forces that describe the various turbulent transport processes in 
coordinate space and self-organization processes in phase space with an efficiency sufficient 
for practical purposes. 
 
3.1 Thermodynamics of the Subsystem of Averaged Motion 
 

We will begin by analyzing the balance equations for the average entropy ( , )S t〈 〉 r of a 
turbulized homogeneous fluid. The probability-theoretical averaging of the Gibbs identity, 
which is assumed to be valid for micromotions 
 

T S E p vδ = δ − δ , 
 

where ( , )T tr , ( , )S tr are the instantaneous values of the absolute temperature and specific en-
tropy in a fluid particle, respectively, leads to the fundamental Gibbs identity for the subsys-
tem  of averaged motion. This identity written along the averaged trajectory of the center of 
mass of a physically elementary volume dr  takes the form 
 

1 pD S D E D v
Dt T Dt T Dt
〈 〉 〈 〉 〈 〉

= +
〈 〉 〈 〉

. (6) 

 
Identity (6) can be rewritten in the form of a local balance equation for the system’s aver-

age entropy ( , )S t〈 〉 r if we eliminate the substantial time derivatives of the parameters 
( , )E t〈 〉 r and ( , )v t〈 〉 r from it using the averaged hydrodynamic equations (2) and (4). This re-

sults in 

( ) ( )i e
S S S

D S div
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Σ

〈 〉 〈 〉 〈 〉
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( )

1( , )e turb
S v b

pt p div
T T〈 〉

⎧ ⎫∂ ℑ⎛ ⎞′ ′′σ ≡ − + ⋅ + ρ〈ε 〉 ≡⎨ ⎬⎜ ⎟〈 〉 ∂ 〈 〉⎝ ⎠⎩ ⎭
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r
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Here, ( , )s tР r is the (average) shear rate tensor and 1
3( , ) :tπ ≡r Р I is the average viscous 

pressure. The positive quantity ( ) ( , )i
S t〈 〉σ r defines the local production rate of the system’s av-

erage entropy ( , )S t〈 〉 r due to dissipative transport processes inside the subsystem of averaged 

fluid motion; as will be seen from the subsequent analysis, the quantity ( ) ( , ) /e
S t T〈 〉σ ≡ ℑ 〈 〉r  

(the entropy sink or source) reflects the entropy exchange between the subsystems of turbu-
lent chaos and averaged motion. It is important to note that the quantity ( ) ( , )e

S t〈 〉σ r can be differ-
ent in sign depending on the specific regime of fluid motion. Indeed, the turbulent energy dis-
sipation rate ( , )b t〈ε 〉 r is always positive quantity. However, the energy transition rate p div′ ′′u  
(the work done on turbulent vortices by the environment per unit time per unit volume due to 
pressure fluctuations and the expansion ( 0div ′′ >u ) or compression ( 0div ′′ <u ) of turbulent 
vortices) can be different in sign. The ( ) ( / )turb

v p⋅ ∂ ∂J r is positive for small-scale turbulence, 
but it can be both positive and negative for large-scale and mesoscale vortices11. Thus, it fol-
lows from (7) that, generally, the average entropy of a turbulized medium ( , )S t〈 〉 r  can both 
increase and decrease. This is a characteristic feature of any thermodynamically open sys-
tems. 

This implies that there is some internal openness in an externally closed turbulized system 
modeled by two continua. It stems from the fact that the averaged motion of a turbulized fluid 
is described only by one of the two continua. At the same time, each physically infinitesimal 
volume element dr ~ 3Λ  (where Λ  is the averaging scale) of the medium is still assumed to 
be so large that the additional information about the pattern of the fluctuating motion (turbu-
lent superstructure) on scales smaller than or equal to the size of a “mathematical point” can 
be taken into account in the model. Hence it follows, in particular, that the average entropy 
alone is clearly not enough for an adequate description of all features of structured turbulence 
because this quantity is not related to any parameters characterizing the internal structure and 
thermodynamics of the subsystem of turbulent chaos and, in particular, to such a key parame-
ter of the theory as the turbulence energy (the average fluctuation kinetic energy per unit mass 
of the medium) 

2( , ) ( ) / 2b t ′′〈 〉 = ρ ρr u . (10) 
 

For this reason, to macroscopically describe structured turbulence and, in particular, the 
cascade transport of turbulent energy by vortices of various scales (downward over the range 
of sizes), we will use a well-known generalization of the formalism of irreversible thermody-
namics to media with an internal structure by introducing for this purpose generalized exten-
sive thermodynamic parameters (internal energy ( , )turbE tr , generalized chemical potentials 
( , , )tμ q r , etc.) of the subsystem of turbulent chaos related to the fluctuating fluid motion30 
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and the so-called internal coordinates corresponding to the system’s microstructure. In other 
words, we will proceed just as has long been done in non-equilibrium thermodynamics, for 
example, in order to take into account various transformations in the internal degrees of free-
dom of molecules, in particular, to take into account the orientation of polar molecules rela-
tive to the external electric fieldii when the formalism of a generalized chemical potential 
equal to the standard chemical potential and the field term dependent on the internal coordi-
nate ϑ  is used22. 
 
3.2 Internal Coordinates of the Subsystem of Turbulent Chaos 
 

Thus, when modeling the stochastic system corresponding to the subsystem of turbulent 
chaos, we use the formalism of generalized statistical thermodynamics16,17. It suggests the 
study of a statistical ensemble of macroscopically identical subsystems of chaos with the 
same generalized extensive state parameters such as the average specific volume ( , )v tr , in-
ternal energy ( , )turbE tr , and entropy ( , )turbS tr of chaos and some infinite sequence of internal 
variables ( , , )n tq r . The internal variables ( , , )n tq r can be the number densities of small-scale 
vortices or temperature inhomogeneities in states characterized by specified values of the pa-
rameters q − the internal coordinates defining the system’s microstructure. We assume that 
the vortex structures of chaos are somehow localized in both coordinate space r and configu-
ration space q .The internal coordinates q ( , )k tr   ( 1,...k n= ), which are some characteristics 
of the ensemble of vortex (or temperature) chaos corresponding to small-scale turbulent fluc-
tuations, are generally random (stochastic) variables fluctuating relative to their mean (sta-
tionary) values st

kq . They serve as a measure of the differences in any set of thermodynami-
cally identical subsystems of the vortex ensemble. Allowance for the fluctuations in the inter-
nal coordinates describing the state of chaos in purely dynamical modeling refines its statisti-
cal description and leads to a more adequate reflection of reality. 

The continuously changing local random parameters that adequately characterize the evo-
lution of a turbulized fluid, including the spatiotemporal evolution of various mesoscale co-
herent structures, can be attributed to the stochastic internal coordinates describing the macro-
scopic state of turbulent chaos. Thus, some of the internal coordinates kq can refer to the in-
coherent component of the subsystem of turbulent chaos, while others can characterize indi-
vidual CSs. In particular, the following positive definite quantities (or their logarithms) can be 

chosen as the stochastic coordinates ( , )kq tr : the kinetic energy of vortices, 2 / 2b ′′= u ; the 

dissipation rate of turbulent energy into heat, 21
2 ,( , ) ( / / )i j j ii jt u r u r′′ ′′ε = ν ∂ ∂ + ∂ ∂∑r ; the sca-

lar dissipation of temperature inhomogeneities, 2( , ) ( / )T jjt T r′′ε = χ ∂ ∂∑r ; the mixing rate of 

a substance with a concentration ( , )tθ r  to the molecular level (which does not affect the flow 

                                                 
ii As it is well known, this can be done by introducing an internal coordinate ϑ , the angle be-

tween the field and dipole directions. 
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dynamics), 2( , ) ( / )jjt rθ ′′ε = χ ∂θ ∂∑r iii; the system’s enstrophy (in the case of 2D turbulence); 

the mean vorticities of the field of velocity fluctuations referring to k-th type mesoscale vor-
tex structures (the fundamental quantities to characterize CSs), etc. 

As will be further shown, using the internal coordinates as additional macroscopic parame-
ters of turbulent chaos allows us to obtain thermodynamically the evolutionary Fokker–
Planck–Kolmogorov (FPK) equations in the space of configurations q given in this approach 
Prigogine’s central postulate concerning the direction of irreversible processes in any local 
volume of the space of internal coordinates22 (see Chap. 3, Sect. 11). These kinetic equations 
are designed to determine the temporal evolution of the probability density function for vari-
ous stochastic small-scale turbulence characteristics. They also allow one to analyze the con-
ditions for the transition from one stable stationary non-equilibrium state of turbulent chaos to 
another that are eventually caused by a successive loss of fluid flow stability when changing 
the parameters controlling the regime of turbulent motion as a whole. 

The purely classical (i.e., without any introduction of internal stochastic coordinates) ther-
modynamic approach to modeling turbulence seems not quite adequate in the case of a struc-
tured vortex continuum, because any two realizations of the ensemble (the set of subsystems 
of chaos with the same set of extensive thermodynamic state parameters) are identical in all 
respects when applying it, which does not correspond to the real situation. This is attributable 
to turbulent fluctuations in the internal coordinates of the state of chaos, which ultimately 
serve as a measure of the differences in any ensemble of thermodynamically identical subsys-
tems of chaos. Actually, it is these turbulent fluctuations which are not suppressed under 
strongly non-equilibrium conditions but, on the contrary, are enhanced in certain situations by 
internal irreversible processes within the vortex subsystem at the so called bifurcation points 
(at which the subsystem “can choose” between various states), that lead to various mechanical 
manifestations of a real turbulized flow. In particular, the subsystem of turbulent chaos in 
some stable stationary state (far from the local thermodynamic equilibrium) at certain values 
of control parameters can shift to a new stationary state with a neutral stability (associated 
with the so-called critical point of stability loss) and, subsequently, abruptly pass to another 
asymptotically stable stationary state corresponding to one or another form of the 
supramolecular coherent behavior of a large number of particles (e.g., the oscillations of dif-
ferent scale vortices). Here it worth to recall that, according to Prigogine2, this ability to bring 
order via fluctuations is a fundamental property of any open strongly non-equilibrium ther-
modynamic systems. Thus, because of the continuous turbulent fluctuations, it is convenient 
to imagine any quasi-stationary state of turbulent chaos as a state of not one individual sub-
system but the whole physical ensemble of subsystems. That is why it is necessary to refine 
the thermodynamic description of a turbulized flow so as to be able to take into account in 
modeling the effects of stochasticity of the vortex continuum20. 

Thus, in accordance with the stochastic-thermodynamic approach we assume that for a 
complete statistical description of the random vector process ( , )tq r  in a turbulized continu-
um (the set of structural small-scale characteristics of chaos q ( , )k tr , where 1,...k n= , which 

                                                 
iii The quantity θε  is a measure of the concentration field inhomogeneity disappearing per unit 

time through molecular diffusion D ≈ χ . 
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is often convenient to gather into one column vector q  in n -dimensional configuration 
space), it is sufficient to keep the one-point probability density 1( , )W tq  and the joint two-
point probability density 2 0 0( , ; , )W t tq q . The random processes that are completely described 
only by these two distribution functions are known to be the Markovian ones. This key as-
sumption determines the class of random processes (turbulent fluctuations) to which the ana-
lyzed stochastic-thermodynamic model of developed turbulence is applicable. We will also 
use below the two-point conditional probability density, 2 0 0( , ; , )P t tq q , which allows the 
probable value of the parameter q  at time t  to be found if 0=q q at time 0t  with a probabil-
ity equal to unity. These probability densities can be used to obtain the mean values of various 
functions ( ( ))f tq of the random state vector ( )tq ; in particular, the formu-

la 1( ( )) ( ( )) ( , )f t f t W t d= ∫q q q q  defines the unconditional mean of ( ( ))f tq  and the formula 
0

2 0( ( )) ( ) ( , )f t f P t d= ∫q q q q q  introduces the mean of ( ( ))f tq at time t  provided that 

0 0( ( )) ( )f t f=q q  (conditional mean). The relationship between the means over the condition-

al sub-ensemble 
0

( ( ))f tq  and over the entire physical ensemble ( ( ))f tq  is implicitly con-
tained in the relation  

2 0 2 0 0 1 0 0( , ) ( , ; , ) / ( , )P t W t t W t=q q q q q , 
 

which actually defines the so-called transition probability function 2P . 
Our analysis is restricted to the so-called stationary physical ensemble of turbulent chaos 

consisting of adequate (in the above mentioned  sense) sub-systems maintained by continu-
ously acting external sources of turbulence in a state in which the random variables ( )tq  are 
invariant with respect to a shift along the time axis, i.e., ( ) ( )p pt t+ τ =q q  for all p  and τ . 

Clearly, in this case, the one-time probability density 1( )W q  will not depend on time, while 
the joint probability densities will be determined only by the difference 0t t− ; for example, 

2 0 0 2 0 0( , , ) ( ,0 , )P t t P t t= −q q q q . Bearing this in mind, we omit the initial time in the expres-

sions for 2W  and 2P  and write them in an abridged form: 2 0( , )P tq q  etc. Also, in the case 

under consideration, the positive function 2P  has the following properties17: 
 

2 0( , ) 1P t d =∫ q q q ,   1 0 2 0 0 1( ) ( , ) ( )W P t d W=∫ q q q q q , 
 

2 0 1lim ( , ) ( )
t

P t W
→∞

=q q q ,  (11) 
 
the latter relation implying that the conditional probability density for stationary processes 
ceases to depend on the initial condition asymptotically with time. 
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3.3 Basic Kinetic Equation 
The key proposition of the Kolmogorov28 theory for the generation of small-scale turbu-

lence is that the excitation of vortex structures, their non-linear interactions, and the viscous 
dissipation of turbulent energy are strictly separated in the space of wave numbers, when the 
energy influx into a turbulized flow occurs near the wave number Lk  corresponding to the 
turbulence macroscale L , while the energy dissipation becomes efficient near the wave num-
ber kη  where η  is the turbulence microscale often called the Kolmogorov’s scale. In other 

words, the existence of an inertial range of scales ( Lk k kη<< << ) is characteristic signature 
of the developed turbulence. The energy transfer from large-scale turbulent vortices to small-
scale ones can be imagined as a cascade process of their fragmentation.iv 

For our analysis, we need the so-called basic kinetic equation for the rate of change in the 
number of vortex moles ( )n q  in the cascade interaction between turbulent motions of differ-
ent scales or for the function 2( , ) ( ) /P t n nΣ≡q q .The latter is the (conditional) probability 

density to detect the system in the interval( , )d+q q q  at time t  if it was in a state stq  at the 
initial time 0t =  with a probability equal to unity. Here, 

 

( , ) ( , , )n t n t dΣ = ∫r q r q  (12) 
 
is the total number of vortex structures with an attribute q  in the volume dr . 

When deriving the equation for the rate of change in the number of vortex moles ( )n q  in 
the cascade interaction between turbulent vortices of different scales, we will assume that the 
cascade vortex fragmentation mechanism associated with the transition of kinetic energy from 
large vortices to increasingly small ones is such that the medium “retains memory” only about 
the last transition (Markovian process). If the number density of vortices ( )in q  in a state iq  
can be changed only through their transition from the neighboring states iq  (the decay of 
large vortices with attributes 1k−q into smaller vortices with attributes 1i−q or to the neigh-
boring states 1i+q  (the interaction locality principle), then we have 1/ ( ) 0i in t J J −∂ ∂ + − = , 
where iJ  is the rate of the transition 1i i→ +  and 1iJ − is the rate of the transition( 1)i i− → . 
Since the distribution of vorticity in a real turbulized fluid flow is continuousv we also assume 
that this transfer of the kinetic energy of averaged motion over the Richardson–Kolmogorov 
cascade downward can be adequately described in terms of the change in random parameters 
q taking on continuous values. In particular, this corresponds to the cascade destruction of 
large vortices and the formation of small ones whereby only infinitesimal changes in quanti-
ties q  occur in a single interaction, while finite changes arise from the cumulative action of a 
large number of vortex interactions. In terms of chemistry, this process can be considered as a 

                                                 
iv The idea of an energy cascade was first put forward by L. Richardson in 1922. 
v As it is well known, there is a continuum of excited degrees of freedom in the case of devel-

oped turbulence31. 
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series of consecutive chemical reactions expressed by the scheme 
... ( 1) ( 1) ...k k k→ − → → + → . Note that the principle of detailed balance can generally 
break down for thermodynamic systems far from complete thermal equilibrium; this is also 
true, in particular, for the stationary non-equilibrium cascade formation of vortex structures. 
Consequently, for a real cascade process, the equation for the rate of change in the number 
density of turbulent vortices ( , )n tq should be rewritten as the standard continuity equation 

( , ) / ( / ) ( , )n t t t∂ ∂ = − ∂ ∂ ⋅q q J q  
 

in the configurations space. Here, ( , )tJ q is the vortex flux in the inertial range corresponding 
to the number of “vortex moles” that pass from a state q  to a state d+q q  in a unit time. In 
the more general case where the number density of turbulent vortices also depends on the spa-
tial coordinate r , the kinetic equation for the rate of change in ( , , )n tq r  can be written as the 
continuity equation, both in the coordinate space r  and in the space of internal coordinates 
q , 

{ }( , , ) ( , , ) ( , , )n t n t t
t

∂ ∂ ∂
+ ⋅ 〈 〉 = − ⋅

∂ ∂ ∂
q r q r u J q r

r q
, (13) 

or, in view of (2), as 
( , , ) ( , , ).D n t t

Dt
⎛ ⎞ ∂

ρ = − ⋅⎜ ⎟ρ ∂⎝ ⎠

q r J q r
q

. (13*)  

 
Here, ( , , )tJ q r is the thermodynamic flux in the space of internal coordinates q  to be de-

termined. 
 

3.4 Thermodynamics of the Subsystem of Structured Chaos 

Thus, the transfer of turbulent energy over the cascade of vortices in the case of developed 
turbulence can be considered as a kind of chemical transformations with the corresponding 
chemical potential ( , , )turb tμ q r for the internal degrees of freedom q and the de Donder chem-
ical affinity 

( ) ( / )turb turb= − ∂μ ∂A q q . 
 

The latter can be treated as the driving force of the cascade process corresponding to one 
equivalent ( ) ( )n n→ + δq q q  of the vortex fragmentation process. Note that the concept of 
chemical potential is distinguished by great generality: it is applicable to almost any model of 
a continuous medium if the concept of thermodynamic temperature (which is generally not 
the absolute temperature of the medium) can be introduced for it in one or another way. 

Basically, extending the formalism of the generous chemical potential to stationary non-
equilibrium turbulent chaos, we determine intensive thermodynamic parameters, such as the 
generalized turbulization temperature ( , )turbT tr  and pressure ( , )turbp tr  (which are not related 
in any way to the molecular temperature and pressure of the underlying flow). Similarly, the 
turbulent chemical potential ( , , )turb tμ q r  for the internal degrees of freedom 0( )Φ q  follows 
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from the fundamental Gibbs relation for the generalized entropy (specified a priori as the 
characteristic function) 
 

( )( , ) ( , ), ( , ), ( ) /turb turb turbS t S E t v t n= 〈 〉 ρr r r q  (14) 
 
using the relations32 

, /

1 turb

turb turb v n

S
T E

〈 〉 ρ

⎛ ⎞∂
= ⎜ ⎟∂⎝ ⎠ ;   , /(1 / )

turb

turb turb

turb E n

p S
T ρ

∂⎛ ⎞
= ⎜ ⎟∂ ρ⎝ ⎠

; 

 

,1/

( )
( ( ) / )

turb

turb turb

turb E

S
T n ρ

μ ⎛ ∂ ⎞
= −⎜ ⎟∂ ρ⎝ ⎠

q
q

. (15) 

 

The chemical potential ( )turbμ q  for the internal degrees of freedom is generally defined as 
a functional derivative. The turbulization entropy ( , )turbS tr  is assumed to contain all thermo-
dynamic information about the subsystem of stationary non-equilibrium turbulent chaos, i.e., 
it is related to the stability, fluctuations, and dynamical changes in a quasi-stationary state in 
exactly the same way as the equilibrium entropy of some thermodynamic system in a local 
equilibrium state17. A remarkable feature of the entropy ( , )turbS tr  is that many statistical 
properties of turbulent chaos in quasi-stationary states can be deduced from this quantity. In 
particular, it is admissible to interpret the various algebraic relations for the intensive varia-
bles ( , )turbE tr , ( , )turbT tr , ( , )turbp tr , and ( , , )turb tμ q r  that can be derived in a standard ther-
modynamic way from (15) as specific “equations of state” for the subsystem of turbulent cha-
os. 

It is worth to emphasize that the concepts of turbulization temperature and entropy are per-
tinent not only to the state near local thermodynamic equilibrium of the subsystem of turbu-
lent chaos. On the contrary, these quantities are introduced with the goal of describing ther-
modynamically chaos in stationary non-equilibrium states. Indeed, in this approach, in con-
trast to the local equilibrium entropy of the subsystem of averaged motion ( , )S t〈 〉 r , the gen-
eralized turbulence entropy ( , )turbS tr  generally remains an indefinite quantity.  There are no 
experimental or physical methods to establish its true functional dependence on state parame-
ters. Hence, this quantity is introduced into the theory exclusively with the goal of ensuring its 
coherence, while the explicit form of the functional equation (14) is postulated depending on 
the goals of modeling approach. 

The differential form of the fundamental Gibbs relation for the turbulization entropy 
( , )turbS tr  written along the trajectory of the center of mass of a physically elementary volume 

dr  takes the following form33 
 

( )1 1 ( ) ( ) /turb turb turb
turb

turb turb turb

DS DE p D v D n d
Dt T Dt T Dt T Dt

〈 〉
= + − μ ρ∫

q

q q q .              (16) 

 

Here the internal energy of chaos ( , )turbE tr  is identified with the turbulence energy20 
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2( , ) ( ) / 2turbE t b const const′′= 〈 〉 + = ρ ρ +r u , (17) 
 
and it is assumed that the subsystem of turbulent chaos is represented thermodynamically as 
an ideal gas with three degrees of freedom in which the energy is distributed uniformly. Then 
the following equations of state can be written in the form 

3
2( , ) turbb t Tρ〈 〉 = ρr R ,   ( , )turb turbp t T= ρr R , 

 

B( , ) k ln ( ) ( , )turb turb turb turbT T n Tμ = + Φq q q , (18) 
 

where B( k / )nΣ= ρR is the “gas constant” for the vortex continuum, Bk is the Boltzmann con-
stant, and ( , )turbTΦ q is the so-called potential energy in internal coordinateq , which also 
generally depends on the turbulization temperature ( , )turbT tr . 

An important caveat is that the potential energy ( , )turbTΦ q  can be eliminated from (18) 

using the equilibrium distribution 2 ( )stP q  of internal coordinates q  corresponding to some 
asymptotically stable stationary state of turbulent chaos specified a priori. As it was said 
above, since the energy of turbulent motions dissipates continuously due to viscosity, it is im-
possible to accomplish a statistically equilibrium state while, in contrast, the stationary state is 
usually dissipative. Indeed, as it is well known33, as some chemically active molecular contin-
uum passes to a stable stationary (but fairly close to equilibrium) state characterized by mini-
mal entropy production, the entropy itself also decreases. By analogy with molecular chemi-
cally reacting systems, for a stationary state of the subsystem of turbulent chaos when the in-
ternal coordinates q  can fluctuate near some stable stationary value stq  at certain (for a giv-
en elementary volume dr ) internal energy and specific volume, the turbulization entropy 

( , )turbS tr  must also be minimal among all of the other states with the same values of 
( , )turbE tr  and ( , )v t〈 〉 r . Thus, the following condition is valid: 

 

1 ( ) ( ) 0turb turb
turb

S n d
T

δ = − μ δ =
ρ ∫

q

q q q , 

 

where ( ) ( ) ( )stn n nδ = −q q q . Since the total number of vortex moles nΣ  is constant, we also 

have ( ) 0n dδ =∫ q q . It follows from these two conditions that the chemical potential ( )turbμ q  

in internal coordinates for a stable stationary state of turbulent chaos does not depend on the 
state vector q  ( st

turb constμ = ). Using this fact, we can obtain the expression 
 

{ }B( , ) k ln ( ) / ( )st st
turb turb turbt T n nμ = + μq q q ,                                        (19) 

 

which allows the chemical potential to be determined from the stationary distribution ( )stn q  
of an attribute q  known in advance. Relation (19) can be rewritten as 
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2 0
B

1

( , )
( , ) k ln

( )
st

turb turb turbst

P t
t T

W

⎧ ⎫⎪ ⎪μ = + μ⎨ ⎬
⎪ ⎪⎩ ⎭

q q
q

q
.                                    (19*) 

 
The latter is a generalization of the well-known Einstein formula (for a statistically equilib-

rium state) to quasi-stationary states in configuration space q ; in writing(19*), we used the 
expression 

B 1( , ) ( , ) k ln ( )st
turb turb turbT T T W∂ ∂

= − Φ =
∂ ∂

f q q q
q q

 (19**) 

 

for the friction force (in configuration space q ) generated by the potential field ( , )turbTΦ q . 
The function 

1
B

( , )
( )= exp

k
st turb

turb

T
W const

T
⎧ ⎫Φ

−⎨ ⎬
⎩ ⎭

q
q  

 

defines the (maximum) probability of a stable stationary state stq  when the fluctuating inter-
nal coordinates q  remain constant, while the function ( , )turbTΦ q  acts as the thermodynamic 
potential for a stationary state.  

Let us recall that no distinction is made between the two concepts of equilibrium in the 
equilibrium thermodynamics − the equilibrium state corresponding to maximum entropy and 
the equilibrium distribution in possible states that are physically almost equivalent14. A simi-
lar situation also holds for stationary states in the thermodynamics of non-equilibrium pro-
cesses17. This is because the asymptotic probability densities of the states are concentrated in 
an extremely narrow region and these Gaussian quantities transform into delta functions con-
centrated in stq  in the thermodynamic limit. 

Now, using (13*), let us transform the Gibbs identity (16) by integration by parts and as-
suming that the flux ( , , )tJ q r becomes zero at both boundaries 1q  and 2q  of the domain of 

definition of the variable q  (a corollary of the condition 2

1
( ) 0n dδ =∫

q

q
q q ). This results in 

 

( , , )1 1 ( )turb turb turb turb

turb turb turb

DS DE p tD v d
Dt T Dt T Dt T

∂μ〈 〉
= + − ⋅

∂∫
q

q r
J q q

q
.                 (20) 

 
The last term in this relation 
 

( , , )1 1 ( )turb turb turb turb

turb turb turb

DS DE p tD v d
Dt T Dt T Dt T

∂μ〈 〉
= + − ⋅

∂∫
q

q r
J q q

q
               (21) 

 

describes the total growth of the turbulization entropy ( , )turbS tr  due to irreversible processes 
of the formation of various vortex structures characterized by the complete set of internal co-
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ordinates q . It can be seen from (21) that the local fluctuation entropy production ( )turbSσq  
corresponding to each part of the space of internal coordinates q  has an ordinary thermody-
namic form: 
 

1 1( ) ( , , ) ( , , )turb
turb turb

turb turb
S t t

T T
∂μ

σ = − ⋅ = ⋅
∂q J J q r A q r
q

, 

where 

B B

B B

k k
exp exp

k k
turb turb turb turb

turb
turb turb

T Tn
n n T T

⎛ ⎞ ⎛ ⎞∂μ μ∂ ∂Φ Φ ∂
= − = − = ⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠

A
q q q q

   (22) 

 
is the generalized de Donder chemical affinity for configuration q  (the state function of the 
subsystem of turbulent chaos) written here by taking into account (15) for the generalized 
chemical potential ( , , )turb tμ q r . 
 
3.5 Transfer Equation for the Turbulization Entropy 
 

Let us now derive the transfer equation for the turbulization entropy ( , )turbS tr  by applying 
the same procedure that led to (7). For this purpose, we will eliminate from (20) the substan-
tial derivatives of the specific volume ( , )v t〈 〉 r  and turbulent energy ( , )b t〈 〉 r  ( ( , )turbE t≡ r ) 
for which the differential equation21 is  
 

:turb turb
b v b

pD b div p div
Dt 〈 〉

∂⎛ ⎞∂〈 〉 ′ ′′ρ 〈 〉 = − + + − ⋅ − ρ〈ε 〉⎜ ⎟∂ ∂⎝ ⎠

uJ R u J
r r

. 

 
As a result, we will have 

 

( ) ( ) ( )
( ) ( ) ( ) ( )( )
turb turb turb turb

i e
turb turb S S S SS div S

t
∂

ρ + ρ 〈 〉 + = σ ≡ σ + σ
∂

u J ,              (23) 

where 

( )
( )

1( , )
turb

e turb
v bS

turb turb

pt p div
T T

⎧ ⎫∂⎛ ⎞ ℑ′ ′′σ ≡ − ⋅ − ρ〈ε 〉 ≡ −⎨ ⎬⎜ ⎟∂⎝ ⎠⎩ ⎭
r u J

r
,             (24) 

 

( )
( )

ln10 ( , )
turb

i turb turb
b turbS

turb

T
t p div

T 〈 〉

⎧ ∂⎛ ⎞⎪≤ σ = − ⋅ − 〈 〉 +⎨ ⎜ ⎟∂⎪ ⎝ ⎠⎩
r J u

r
 

 

00
: ( ) ( )turb d

⎫⎪+ + ρ ⋅ ⎬
⎪⎭

∫
q

R D J q A q q .                                        (25) 
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Here, 0ν →  is the so-called turbulent energy diffusion flux; ε is the part with a zero trace 
of the Reynolds stress tensor; 

1
3( , ) ( : )turbp t =r R I ,  (26) 

 

is the turbulization pressure. The quantities ( )
( )( , )
turb

i
S tσ r  and ( )

( )( , )
turb

e
S tσ r

 
are the local produc-

tion and sink of the entropy ( , )turbS tr  for the subsystem of turbulent chaos, respectively. Note 

that the work of turbulent stresses 
00

:R D  causes the entropy of chaos to grow, while the vis-
cous dissipation 0b〈ε 〉 >  reduces the turbulization entropy turbS . 
 
4 BALANCE EQUATION FOR THE TOTAL ENTROPY OF THE SUBSYS-
TEMS OF AVERAGED MOTION AND STRUCTURED TURBULENT CHAOS 
 

Adding (7) and (23) yields the balance equation for the total entropy turbS S SΣ = 〈 〉 +  of a 
turbulized fluid system 

1

N
У У

turb
bУ

У
turb

DS
div

Dt T T

α α
α=〈 〉

⎧ ⎫⎛ ⎞
− 〈μ 〉⎪ ⎪⎜ ⎟⎜ ⎟⎪ ⎪⎝ ⎠ρ + + = σ⎨ ⎬〈 〉⎪ ⎪

⎪ ⎪
⎩ ⎭

∑q J
J

,  (27) 

where 

( ) ( ) ( ) ( )
, ,0
turbturb turb

i i i i turb
У S S S S E bS S

turb

T T
T T〈 〉 〈 〉 〈 〉 〈 〉

− 〈 〉
≤ σ ≡ σ + σ + σ = σ + σ + ℑ

〈 〉
 (28) 

is the local entropy production related to irreversible processes inside the total turbulized con-
tinuum. The quantity Уσ  written by taking into account (8), (9) and (24), (25) has the struc-
ture of a bilinear form, ( , ) ( , )t tΣ α α

α

σ = ℑ∑ r X r , 

 
0 0ln10 ( , ) :Tt div

T
Σ

Σ
⎧ ∂ 〈 〉⎛ ⎞

≤ σ ≡ − ⋅ + π 〈 〉 + +⎨ ⎜ ⎟〈 〉 ∂⎝ ⎠⎩
r q u Р D

r
 

 

0 0ln1 : ( ) ( )turb turb turb
b turb

turb turb

T T T
d

T T T〈 〉

⎧ ⎫ ⎛ ⎞∂ − 〈 〉⎛ ⎞⎪ ⎪+ − ⋅ + + ρ ⋅ + ℑ⎨ ⎬ ⎜ ⎟⎜ ⎟∂ 〈 〉⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭
∫
q

J R D J q A q q
r

.        (29) 

 
According to the basic postulate of the nonlinear thermodynamics of non-equilibrium 

processes, if the system is near a relatively stable quasi-stationary state, then the thermody-
namic fluxes can be represented as linear functions of the conjugate macroscopic forces17: 
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( , ) ( , ) ( , 1,2,...)ij
i jt X tα αβ β

β

ℑ = Λ α β =∑r r  (30) 

 

It is important to emphasize that the matrix of phenomenological coefficients ij
αβΛ  for a 

turbulized fluid continuum depends not only on the system’s average state parameters (i.e., on 
its average temperature ( , )T t〈 〉 r , density ( , )tρ r , etc.) but also on turbulent superstructure 
characteristics, i.e., on parameters such as ( , )b t〈ε 〉 r ( , )turbT tr . Such a situation, where there is 

a functional dependence of the coefficients ij
αβΛ  on the thermodynamic fluxes iαℑ  them-

selves (e.g., on the dissipation rate b〈ε 〉  , which is also the energy flux over the cascade of 
vortices in the stationary case), is known to be typical of self-organizing systems34,35. Gener-
ally, this can lead to the individual terms ( , ) ( , )t tα αℑ r X r  in the sum Σσ  being not positive 
definite, although the entire sum is always greater than or equal to zero, 0Σσ ≥ . The superpo-
sition of various fluxes can then, in principle, lead to negative individual diagonal elements of 
the matrix αβΛ , which probably explains the negative viscosity effect in some turbulent 
flows. 

As can be seen from (29), the spectrum of possible cross effects for a turbulent flow gener-
ally widens compared to a laminar one. Thus, for example, the total heat flux ( , )tΣq r  in a 
turbulized continuum can emerge under the influence of not only its conjugate thermodynam-
ic force (1 / ) /T∂ 〈 〉 ∂r  but also the force (1 / ) /turbT∂ ∂r  conjugate to the flux ( , )turb

b tJ r de-
scribing the “diffusive” transport of turbulent kinetic energy. However, at present there are no 
reliable experimental data which would quantitatively described such cross effects. Besides, 
the contribution from any cross effects to the total rate of some process is usually an order of 
magnitude smaller than that from direct ones14. Taking this circumstance into account, we use 
the requirement that the intensities ( , )tΣσ r , ( , ), ( , )

turb

i i
S St t〈 〉σ σr r  are positive independently of 

one another and omit a number of cross effects in the linear constitutive relations (30) without 
special stipulations. 

In view of the second law of thermodynamics, the last term on the right-hand side of (29) 
describing the entropy production within the total continuum through irreversible entropy ex-
change between the subsystems of turbulent chaos and averaged motion is always positive, 
 

, 0
turb

turb
S S

turb

T T
T T〈 〉

⎛ ⎞− 〈 〉
σ = ℑ ≥⎜ ⎟〈 〉⎝ ⎠

.                                                (31)  

 

Therefore, the “direction” of the thermodynamic flux ( , )tℑ r is determined by the sign of 
the state function ( )( , ) 1 / 1 / turbX t T Tℑ = 〈 〉 −r , which should be considered as the conjugate 
thermodynamic force (a macroscopic factor) producing the entropy flux ( , )tℑ r . Such entropy 
exchange between two mutually open subsystems is known2 to be an indispensable condition 
for a structured collective behavior, i.e., it can be a source of self-organization in one of them. 
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In turn, the dissipative activity of the subsystem of turbulent chaos in the case of stationary 
non-equilibrium turbulence is determined by the influx of negative entropy 
( / 0

turb

e
S turbTσ ≡ −ℑ < ) from the subsystem of averaged motion. 

5 STATIONARY NON-EQUILIBRIUM STATE OF THE TURBULENT FIELD: 
DEFINING RELATIONS FOR THE STRUCTURED TURBULENCE 
 

Since turbulence is accompanied by the dissipation of kinetic energy, a continuously acting 
external (relative to the medium under consideration) source is needed to maintain its quasi-
stationary regime when the energy input and dissipation are nearly balanced. An energy 
source could be, e.g., a turbulence-producing wire grid placed perpendicular to the forced flu-
id flow, stationary boundary conditions causing a large-scale flow velocity shear, a thermal-
convective large-scale instability, etc. Such a source should be powerful enough to compen-
sate for the expenditure of turbulent energy dissipated through molecular viscosity. For quasi-
stationary turbulence, almost the entire energy being expended will be transferred without any 
significant (but, in general, existing) losses through the inertial range from the energy range to 
the viscous one, where it dissipates into heat. The energy transfer from large-scale vortices to 
small-scale ones can be visualized as a random Richardson–Kolmogorov cascade turbulent 
vortex fragmentation process. 

In the model approach we assume that a continuous process of energy transfer from the 
subsystem of averaged fluid motion to the subsystem of turbulent chaos corresponds to such 
quasi-stationary turbulence. Obviously, a stationary non-equilibrium regime between the in-
flux of energy from the “external source” (attributable to the averaged fluid flow) and its dis-
sipation (due to irreversible processes within the subsystem of turbulent chaos itself) is then 
established in the vortex continuum associated with small-scale turbulence in which 

/ 0turbdS dt ≅ . Incidentally, the quasi-stationary state in which the entropy production is min-
imal is an attractor for the open subsystem of turbulent chaos, while the state corresponding to 
the total entropy maximum serves as an attractor for the turbulized system as a whole. The 
condition / 0turbdS dt ≅  implies that the production ( )

( )( , )
turb

i
S tσ r  of turbulization entropy turbS  

is compensated for by its efflux ( )
( )( , )
turb

e
S tσ r  to such extent that the total generation of entropy 

turbS  is almost absent, 
( ) ( )

( ) ( ) ( )( , ) ( , ) ( , ) 0
turb turb turb

e i
S S St t tσ = σ + σr r r  

 

It should also be kept in mind that the turbulization entropy flux in the stationary case is 
constant, ( ) /

turb

turb
S b turbT const〈 〉= =J J  ( 0

turbSdiv ≈J ). Since ( )
( ) 0
turb

i
Sσ > , the inequality 

0
turb turb

e i
S S> σ ≅ −σ  holds, i.e., the subsystem of turbulent chaos must export entropy into the 

“external medium” in order to compensate for the entropy production through irreversible in-
ternal processes within itself. In other words, an influx of negative entropy (negentropy) from 
the “external medium” is needed to maintain the stationary nonequilibrium state within the 
subsystem of turbulent chaos, 
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( , ) / / 0
turb

e e
S turb S turbt T T T〈 〉σ ≡ −ℑ = −〈 〉σ <r . 

 

Such a condition is known to be sufficient for the formation of dissipative coherent struc-
tures in vortex continuum1,2. Indeed, since the entropy efflux from the subsystem of averaged 
motion in the stationary non-equilibrium state of chaos is positive (0 / )e

S T< σ ≡ −ℑ 〈 〉 , the rate 
( , )tℑ r of entropy (heat) exchange between the averaged and turbulent motions is also posi-

tive, 0ℑ ≥ . It then follows from inequality (31) that the turbulization temperature ( , )turbT tr  
is higher than the average turbulized fluid temperature ( turbT T> 〈 〉 ), which is in the full 
agreement with the basic synergetic principle about self-organization of dissipative system. 
According to this principle, the formation of coherent structures (in our case, the formation of 
different-scale coherent vortex structures in the subsystem of turbulent chaos) when heat is 
removed from the system, i.e., when passing to lower temperatures, is a universal property of 
matter 18. 
 

5.1 Defining Relations for Structured Turbulence 
 

Thus, the negentropy entering the subsystem of turbulent chaos is expended to maintain 
and improve its internal structure. The relation 0 /

turb

e e
S turb ST T〈 〉≤ σ = − σ 〈 〉 ≅ /

turb

i
turb ST Tσ 〈 〉  is 

then valid and the balance equation (7) for the averaged entropy ( , )S t〈 〉 r  of a turbulized fluid 
system takes the form 
 

)
turb

i e i iturb
S S S S

TD S div
Dt T T

Σ

〈 〉 〈 〉 〈 〉 Σ

⎛ ⎞〈 〉
ρ + = σ + σ ≅ σ + σ ≅ σ⎜ ⎟⎜ ⎟〈 〉 〈 〉⎝ ⎠

q , (32) 

 

where the following expression holds for the local energy dissipation T Σ〈 〉σ : 
 

ln( , ) : ( ) ( ) 0turb
TT t dΣ

Σ
∂ 〈 〉⎛ ⎞

〈 〉σ ≡ − ⋅ + + ρ ⋅ ≥⎜ ⎟∂⎝ ⎠
∫
q

r q R D J q A q q
r

.                       (33) 

Here, ( , ) turbt pΣ ′ ′′≡ −q r q u  is the total heat flux in the subsystem of averaged motion for 
the developed turbulence. Based on (33), we can write the following defining (gradient) rela-
tions for the turbulent fluxes and their conjugate thermodynamic forces in the linear approxi-
mation and using the Curie–Prigogine principle (according to which no relation is possible 
between tensors of different ranks in locally isotropic medium14): 
 

ln( , ) turb TtΣ ∂ 〈 〉
= −λ

∂
q r

r
, (34) 

 

35



A.V. Kolesnichenko, M. Ya. Marov 

 

 

2 1 1
3 2 3( , )

transp
turbt b div

⎧ ⎫⎛ ⎞∂〈 〉 ∂〈 〉⎛ ⎞⎪ ⎪⎜ ⎟= − ρ〈 〉 + ρν + − 〈 〉⎨ ⎬⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠⎪ ⎪⎝ ⎠⎩ ⎭

u uR r I u I
r r

, (35) 

 

( , , ) ( , , , ) ( , , )t t t d= ⋅∫
q

J q r L q q r A q r q . (36) 

They correspond to the stationary state of the turbulent field. Note that the linearity condi-
tion is not strong enough to deprive the case under consideration of practical significance. 

Assessing the status of the problem of closing the averaged hydrodynamic equations as a 
whole, it should be recognized that currently almost all semi-empirical turbulence models are 
mainly based on the gradient relations. The phenomenological coefficients (turbulent ex-
change coefficients) ( , )turb tλ r , ( , )turb tν r  in these relations are scalar quantities, because, as 
has been emphasized above, strong turbulence is locally homogeneous and isotropic. In con-
trast to the molecular exchange coefficients, these quantities are not material constants. This 
is because in turbulized continuum the processes of mass, momentum, and energy transfer 
from one region of the system to another are determined by the collective motions of mole-
cules (vortex structures) and, hence, must depend on turbulence intensity parameters, in par-
ticular, on the parameters bε and 1L  (or b〈 〉 ). For example, in the inertial range of vortex 

scales 1( )k Lη < < , the turbulent viscosity ( , )turb tν r  corresponding to the Richardson–
Obukhov empirical  “law of four thirds”vi is vturb ~  〈εb〉1/3L1

4/3 ~ 〈b〉2/〈εb〉. 
Thus, when stationary-inhomogeneous turbulence is modeled in the system where the en-

ergy dissipation processes are important, a heat transfer equation for averaged motion in form 
(32) should be invoked; this equation should be supplemented by the linear defining relations 
(34)–(36). 

 
6 PRIGOGINE’S PRINCIPLE: THERMODYNAMIC DERIVATION OF THE 
FOKKER–PLANCK–KOLMOGOROV EQUATIONS 
 

According to (36), the phenomenological relation for the thermodynamic flux ( , , )tJ q r  in 
the space of internal coordinates q  and the corresponding “instantaneous” affinity ( , , )tA q r  
generally has an integral form. Following Prigogine22 (see Chap. 3, Sect. 11), we will now 
assume that the irreversible processes in each part of the internal coordinate space q  proceed 
in such a way that only positive entropy increment occurs. This implies that not only integral 
(19) but also the quantity 
 

( ) ( , , ) ( , , ) 0turb turb turbT S t tσ = ⋅ ≥q J q r A q r , (37) 
 
which is the energy dissipation per unit volume of configuration space q  will be positive. 
The defining relation between the flux ( , , )tJ q r  and affinity ( , , )turb tA q r  of a state q  (corre-
sponding to one equivalent of the vortex decay process) is then 
                                                 

vi This law follows, in particular, from dimensional and similarity considerations. 
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B( , ) k ( , ) ( , )( , ) ( , )
( , )

turb turb
turb

t T n t tt t
n t

∂μ ⎛ ⎞∂ ∂Φ
= ⋅ = − ⋅ = ⋅ +⎜ ⎟∂ ∂ ∂⎝ ⎠

q q q
q q qJ q L A q L L
q q r r

.     (38) 

 

Here, qL  is the positive definite local matrix of transport coefficients satisfying the On-

sager–Casimir reciprocity relation transp =L L ; ( , )n tq  are the numbers of vortex moles in the 
cascade interaction between turbulent motions of different scales. 

Relation (38) taken together with (13) allows us to derive the following evolutionary Fok-
ker–Planck–Kolmogorov equation in the so-called kinetic form36 in the space of stochastic 
variable q  for the distribution functions of various statistical small-scale turbulence charac-
teristics: 

( )2
2

( , , ) ( , , )P t P t
t

∂ ∂
+ ⋅ 〈 〉 =

∂ ∂
q r u q r

x
 

 
2

2
2

( , , )
( ) ( , , ) ( )

2
P t

P t
⎧ ⎫∂∂ ε⎪ ⎪= ⋅ − + ⋅⎨ ⎬∂ ∂⎪ ⎪⎩ ⎭

q r
K q q r Q q

q q
. (39) 

 

Here, the probability flux dr dif= +J J J  is the sum of the drift drJ  and diffusion difJ  com-

ponents: 2dr P=J K ,  
2

2
2dif

P∂ε
= − ⋅

∂
J Q

q
, where the following notation is used for the drift 

vector K  and the matrix of generalized diffusion coefficients D  in the space of stochastic 
variable q : 

€( ) ( ) ( )≡ ⋅K q L q f q ,   2 21€( )
2

= ε = εD L q Q ,   €( ) 2 ( )≡Q q L q . (40) 
 

The function 2( , ) /P t n nΣ=q  is the (conditional) probability density to detect the system 

in an interval ( , )d+q q q  at a time t  if it was in a state stq  at an initial time (at 0t = ) with 

probability equal to unity. The parameter 2
Bk ( ) / 3turbT ′′ε ≡ = ρ ρu  characterizes the total 

intensity of the action of internal noise in the subsystem of turbulent chaos (generated by its 
“thermal” structure) on the random process ( )tq . In writing (39), we assumed in the first ap-

proximation the mobility parameter €( ) ( )/ ( )n≡L q L q q  in internal coordinate q  to be inde-
pendent on the density ( )n q . Generally, the matrix K does not form a vector unless the mod-
eling is confined by only linear transformations of coordinates. 

Note that, apart from the kinetic form of the FPK equation (39), other representations of 
this equation can be also used, Ito’s and Stratonovich’s representations being the most com-
mon. They are based on a different treatment of the so-called stochastic integrals37 that 
emerge from the solution of the corresponding nonlinear stochastic Langevin’s equations. 
Although these representations are based on stochastic nearly identical equations [see (86)], 
they lead to the different form of FPK equations: 
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( )2
2

( , , ) ( , , )P t div P t
t

∂
+ 〈 〉 =

∂
q r u q r  

 

( ) ( )21
2 22( ) ( ) ( , , ) ( ) ( , , ) ,P t P t

⎧ ⎫∂ ∂
= ⋅ − + + ε ⋅⎨ ⎬∂ ∂⎩ ⎭

K q H q q r Q q q r
q q

 (39*) 

 

where 
2 ( )( )
2
ε ∂

≡ λ
∂
Q qH q
q

 is a “fictitious force” dependent on the choice of calculus. In the 

case 0, 1 / 2, 1λ =  Ito’s - Stratonovich’s, and Klimontovich’s representations of the FPK 
equation, respectively, are the most appropriate. 

If response of the subsystem of turbulent chaos to impact of the external medium (the sub-
system of averaged motion) does not depend on its internal state specified by stochastic varia-
ble q , then the diffusion coefficient does not change with coordinate q  either (i.e., 
( ) tcons=Q q ). The stochastic system can then be assumed to possess additive noise that, in 

our case, is just reduced to the intensity 2
Bk turbTε =  of the internal noise in the subsystem of 

turbulent chaos. The fictitious force ( )H q  for such systems is identically equal to zero, i.e., 
they both are completely insensitive to the choice of calculus. In other words, all three forms 
of the FPK equation take the same simplest form (39). However, a feedback is generally pos-
sible between the internal states q  of the stochastic subsystem of chaos and the subsystem of 
averaged motion. It turns out that not only the external fluctuations (associated, for example, 
with the degrees of freedom of the turbulent field that are not described by the selected coor-
dinates q ) affect the stochastic subsystem of turbulent chaos but also the latter has the reverse 
effect on their intensity. As applied to the case under consideration, this implies that the diffu-
sion coefficient becomes dependent on the random coordinate q , i.e., the external fluctua-
tions are multiplicative. In the presence of multiplicative noise, when ( ) const≠Q q , the sim-
plest form of the FPK equation (39) holds only in Klimontovich’s representation ( 1λ = ). 

Thus, the problem of choosing calculus arises for systems with multiplicative noise be-
cause the force entering into the FPK equation is determined ambiguously. In Ito’s calculus, it 
is reduced to a real force acting on the selected degree of freedom. When using Stratonovich’s 
calculus, an addition proportional to the derivative of the effective diffusion coefficient 
emerges. The value of this addition doubles in Klimontovich’s kinetic representation. It is im-
portant to notice that it affects significantly the behavior of the stochastic system. As a result, 
the question about the physical nature of this addition and the choice of calculus seems topi-
cal. 
 
7 EXAMPLES OF THE FOKKER–PLANCK–KOLMOGOROV EQUATIONS 
DESCRIBING EVOLUTION OF THE FLUCTUATING CHARACTERISTICS OF 
TURBULENT CHAOS
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Now proceeding from simple examples let us show that Prigogine’s principle (37) can 
serve as a basis for deriving the evolutionary partial differential Fokker–Planck–Kolmogorov 
equations in the space of stochastic variable q  for the distribution functions of various sto-
chastic small-scale turbulence characteristics. This is valid if appropriate hypotheses about the 
distribution in a stationary non-equilibrium state of the latter are adopted in advance. It should 
be kept in mind, however, that such hypotheses are almost always not quite rigorous and are a 
strong idealization related to the simplification of a real turbulent motion under natural condi-
tions 38. 
 
7.1 Evolution of Vortices in the Space of Fluctuating Velocities 

 
Let us first address assumption (37) to derive the kinetic equation describing the change in 

the probability density function of vortex velocities 2( , )P u t′′r  ( ( , , ) /n u t nΣ′′≡ r ), ( , , )n u t′′ r  
being the number density of turbulent vortices and nΣ  is the total number of vortex moles, see 
(12). We consider this function as the internal variable of the subsystem of turbulent chaos 
and the fluctuating velocity u′′  as the internal coordinate q . The probability distribution func-
tion for the fluctuating velocity is known to be not universal in the case of developed turbu-
lence because it depends on the mechanism generating the turbulent field. Nonetheless, fol-
lowing Millionshchikov40, we may use the hypothesis about normal distribution of fluctuating 
velocities (for a locally isotropic turbulent field) in the stationary case  
 

( ) ( )2 2
1( ) ( ) / / expstatW u n u n uΣ′′ ′′ ′′≡ = β π ⋅ − β . (41) 

 
Millionshchikov applied such a distribution in the turbulence theory for special purposes 

that we will not discuss in more detail. Note only that there are many examples where the ve-
locity distribution function is approximately Gaussian, for instance, in turbulence generated 
by grids in wind tunnels or turbulence in an atmospheric boundary layer 9,41. For the subsys-
tem of turbulent chaos we accept the constant β  in (41) as being related to the turbulization 
temperature turbT  in exactly the same way as it is done in the gas kinetic theory42. Then, using 

(17) and (41), it is easy to find that 2β = 1(2 )turbT −R , whence we obtain a different equivalent 

expression for the function ( )statn u′′ : 
 

1/2 2 21( ) exp exp
2 2 2

stat

turb turb turb

u un u n const
T T TΣ

⎛ ⎞ ⎛ ⎞⎛ ⎞ ′′ ′′
′′ = − = ⋅ −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟π⎝ ⎠ ⎝ ⎠ ⎝ ⎠R R R .                 (41*) 

 
Substituting this distribution into (16) yields the following representation of the chemical 

potential ( , , )turb u t′′μ x  for the configuration u′′ : 
 

2B
B

k( , , ) ( / 2) k ( , ) ln ( , , )turb turbu t u T t n u t const′′ ′′ ′′μ = + +⎡ ⎤⎣ ⎦r r r
R

. (42) 
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Given this formula, the phenomenological relation (36) for the probability flux ( , , )J u t′′ x  
takes the form 
 

( ) ( )( ) ( )
( )
turb

u turb
T n u n uJ u L u u n u T

n n u u u′′
Σ

′′ ′′⎛ ⎞ρ ∂ ∂⎛ ⎞′′ ′′ ′′ ′′= − + = −α +⎜ ⎟ ⎜ ⎟′′ ′′ ′′∂ ∂⎝ ⎠⎝ ⎠

R
R , (43) 

 

where B( k / )nΣ= ρR . Here, we introduce the coefficient Bk / ( )uL n u′′ ′′α ≡ R  that can be in-
terpreted as the “mobility” in the space of internal coordinate u′′  per unit volume; in the first 
approximation, this coefficient does not depend on ( )n u′′  and is assumed to be independent of 
u′′ . Substituting (43) into (19) yields the sought for kinetic FPK equation for the conditional 
probability density function of the fluctuating velocity u′′ : 
 

( )2 2
2 2( , ) ( , ) 0turb

P PP t u P T t
t u u

∂ ∂⎛ ⎞∂ ∂ ′′+ ⋅ 〈 〉 − α + =⎜ ⎟′′ ′′∂ ∂ ∂ ∂⎝ ⎠
u r r

r
R . (44) 

 

This dynamical equation supplemented by the initial condition 2P = ( 0)u′′δ −  (the δ − 
function concentrated at point «0 » appears on the right-hand side) describes the temporal 
evolution of the probability density function P  for the fluctuating velocity u′′ , in particular, 
for decaying (so-called degenerating) turbulence. It should be noted that the quantity 
K u′′≡ −α  (the friction coefficient in the corresponding Langevin’s equation) acts as the drift 
coefficient in the FPK equation written in standard form and the quantity 
 

2
B2 k / ( ) 2u turb turbD L T n u T −

′′ ′′≡ = α = αβR  
 
is the diffusion coefficient. 

The normal distribution (41), which is a stationary solution of the one-dimensional (in pa-
rameter u′′ ) FPK equation (44) can be taken as the initial statistical state of the fluctuating 
velocity field for the whole class of various motions of degenerating turbulence. A non-
stationary solution of this equation can then be obtained in an analytically closed form: 
 

{ } { }21/2
2( , , ) ( , ) exp ( , ) / ( , )P u t a t u b t a t−′′ ′′= π − −⎡ ⎤⎣ ⎦r r r r , (45) 

where 

{ } 0( , ) 1 exp( 2 ) exp( 2 )Da t t a t= − − α + − α
α

r ,   0( , ) ( )exp( )b t b t= −αr r ; (46) 
 

0( )a r  and 0( )b r  are the initial conditions. This solution allows us to calculate the various n -
point moments (correlation functions) of the m - th order describing the statistical relation be-
tween the random velocities at various points of space-time. In particular, for the quantities 

0
( , )u t′′ r  (the conditional mean velocity of the ensemble of vortices at a time t ) and 

1( , ) ( , )u t u t′′ ′′r r  (the two-time one-point correlation function), we have 
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0
2 0( , ) (0 , ) ( )exp( )u t u P u t du b t′′ ′′ ′′ ′′= = −α∫r r ,  (47) 

 

whence 
0

( , ) ( , )b t u t′′≡r r ; 
 

1 1 1 2 1 1( , ) ( , ) ( , ; , )u t u t u du u du W u t u t′′ ′′ ′′ ′′ ′′ ′′ ′′ ′′= =∫ ∫r r  
 

{ } { }2
1 1

1( , ) exp exp
2
Du t t t t t′′= −α − = −α −
α

r ,  (48) 
 

where the average is taken over the stochastic process34. Here, 2 1 1( , ; , )W u t u t′′ ′′  is the joint 
probability density. Because generation of new modes of fluctuating motion (the fragmenta-
tion of vortex structures) is a Markovian process, it is represented as the product of the proba-
bility density at time 1t , 1 1 1( , )W u t′′ , and the conditional probability 2 1 1( , , )P u t u t′′ ′′  (which is 

reduced to the δ -function at 1t t= ): 
 

1( )u u′′ ′′δ − ): 2 1 1 1 1 1 2 1 1( , ; , ) ( , ) ( , , )W u t u t W u t P u t u t′′ ′′ ′′ ′′ ′′= .  
 

Since 4
32 turbD T b= α = α〈 〉R , then we have: -first, the correct relation 

22 2 1
3 3u b′′ ′′= 〈 〉≅ u  

is consistent with the assumption about local isotropy of the vortex velocity field in the case 
of developed turbulence and, -and second, the effective formula for one of the most important 
correlation quantities in the theory of statistical turbulence 
 

( )2
1 13( , ) ( , ) expu t u t b t t′′ ′′ = 〈 〉 −α −r r , (49) 

 
defining the speed with which the fluctuating velocity “forgets its past” (according to this 
formula, this occurs in a time 1 /t ≅ α  follow from (48). 

Solution (45) at zero values of the parameters 0a  and 0b  takes the form  
 

{ }
21/2

2( , ) 2 1 exp( 2 ) exp
2 1 exp( 2 )turb

turb

uP u t T t
T t

− ⎧ ⎫′′⎪ ⎪′′ = π − − α −⎡ ⎤ ⎨ ⎬⎣ ⎦ − − α⎡ ⎤⎪ ⎪⎣ ⎦⎩ ⎭
R

R
. (50) 

 

It allows the temporal evolution of the conditional probability distribution function for the 
fluctuating velocity to be traced if the velocity distribution was Gaussian in the case of sta-
tionary turbulence. 

It should be kept in mind that choosing the fluctuating velocity u′′  as a suitable character-
istic of turbulent vortices (the internal coordinate of the subsystem of turbulent chaos) gener-
ally does not justified, because the Gaussian probability distribution of the fluctuating veloci-
ty u′′  has been confirmed with a sufficient degree of reliability neither experimentally (it was 
established, for example, that the deviation from “normal behavior” behind the grid increases 
considerably with increasing Reynolds number Re ) nor theoretically (the classical “two and 
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five thirds” laws of turbulence are known to break down for this distribution). Earlier it was 
pointed out that the most acceptable characteristics of small-scale turbulence to serve as an 
internal coordinate are non-negative macroscopic variables even functions of rates such as the 
dissipation rate of turbulent energy38. According to Kolmogorov’s hypothesis, such random 
characteristics asymptotically satisfy a log-normal probability distribution. This is because the 
successive fragmentation of vortex structures is similar to the coagulation of solid particles 
(the latter is known to lead to a log-normal particle size distribution). We note that the log-
normal distribution does not accurately describe the edges of the true distribution of random 
variable and, hence, can be used to calculate the high order moments only with a great cau-
tion. 

 
8 CASCADE PROCESS. THERMODYNAMIC TREATMENT CORRESPOND-
ING TO THE KOLMOGOROV’S ORIGINAL SIMILARITY HYPOTHESES 
 

Let us now apply Prigogine’s principle (37) to the derivation of the kinetic equation de-
scribing the temporal evolution of the vortex distribution function in the space of kinetic en-
ergy. We will describe the Richardson–Kolmogorov cascade process (large vortices towards 
small vortices and heat) using an analogy with the process of consecutive chemical reactions. 
In this case, the original kinetic equation (13) for the distribution function (0 ; , )P q tr  of tur-

bulent vortices in the space of fluctuating energy 2/ 2q ′′= ρ u  takes the form 
 

( ) ( )2
2 2

(0 ; , )
(0 ; , ) (0 ; , ) ( , , )

P q t
P q t P q t q t

t q
∂ ∂ ∂

+ ⋅ 〈 〉 = ε
∂ ∂ ∂

r
r u r r

r
, (51) 

where 
( , , )q tε r ( , , ) / ( , , )J q t n q t≡ − r r  (52) 

 
is the transition reaction rate from state q  to state q dq+ corresponding to the probability flux 
( )J q  in state q ; n  is the number density of turbulent vortices. In other words, relation (51) 

defines the parameter ( , , )q tε r  that can be interpreted as the transfer rate of kinetic energy 
2/ 2′′ρ u  over hierarchy of turbulent vortices along the coordinate q . Concurrently, this 

quantity also defines the kinetic energy dissipation in vortices of type q . Indeed, the equation 
for the first moment 

2(0 ; )qP q t dq =∫
0

2/ 2 b′′ρ = ρ〈 〉u .  
 

Derived from (51) as a result of integration by parts (and by assuming the flux ( , , )J q tr  at 
the boundaries of the domain of integration to be zero) takes the classical form31 
 

0
2( , , ) (0 ; , ) ( , ) ( , )D b q t P q t dq t t

Dt
〈 〉

ρ ≅ − ε = − ε ≅ −ρ〈ε 〉∫ r r r r . (53) 

 

42



A.V. Kolesnichenko, M. Ya. Marov 

 

 

Here the conditional average is taken over the stochastic process q , in which parameter 
〈ε〉  defines the mean turbulent energy dissipation rate at point ( , )tr . For this reason the quan-
tity ( )qε  can be interpreted as the energy dissipation rate in vortices of type q  (at the point 

2/ 2q ′′= ρ u  of configuration space. Then for the part of the dissipation energy T Σ〈 〉σ  [see 
(33)] attributable to the transfer of turbulent energy over the cascade, we have 
 

( )
q

(q, , ) ( , , ) ( , , ) 0Ch
turbT t n q t A q t dqΣ〈 〉σ ≡ −ρ ε ≥∫ r r r . (54) 

 
Hence, a local phenomenological Prigogine-type equation follows: 

 

(q, , ) ( , , ) / ( , , ) ( , , )q turb turbt L A q t n q t A q t′ε = = − αr r r r ,  (55) 
 
in which 

B
ln ( )( ) k ( )turb turb
n qA q T f q
q

∂
= − +

∂
 (56)  

 
is the chemical affinity of the vortex fragmentation process (the state function of the subsys-
tem of turbulent chaos); (q) /f q= −∂Φ ∂  is the so-called friction force; and / ( )qL n q′α = −  is 

the mobility coefficient, which is assumed to be independent of q. 
In the case where a stationary non-equilibrium flow is established in a turbulent medium 

when the energy transfer rate over the cascade is constant, ( , , ) ( , )q t tε ≅〈ε 〉r r  vii inequality 
(54) takes the form 

( , ) ( , ) 0gl
turbT t A tΣ〈 〉σ = −ρ 〈ε 〉 ≥r r . (57) 

Here, 

turb turb( ) ( )gl
turb q
A n q A q dq n AΣ≡ =∫  

 
is the so-called global affinity of the formation of turbulent structures. Given (56), it can be 
rewritten as 

2
B 2

(0 ; )
( , ) k (0 ; ) ( )turb turb

q q

P q t
A t T dq P q t f q dq

q
∂

= − + =
∂∫ ∫r  

 

1B 2 2k [ ( ) ( )] ( , ) ( , ),turb LT P q P q f t f tη= − − + ≅r r  (58) 
 

because 2P  becomes zero at the boundaries of the domain of integration (here, η  is the local 

value of the Kolmogorov’s microscale; 
0

1 turb 1( , ) ( , ) ( ) ( )Tt t RT t t= δ −F q F q Q q  is the total 

                                                 
vii  This assumption was first adopted in the original formulation of the well-known Kolmogo-

rov28 hypotheses. 
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number of vortex moles). Thus, the production Σσ  of averaged entropy in such a stationary 
process is the product of total energy transfer rate over the cascade 〈ε〉  and the global affinity 
gl
turbA   is referring to the entire cascade fragmentation of large vortices into small ones. In this 

case, the linear phenomenological relation 
 

( , ) ( , )gl
turbt A t′〈ε 〉 = −αr r  (59) 

is valid, in complete agreement with the results of irreversible thermodynamics for consecu-
tive chain of chemical reactions. 

On the other hand, we can adopt the more realistic condition 
 

( , , ) ( ) ( ) ( )J q t J nΣ≅ ≡ − 〈ε 〉r r r r  
 
for the thermodynamic kinetic energy flux ( , , )J q tr over the cascade of vortices being quasi-
stationary, i.e., for the flux J on various scales of motion being independent of the parameter 

2/ 2q ′′= ρ u . This assumption considered together with the linear relation (55) leads to a 
more general (than 59) form accounting for non-linear relation between ε and the chemical 
affinity 

( , ) ( )
q

A t A q dq≡ =∫r
1

( , ) ( , )Lq qημ − μr r .  (60) 
  
for the cascade process as a whole. The non-linear defining relation in the case can be easily 
obtained by applying the second formula in (22) for the “local affinity” turb( , , )A q tr  and as a 
result, we have for the chemical reaction rate  
 

B
1 exp

k turb

A
T

⎡ ⎤⎛ ⎞
〈ε〉 ≅ γ − −⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦
, (61) 

where 

1

B

B

B

( )k exp
k

( )exp
k

L

turb

turb

q

q
turb

qT
n T

q dq
Tη

η

Σ

μ⎛ ⎞⎛ ⎞
′α ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠γ =

⎛ ⎞Φ
⎜ ⎟
⎝ ⎠

∫
. (62) 

 

Thus, the existing deep analogy between the consecutive chemical reactions (А→  В→  
С→  etc.) and the Richardson–Kolmogorov cascade fragmentation of vortices with the corre-
sponding chemical potential and chemical affinity allows us to describe macroscopically 
structured turbulence by the methods of extended irreversible thermodynamics and represent 
it as self-organization process in an open system. Using the two interpretations of Kolmogo-
rov’s parameter ε  as the quantity describing the dissipation rate of energy into heat and, sim-
ultaneously, as the transfer rate of turbulent energy over the cascade of vortices in the station-
ary-equilibrium case, we have been able to obtain the defining relations for a key characteris-
tic of the turbulent field - the turbulent energy dissipation rate 〈ε〉  by means of thermodynam-
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ical modeling structured turbulence. We may recall that in the Kolmogorov28 theory this 
quantity is constant and is called Kolmogorov’s parameter. Relations (59) and (60) closing the 
system of hydrodynamic equations (2)–(5) make the thermodynamic approach to modeling 
the developed turbulence to a certain extent self-sufficient. Obviously, when addressing vari-
ous problems of numerical simulations including broad class of natural phenomena synergetic 
approach to describing stationary non-equilibrium turbulence should be further refined. 

An additional important remark is worth to mention. By analogy with a laminar fluid mo-
tion, the condition for increase in total continuum entropy (33) seems would place some con-
straints on the turbulent transport coefficients in the defining relations (34), (35), and (59). 
Positiveness of the direct molecular exchange coefficients is known to follow precisely from 
such conditions whereas the cross coefficients can be different in sign31. Substituting relations 
(34), (35), and (59) into (33) for the total entropy production of turbulent system, we obtain 
 

21 ln0 turb T
TΣ

⎧ ∂ 〈 〉⎛ ⎞⎪≤ σ ≡ λ⎨ ⎜ ⎟〈 〉 ∂⎝ ⎠⎪⎩ r ( )
2 21 (div ) .

3
glturb
turbA

⎫⎛ ⎞ ⎪′+ρν − 〈 〉 + ρα ⎬⎜ ⎟
⎝ ⎠ ⎪⎭
D u U  (63) 

 
Specificity of interactions associated with the functional dependence of the turbulent 

transport coefficients on parameters 〈ε〉  and b〈 〉  between various dissipative processes in a 
turbulized continuum is such that “switching off” one of the thermodynamic forces (e.g., the 
affinity gl

turbA ) can change (or even “switch off”) other processes (e.g., the viscous ones). This 
implies that the second law of thermodynamics, which requires that the entire sum (63) is to 
be positive, in general, cannot be applied to its individual terms. For example, it could happen 
that the quantity 

21 (div ) 0
3

turb ⎛ ⎞
ρν − 〈 〉 <⎜ ⎟

⎝ ⎠
D u U , 

 

provided that the 0Σσ ≥ . This indicates that turbulent flows with a negative turbulent viscosi-

ty, 0turbν < , can appear under certain peculiar conditions. The above considerations serves as 
thermodynamic justification for the possibility that a negative viscosity can appear in turbu-
lent fluid flows. 

12 CONCLUSIONS 
We performed a stochastic-thermodynamic analysis of developed turbulence in a homoge-

neous fluid and constructed a phenomenological model of structured turbulence as a self-
organization process in an open system based on our previous study summarized in the 
works11,27,40,43. A turbulized continuum was represented as a thermodynamic complex consist-
ing of two mutually open subsystems − the subsystem of averaged motion and the subsystem 
of turbulent chaos, which, in turn, is considered as an ensemble of vortices with various spati-
otemporal scales. This representation allowed us to obtain the defining relations for the turbu-
lent fluxes and forces in the subsystem of turbulent chaos in a non-equilibrium stationary state 
by the methods of thermodynamics with internal variables. By introducing a number of addi-
tional random parameters for the medium characterizing the excited macroscopic degrees of 
freedom of a strongly turbulized continuum, we obtained various Fokker–Planck–
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Kolmogorov equations for the distribution functions of small-scale turbulence characteristics 
using Prigogine’s postulate concerning the direction of the irreversible processes localized in 
the space of configurations. We also described thermodynamically Kolmogorov’s cascade 
process. At the same time, a deeper understanding of the phenomenology of Kolmogorov’s 
cascade is possible only by taking into account a large number of statistically correlated sto-
chastic processes q  that comprehensively characterize vortex spatiotemporal structures. 
Nonetheless, the simplified thermodynamic analysis of quasi-stationary turbulence performed 
here and the idealized macroscopic model constructed on its basis allow us to extend further 
our original views of the properties of open dissipative hydrodynamic systems. The latter is a 
“hot spot” in one of the most important and rapidly developing branches of nonlinear dynam-
ics including  evolution of chaotic motions and the formation of ordered dissipative structures. 

The dual nature of the irreversible processes leading to disordering near equilibrium and 
ordering far from equilibrium clearly manifests itself when analyzing the current problems of 
turbulence, specifically in natural environment and outer space, in the entire variety of spatio-
temporal scales. They involve origin and evolution of the Universe, stellar and planetary ob-
jects formation and evolution, the processes in the gaseous envelopes of celestial bodies, as 
well as different patterns of ecosystems in which the cascades of spatiotemporal configura-
tions are created. From our viewpoint, the concept of entropy itself becomes much more sub-
stantive and deeper owing to the approach to modeling structured turbulent chaos being de-
veloped here. One of the main objectives of this study was the development of theoretical ap-
proach to the stationary non-equilibrium state of turbulent chaos using stochastic-
thermodynamic methods and finding conditions of self-organization in such open systems. 
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Summary. The article by mathematical simulation using quantum statistics and Fermi-Dirac 
integrals investigated narrowing band gap of silicon. As well as its dependence on the 
temperature and carrier density effects on the change in the carrier density in the conduction 
band. Particular attention is paid to the determination of the equilibrium concentration of 
charge carriers in the conduction band and the influence of the narrowing of the band gap on 
it. The narrowing values of the band gap, calculated using the theoretical model, are compared 
with the experimental results. 
 
1 INTRODUCTION 

The wide use of silicon in numerous technological applications, such as the creation of 
nanoparticles and nanostructures [1,2], metamaterials [3], the modification of the surface of 
semiconductors by laser pulses, which has aroused special interest in bio- [4] and IT-
technologies [5,6] causes interest in the properties of this semiconductor. Studies of the 
melting mechanisms of semiconductors and the properties of high-density electron-hole 
plasma remain topical. Numerous experiments [7-12] have shown that in the process of 
melting in silicon, covalent bonds are destroyed, with a change in the short-range order, 
accompanied by a sharp increase in the concentration of conduction electrons and leading to 
the transition of silicon to the metallic state. However, the role and influence of one of the 
most important fundamental characteristics of silicon of the band gap on the processes 
associated with the phase transition and in the region of higher temperatures have remained 
uncovered both experimentally and theoretically.  

The notion of a band gap arose within the framework of quantum theory [13-18] in 
connection with the need to explain the differences in the physical properties of metals and 
semiconductors in solid state physics. The most important property of both metals and 
semiconductors is electrical conductivity and its characteristic - carrier concentration. In 
determining the carrier concentration necessary to describe all the properties of 
semiconductors, the width (energy) of the band gap Eg is of great importance, since it is the 
most important characteristic of the energy structure of semiconductors. For use in 
mathematical modeling, the band gap should be represented in the form of a temperature 
dependence Eg(T) (or baric Eg(P)). In accordance with the concepts of quantum theory, when 
a crystal is formed from individual atoms, the interatomic distances decrease, and due to the 
action of the Pauli principle, allowed bands arise in which electrons can be located. The 
allowed bands are characterized by the density of electronic states. The most "deep" allowed 
bands, i.e. energy bands formed by the electrons of the deep-lying shells are the same for all 
substances. The uppermost of them - the valence band Ev in semiconductors is completely 
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filled with electrons at zero absolute temperature (T=0 °K). The next allowed zone behind it is 
not filled with electrons at the same temperature. This band is called the conduction band Ec. 
The allowed bands of a crystal are separated by band gaps, the density of electronic states in 
which is zero. The band gap largely determines the nature of the chemical bond in the 
material. To characterize the filling of electronic bands we introduce the concept of Fermi 
energy (level) EF, which separates on the energy scale the filled electronic states of the crystal 
from free ones at zero absolute temperature. Depending on the position of the Fermi level the 
allowed bands of the crystal can be filled completely or partially by electrons, or remain 
unfilled. The location of the Fermi level EF with respect to the edges of these zones 
determines the electronic nature and physical properties of the crystal. Indeed, the valence 
electrons of the crystal in the filled bands are bound and do not participate in the conductivity. 
Electrons can participate in electronic conduction, becoming free, only if they are in an 
unfilled zone [16]. Accordingly, substances in which the valence band is partially filled, or the 
conduction band and the valence band overlap, are metals. Substances in which the valence 
and conduction bands do not overlap at zero absolute temperature (T=0 °K) are 
semiconductors or dielectrics [15, 16, 17, 18]. Semiconductors and dielectrics differ in the 
value of Eg. Conditionally, dielectrics include substances with a band gap Eg>2-3 eV (1 eV= 
1.6021×10-12 Erg = 1.6021 × 10-19 J), to semiconductors with a bandgap Eg <2-3 eV. Wide-
band (1.0 eV <Eg <2-3 eV) and narrow-gap (Eg <0.1 - 0.2 eV) semiconductors are 
distinguished by the width of band gap. Substances with Eg≈0 are attributed to gapless 
semiconductors, substances with Eg≤0 (band overlap) to semimetals, the Fermi level in these 
substances is located deep in the conduction bands or in the valence band [13, 16, 17, 18].  

For semiconductors, including silicon, were carried out experiments to determine the width 
of the band gap [19-24], which for Si was determined in the temperature range from 4.2 °K to 
800 °K. Experimental studies have shown that the narrowing of the band gap depends not 
only on temperature [19-22], but also on carrier concentration [23-24]. However, a number of 
limitations of the experimental approach do not make it possible to obtain the necessary 
characteristics in the melting temperature range and, therefore, theoretical studies are required 
to determine the band gap and the carrier concentration over a wide temperature range. 

In this paper, mathematical modeling will be used - a recognized tool for theoretical 
studies of problems accompanying the use of silicon in numerous technological applications 
[25-30]. In the conditions of temperature increase, the band gap Eg(T) narrows, the carrier 
concentration reaches high values of N(T)≈1018 cm-3 and higher, which is confirmed by 
experimental studies [7-12], the electron gas degenerates, the values of Eg(T), EF(T), N(T) 
become interdependent, the classical Maxwell-Boltzmann statistics becomes unjust, which 
greatly complicates the calculation of all quantities. To solve this problem, the use of Fermi-
Dirac quantum statistics becomes fundamental. Therefore, the basis of mathematical 
modeling is the use of quantum statistics and Fermi-Dirac integrals (F-D) to take into account 
the degeneracy of the electron gas. 

This article is devoted to the study of the behavior of the band gap with increasing 
temperature and carrier concentration and its role in processes associated with a phase 
transition in the region of the equilibrium melting temperature of silicon and higher 
temperatures. Particular attention is paid to the determination of the equilibrium concentration 
of charge carriers in the conduction band and the impact on it of narrowing the band gap. We 
consider silicon with intrinsic conductivity under conditions of thermodynamic equilibrium 
and electroneutrality in the temperature range 300 °K <T <1.5×Tm. 
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2 QUANTUM APPROACH 
In the mathematical modeling of the band gap of silicon, using the statistics of electron 

gas, the central place is occupied by the law of the distribution of charge carriers over energy 
states.  

In semiconductors, unlike metals, the number of charge carriers and their mobility depend 
on temperature, defects and the presence of impurities. Under thermodynamic equilibrium 
conditions at a temperature T=Tlat=Te (Tlat is the lattice temperature, Te is the electron 
temperature), the probability of the electron filling the state with energy E is determined by 
the Fermi-Dirac distribution law using the Fermi level EF 
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⎞
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EE
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where kB - Boltzmann constant. At low temperatures, the valence band of the semiconductor 
is completely occupied and, according to the Pauli principle, charge carriers cannot move 
inside the valence band. In connection with this, at low temperatures in semiconductors the 
concentration of conduction electrons is so small that they behave like a gas of noninteracting 
particles, the Fermi energy exceeds the electron energy (E-EF)<0 and the electron gas is 
nondegenerate. In this case (1) reduces to the Maxwell-Boltzmann distribution function 
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To move free carriers from the valence band to unoccupied conduction band, an additional 
finite energy is required and it exceeds the energy of the band gap, which for silicon Eg=1.17 
eV for at T = 0 °K [13]. With increasing temperature, hot electrons give off energy to the 
lattice, while the width of band gap decreases, and the concentration of free charge carriers in 
the conduction band increases, determined by the processes of generation and recombination 
of electrons from the conduction band and holes from the valence band, which occur 
continuously and in parallel, the electron gas degenerates and (E-EF)> 0. In a state of 
thermodynamic equilibrium, these opposite processes must coincide in speed, both in the 
whole and in each region of the spectrum. Such a detailed equilibrium exists when the phonon 
energy is converted into the energy of electrons and back and in any other process of energy 
transformation that can occur in a solid. From the principle of detailed balance it follows that 
there is a unique electron energy distribution characterized by a single Fermi level EF for a 
material of a given composition at a given temperature T.  

As we can see, the distribution function has the necessary minimum information for 
describing the processes taking place inside a solid body with an acceptable accuracy. 

By integrating the distribution function of the carriers (1), one can obtain many 
characteristics of the electron gas. Therefore, in determining the properties of silicon in an 
arbitrary degeneracy range from the classical Boltzmann limit to the degenerate Fermi-Dirac, 
including the weak degeneracy range (E~EF), a large role is played by the Fermi-Dirac 
integrals 
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where Γ(x) is the gamma function, j is the index of the Fermi-Dirac integral, c=e for electrons 
and c=h for holes, ε is the reduced electron energy (hole), the reduced Fermi level for 
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To determine the carrier concentration and the band gap of semiconductors we use F-D 
integral with the index j=1/2. The integral (3) with the exception of an integral with order 

0=j , cannot be calculated analytically. This involves a variety of methods for approximate 
calculation and approximation of Fermi integrals [30], among them: expansion in series [31-
33], numerical quadratures [33-35], recurrence relations and interpolation of tabulated values 
[36-38], piecewise polynomials and rational functions [39-41]. In [42,43] Fermi-Dirac 
integrals of orders j=-1/2, 1/2, 1, 3/2, 2, 5/2, 3 and 7/2, continuous analytic expressions that 
unique for each order were obtained  in a wide range of degeneracy -10 ≤η≤ 10. The 
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approximating function of F-D integral with order j=1/2 from [42,43] will be used to calculate 
the properties of the electron gas of silicon. 

Figure 1 shows the dependences of the Fermi-Dirac function of integers j and half-integral 
j/2 orders, for different values of η. The dotted lines in the figure show the high-temperature 
limit for the nondegenerate (η<0) and low-temperature limit for the degenerate (η>0) electron 
gas. It is seen that the use of approximating functions makes it possible to carry out a smooth, 
continuous transition from the domain of nondegeneracy to the degeneracy region, which is 
very important for obtaining smooth functional dependences of the properties of the electron 
gas of silicon. 

3 CALCULATION OF THE BAND GAP OF SILICON 
The band gap of silicon Eg, like other semiconductors, depends on external parameters 

such as temperature, pressure, electric, magnetic, gravitational fields, and others [13-18]. With 
increasing temperature and an increase in the concentration of charge carriers, the energy of 
band  gap tends to decrease [12, 13, 19-24]. 

Narrowing of the band gap for wide-gap semiconductors was studied by optical methods 
and by photoluminescence spectroscopy. The experimental data give an idea of narrowing of 
the band gap in the range of carrier concentrations from 4×108 -1020 cm-3 and temperatures of 
20-300 K [19, 23-24]. In [10], it was suggested that the width of the forbidden band at the 
melting temperature Tm abruptly becomes zero. 

In this paper, it is of interest to investigate the influence of the band gap of silicon on 
processes associated with the phase transition and in the region of higher temperatures. It is 
known that upon melting silicon acquires metallic properties, so the width of the forbidden 
band in the vicinity of the melting temperature should become close to or equal to zero. These 
arguments form the basis of our assumption about the observance at the equilibrium melting 
temperature of the condition 

Eg(Tm)≈0, при Tm = 1687°K    (6) 

Let us consider the basic mechanisms that affect the temperature dependence of the width 
of the band gap. 

The first mechanism is associated with the expansion of the lattice when the temperature 
rises causing displacement of position relatively the conduction band and the valence band. 
The second mechanism is associated with the enhancement of electron-lattice interaction with 
an increase in temperature [44-50]. In low-temperature region these effects make a significant 
contribution to the change in the energy of the band gap. The temperature dependence of the 
width of the band gap at low temperature is nonlinear. In high-temperature region according 
to estimates made in Ref. [48], the contribution of these mechanisms is approximately 20-
25% of total change in the energy of the band gap and temperature dependence is linear 

,   (7) 

where θ is the Debye temperature (for Si θ = 640 °K). 
At present, empirical and semiempirical dependences are used to describe the temperature 

changes in the band gap Eg (T) [44-51]. They usually use linear coefficients (for example, 

temperature coefficient [48] - 
T
Eg

T ∂
∂

−=α  and baric [56] - 
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P ∂
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−≈α , here T and P are the 
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absolute temperature and hydrostatic pressure). The most common is the Varshni 
approximation [48], which describes well first two mechanisms of narrowing of the band gap 

( )
β

α
+

−=
T

TETE gg

2

0,      (8) 

where Eg,0 is the band gap at 0 °K, α and β are constants that have been evaluated 
experimentally and for silicon are: α=7.021×10-4 eV/T, β=1108K. The constant β is 
comparable with the Debye temperature with a coefficient ≈2.5 for silicon [48]. At high 

temperatures T>>β, it follows from (8), that 
T
Eg

∂

∂
−≈α , so it is temperature coefficient of the 

width of band gap. 
The third mechanism of narrowing of band gap is related to the effects of collective 

interactions and operates at sufficiently high carrier concentrations and degeneracy of the 
electron gas. The most significant contribution to narrowing the width of the band gap is due 
to the exchange interaction which leads to an empirical dependence of the form ΔEg ~ 
γ×N(T)1/3, where γ is a parameter that has the behavior of a fitting to this experiment. In [51-
55], the parameter γ is defined in the range 1×10-8 ÷7.3×10-8 eV×cm. 

Thermal and quantum mechanisms are taken into account in the relation of [26], which 
represents the modification of (8) 

( ) ( )TN
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TENTE gg
31

2

0,, ⋅−
+

−= γ
β

α    (9) 

where α, β are the constants that coincide with the corresponding constants from (8), the 
constant γ=1.5×10-8 eV×cm, N(T) is the concentration of charge carriers in the conduction 
band, and T is the temperature. In this paper, two values of the fitting parameter γ were 
chosen. The first - 88.35 10−γ = ×  eV×cm - was chosen from the condition that the width of 
the band gap should be zero at equilibrium melting point Eg(Tm)=0. The second value - 
γ=4.2×10-8 eV×cm was chosen as a half of first one. 

4 CARRIER CONCENTRATION AND FERMI LEVEL 
In metals the carrier concentration is constant and can be characterized by a definite value 

of the electrochemical potential (Fermi energy), the value of which can be obtained from the 
experimental data [17]. In semimetals which have a band gap Eg≤0, the Fermi level is located 
in conduction band or in valence band, and the carrier concentration is about 1018-1020 cm-3, 
several orders of magnitude lower than typical for metals of 1022 cm-3. With increasing 
temperature, the number of carriers in semimetals increases, and the electrical conductivity 
increases [18]. 

In semiconductors, unlike metals, the carrier concentration and their mobility depends on 
the temperature and on the presence of defects and impurities. For any semiconductor, the 
most important characteristic is the concentration of electrons Ne in the conduction band or 
holes Nh in the valence band. For an intrinsic semiconductor that does not contain impurities, 
the equality of the concentrations Ne=Nh is observed. 
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The temperature dependences of the carrier concentrations in the conduction band and 
holes in the valence band are determined by integrating the distribution function of the 
carriers (1) 

( ) ( )eCe NTN η21F=       (10)  

( ) ( )hVh NTN η21F=      (11)  

where ( ) ( )1 2 1 2,e hη ηF F  - the Fermi-Dirac integrals (3) of order j=1/2 for electrons and holes, 
ηe and ηh are the reduced Fermi energy EF(T) for electrons (4) and holes (5), NC and NV are 
the density of states in the conduction band and valence band 
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where ( )1 32 3 2
e l tm M m m= ⋅  - the effective mass of the density of states of electrons in the 

conduction band, taking into account the contribution from the total set of ellipsoids M - the 
number of equivalent energy minima in the conduction band (for silicon M=6) [14, 18], ml, mt 
are respectively longitudinal and transverse masses, mh is the effective mass of the density of 
states of holes in the valence band. 

Since in thermodynamic equilibrium the probability of filling all electronic states with any 
energy can be expressed using a single normalization parameter-the Fermi level EF, then the 
temperature dependence of EF(T) is necessary to determine the carrier concentration and other 
properties of silicon. The position of the Fermi level is determined from the condition of 
electroneutrality. 

Taking into account (10) and (11), the electroneutrality condition takes the form 

( ) ( )1 2 1 2C e V hN N⋅ η = ⋅ ηF F      (13) 

Equation (13) is greatly simplified when approximating expressions are used for integrals 
( ) ( )1 2 1 2,e hη ηF F  [27, 28] 
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where ai - coefficients of the polynomial [42,43]. The use of a continuous analytic expression 
approximating F-D integral allows us to calculate carrier concentrations and energy of the 
Fermi level with an arbitrary degeneracy degree of the electron gas. 

Taking (14) into account, equation (13) takes the form 
7 7

0 0

i i
C i e V i h

i i

N exp a N exp a
= =

⎛ ⎞ ⎛ ⎞⋅ η = ⋅ η⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
∑ ∑    (15) 

Formulated equations (9) - (15) represent a mathematical description of the interrelated 
variables EF(T), N(T), Eg(T,N) that vary with temperature, the derivation of which in this 
paper was carried out from a numerical solution of equations using a computational procedure 
consisting of 2 nested iteration cycles. At one step in temperature [Ti,Ti+1], the sequence of 
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calculations looks like this. In the inner cycle, the energy of the Fermi level EF(Ti+1) is 
determined from the condition of electroneutrality (15) of the intrinsic semiconductor using 
the iterative Newton method [57]. In the outer cycle, taking into account the new value 
EF(Ti+1), the values are determined by the simple iteration method. The procedure is repeated 
until complete convergence. 

The results of the calculations are shown in Figures 2-6. 

5 MODELING RESULTS 
Figure 2 shows the temperature dependences of the band gap calculated for the Fermi-

Dirac distribution (9) with both values of the parameter γ (curves 1, 2) and for the Maxwell-
Boltzmann distribution (curve 3). In the temperature range from 300 ° K to θ, where the 
influence of quantum mechanisms is weak, the width of band gap is equally well 
approximated by all the dependences and completely coincide with the experiment [22]. 
Above the Debye temperature, the contribution of collective interaction mechanisms to the 
width of the forbidden band becomes appreciable, which is reflected in the behavior of the 
dependences. The width of the forbidden band, calculated with the Maxwell-Boltzmann 
statistics (curve 3), depends only on the temperature remains positive longer than others. The 
condition Eg(T)=0 for this dependence is satisfied at T=2400K, and at the melting point - 
Eg(Tm)=0.5 eV. The dependences calculated with Fermi-Dirac statistics (curves 1, 2), which 
take into account the effect of temperature and carrier concentration, narrow more strongly. 
For the value of parameter γ=4.2×10-8 eV×cm, Eg(T)=0 at T=2000 K, Eg(Tm)=0.248 eV. For 
the value of parameter γ=8.35×10-8 eV×cm, the width of band gap at temperature T>Tm 
becomes negative. 

Figure 3 gives a clear picture of the shape and velocity of the narrowing of the band gap 
Eg(T,N) and the position of the Fermi energy level EF(T), calculated with quantum statistics, 
relative to the edges of the valence EV(T) and conduction EC(T) bands and intrinsic Fermi 
level located in the middle of the band gap. With increasing temperature the Fermi energy 
EF(T) deviates from its own level toward the edge of the valence band EV(T), which is 
determined by lower effective mass of the density of states of the valence band. For silicon, 
the ratio of the effective masses of the electron and hole states is mde/mdh=1.89. Because of 
this, the degeneracy of the hole gas (ηh=0) occurs earlier than the degeneracy of the electron 
gas (ηe=0) (Fig. 5). 

Beginning with T=1000K the carrier concentration and the width of the forbidden band, 
calculated with quantum and classical statistics begin to differ: for Fermi-Dirac – 
N(T)=1.5×1018 cm-3, for Maxwell-Boltzmann - N(T)=9.1×1017 cm-3, Eg(T,N)=0.81 eV. 
Obtained data corresponds to appearance of a weak degeneracy, to which the values ηh≈-4 
correspond (Fig. 5). 

The region of strong degeneracy arises when the curves EF(T) and EV(T) (Figure 3), which 
corresponds to ηh=0 and to the values T=1600K, N(T)=1.1×1020 cm-3 (Fig. 4), Eg(T,N)=0.083 
eV for Fermi-Dirac distribution and NM-B(T)=3.8×1019 cm-3 (Fig. 4), Eg(T)=0.48 eV for 
Maxwell-Boltzmann. 

The same picture, with a certain shift to higher temperatures, is observed with degeneracy 
of the electron gas. Weak degeneracy: ηe≈-4, T=1090K (Fig.5), N(T)=4.5×1018 cm-3, 
Eg(T,N)=0.61 eV (Fig. 3, 4), strong degeneracy: ηe≈-0 (Fig.5), T=1920K, Eg(T,N)=-0.28 eV 
(Fig. 3, 4). 
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Fig. 2. Temperature dependence of the width of band gap of silicon. The calculation was carried 
out using: 1 - quantum statistics with γ=8.35×10-8 in (10); 2 - quantum statistics with γ=4.2×10-8 in 
(10); 3 - Maxwell-Boltzmann statistics and Varshni relation [48]. Experimental data are marked by 
unpainted circles [22]. 
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At the equilibrium melting 

temperature T=Tm=1687K in the 
variant with quantum statistics and 
fitting parameter γ=8.35×10-8 eV×cm 
the width of the forbidden band 
vanishes Eg(T,N)=0 with the carrier 
density N(T)=1.7×1020 cm-3. 

With further heating up to 
T=2000K, the width of the forbidden 
band becomes negative, and the 
carrier concentration continues to 
increase, (Fig. 3, 4) N(T)=4.2×1020 
cm-3, Eg(T,N)=-0.38 eV. With the 
Maxwell-Boltzmann statistics (Figure 
2), the width of the forbidden band 
still remains positive, and the 
concentration is much lower than in 

the Fermi-Dirac statistics: Eg(T,N)=0.24  (Fig. 2), NM-B=1.4×1020 cm-3 (Fig. 4). 
As the fitting parameter decreases by a factor of 2 γ=4.2×10-8 eV×cm, the width of the 

forbidden band vanishes Eg(T,N)=0 (Fig. 3) at a temperature T=2000K with a concentration 
N(T)=2.05×1020 cm-3 (Fig. 4). 
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6 CONCLUSIONS 
- Under the conditions of thermodynamic equilibrium, the degeneracy of charge 

carriers in silicon with intrinsic conductivity begins at a temperature which is 
considerably below the equilibrium melting point. This requires the use of quantum 
statistics and Fermi-Dirac integrals calculation technique when determining the 
properties of solid-state silicon. 

- The width of the band gap and its variation is one of the most important fundamental 
characteristics of silicon, which affects substantially on the concentration of electrons 
and holes and, therefore, all properties and characteristics of a solid-state 
semiconductor. 

- Concentrations of both types of carriers indicate their strong degeneracy in the 
temperature range T=1600÷2500K. Taking into accoun quantum effects allow one to 
vanish the width of the forbidden band at the point of equilibrium melting point or its 
vicinity. However, the concentrations are in the range N(T)=4.2×1020÷ 1021 cm-3, 
which is typical for semimetals with a negative band gap [18], but several orders of 
magnitude lower than the values typical for metals 1022÷ 1023 cm-3. 

- The thermodynamic equilibrium melting of pure crystalline silicon occurs in two 
stages. First, the melt acquires the properties of a semimetal with growing with a 
temperature number of carriers, and then reaching a certain temperature 
T>Tm~3000K, the molten silicon acquires metallic properties with a constant 
concentration of electrons and holes. 

- The above analysis is very important for a better understanding of the processes of 
nonequilibrium heating and melting of pure crystalline silicon, for example by 
ultrashort femtosecond laser pulses [7]. Under the condition ( )TEgL >ω , where 

Lω  is the energy of the quantum of laser radiation, in solid silicon due to 
photoeffects, the electron and hole concentrations can reached the values N(T)≈1022 
cm-3 without the lattice reaching the melting temperature, but with the achievement 
of metal properties. In the physical literature, this phenomenon was called pre-
melting or softening of the lattice up to the melting. However, these concepts are 
given without proper quantitative characteristics. 

- The acquisition of metallic properties by a semiconductor (silicon) depends on 
specific situation, in particular, related to the certain mode of action, and can occur 
before melting, at the moment of melting or after the melting. 
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Summary. The estimation of a vicinity of the approximate solution that contains the exact 
one (exact solution enclosure) may be performed using an ensemble of numerical solutions if 
the information on their error ranging is available a priori. A posteriori analysis of distances 
between numerical solutions enables error ranging by magnitudes, if the ensemble of 
numerical solutions separates into clusters of “accurate” and “inaccurate” solutions. For 
nonlinear problems this enclosure may serve as the computational proof of the exact solution 
existence. The impact of metric selection on the solution enclosure is observed. The numerical 
tests for the supersonic flows, governed by two dimensional Euler equations, demonstrate the 
exact solution enclosure using the set of solvers that have different orders of accuracy. 
 
1 INTRODUCTION 

We consider some additional opportunities for analysis of CFD results that may be 
provided by the abundant set of numerical methods with wide range of orders of 
approximation, which is available at present. 

Usually, the order of approximation of the finite-difference/finite volume scheme is related 
with the truncation error order. The truncation error uδ  is obtained via Taylor series 
decomposition of the discrete operator hhh fuA = , which approximates the system of PDE, 
formally noted herein as fAu = . The truncation error dependence on the spatial step h  is 
usually presented as )( nhOu =δ , where the order n  is equal to the minor order of series 
terms. 

The approximation error uuu h −=Δ  is caused by the truncation error and is of the real 
practical interest. It may be described by the tangent linear equation uuA δ=Δ  having the 
formal solution uAu δ1−=Δ . 

For linear problems, the approximation error )( nhOu =Δ  tends to zero as h  decreases 
with the same order n  (Lax theorem, [1]) if the discrete operator is well-posed (the inverse 
operator is uniformly bounded, CAh <−1 ). 

For the case of nonlinear equations with discontinuities [2,3,4,5], the error order is 
essentially local and varies significantly depending on the type of flow structure elements. In 
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this event, the observed order of convergence may be not equal to the nominal order of the 
approximation error even in the asymptotic range. 

Two single-grid based approaches to the discretization error estimation are of interest 
herein. 

A priori error estimation is the common approach to the error analysis and may be 
expressed in the form nhCu ⋅<Δ , which contains unknown constants independent on 
current numerical solution. A priori error estimation justifies the common practice to stop the 
mesh refining when the dependence of numerical solution on the step size becomes 
unobservable. This technique may be used for the proof of the exact solution existence [6] for 
linear problems. 

A posteriori error estimation [7,8,9] has the form hheCu ≤Δ , where hC  is the computable 
stability constant, which depends on the numerical solution, and he  is the computable 
indicator of the truncation error. At present, the most successes in this direction are achieved 
for elliptic equations and finite element methods starting from the work by Babushka [7]. In 
most of practical applications the stability constant is not estimated, while the error indicator 
is used for the mesh adaptation. 

The feasibility for rigorous estimations of the exact solution without mesh refinement is 
the significant merit of this approach. This is another way if compare with the standard mesh 
refinement approach, the Richardson extrapolation [12,13] and a multigrid approach, 
presented, for example, by [14]. 

However, a posteriori error estimation may provide more information regarding the exact 
solution, for example, [10,11]. A posteriori check that can be applied to a numerical solution 
of Navier-Stokes equations to guarantee the existence for the sufficiently smooth solution of 
the exact problem is considered in [10]. The paper [11] demonstrated for nonlinear elliptic 
equations that the estimation of the stability constant (inverse operator norm 1−

hA ) and the 
residual may be used for the determination of the vicinity of the numerical solution, which 
contains the exact solution. The results [11] are interpreted as the proof of the existence of the 
exact nonlinear solution nearby the approximate solution. This information may be of use due 
to problems with the existence for the compressible multidimensional Euler equations [15]. 
According [15] the standard weak solution may not exist for the compressible 
multidimensional Euler equations. The use of the measure-valued solutions (in Young 
measures), considered in [15], may cause unacceptable computational burden. So, the a 
posteriori proof of exact solution existence (even local) in the vicinity of the ensemble of 
numerical solutions may be of practical interest.  

We consider a single-grid analysis of another type, if compare with [10,11] herein. 
The truncation error uδ  may be computed by the action of the high order scheme stencil 

on the precomputed flowfield [16, 17], by the action of the differential operator on the 
interpolation of the numerical solution [18] or via the differential approximation [19,20]. The 
practical application of the truncation error uδ  implies the calculation of the discretization 
(global) error uAu δ1−=Δ . The surveys of the global error calculation methods may be found 
in [21, 22]. In the simplest option, the estimation of this error may be performed using defect 
correction [16] or nearby equation methods [22,23]. In defect correction frame, the truncation 
error uδ  is used as the source term inserted in the discrete algorithm in order to correct the 
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solution. However, the total subtraction of the error implies the elimination of the scheme 
viscosity that may cause oscillations in the vicinity of discontinuities or activation of some 
addition dissipation sources, which engenders their own error. Also, the estimation of the 
error may be performed via the linearized problem [24], complex differentiation [25] or by 
adjoint equations [17,18,20,26,27]. Usually, adjoint equations are applied to estimation of the 
uncertainty of certain valuable functional (drag, lift etc.). Nevertheless, the approach 
described in [20] enables to estimate the norm of the solution error. Unfortunately, it implies 
the solution of the number of adjoint problems that is proportional to the number of grid 
nodes that causes the extremely high computational burden. 

The unknown components of truncation error causes the general disadvantage of above 
discussed residual-based methods for the error estimation. The differential approximation 
based methods using Taylor series [20] do not account for senior terms of expansion. The 
postprocessor based methods do not account for the higher scheme truncation errors [17] or 
the interpolation errors [18]. 

Herein, the analysis is conducted in the space of numerical solutions, so, the truncation 
error is accounted implicitly and completely. The feasibility to find the vicinity of the 
numerical solution that contains an exact solution using the ensemble of calculations 
performed by the solvers of different approximation order is addressed. In contrast to above 
mentioned norm oriented approaches, the current analysis is addressed to the ensemble of 
distances (distance matrix) in different metrics. The Multidimensional Scaling (MDS) [28] 
concerns similar problems, however, we consider the events when the vector length is much 
greater the number of vectors, so MDS cannot be applied. 

2 EXACT SOLUTION ENCLOSURE VIA THE SET OF NUMERICAL 
CALCULATIONS WITH RANGED ERRORS 

The approximation error is considered herein as the distance between the exact and 
approximate solutions. Let us consider the ensemble of numerical solutions obtained using 
finite difference (finite volume) schemes of different order on the same grid. Let the relation 
of the approximation error of these schemes to be a priori known. 

We note the numerical solution as the vector Ni Ru ∈)(  ( i  is the scheme number, N  is the 
number of grid points), values of unknown exact solution at nodes of this grid (further 
denoted as exact solution) as NRu ∈~  and use some metrics ),( vud  in the space of solutions. 
The unknown deviation of exact solution values at grid points NRu ∈~  from computed 
solution is estimated using k

k uud ,0
)( )~,( δ=  (for example, 

2

~)~,( )()(

L

kk uuuud −= ). The 

numerical solutions )(ku  are located at surfaces of nested concentric hyperspheres with the 
centre at u~  and radii k,0δ . 

The following theorem may be stated for two numerical solutions )1(u  and )2(u  having a 
priori known errors relation 2,01,0 2 δδ ⋅≥ . 
 
Theorem 1. Let the distance 2,1δ  between two numerical solutions NRu ∈)1(  and NRu ∈)2(  be 
known from computations and there is available a priori information 

2,01,0 2 δδ ⋅≥  (1) 
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then the exact solution is located within the hypersphere of radius 2,1δ  with the centre at )2(u : 

2,1
)2( )~,( δδ ≤uu  (2) 

 
Proof. The analysis is founded on the triangle inequality [29]: kjikjikij ≠≠+≤ ,δδδ .  For our 

problem, (points )1(u , )2(u ,u~  and distances 2,02,11,0 ,, δδδ  between them) it has the form 

2,02,11,0 δδδ +≤ , which may be transformed to 122,01,0 δδδ ≤− . By accounting (1) as 

2,02,01,0 δδδ ≥−  one obtains 122,01,02,0 δδδδ ≤−≤  and, finally, the desirable expression 

122,0 δδ ≤ . 
 

This theorem may be easily stated in 2L  norm, statements in other norms are not 
straightforward, however, so the general metric based approach is of great advantage. Herein, 
we usually consider the metrics determined by 2L  and 1L  norm, the metrics of Mahalonobis 
form [30] is used also in several tests. 

3 THE ANALYSIS OF THE ERROR RELATIONS FOR AN ENSEMBLE OF 
CALCULATIONS 

The evident weakness of the Theorem 1 is the assumption of the existence of solutions 
with a priori ranged error. Despite the widespread opinion that the schemes of higher order 
are more accurate, it should be checked numerically. Herein, we consider some options for the 
check of error rating. The collection of distances between solutions ji ,δ  enables a detection of 
the close and distant solutions. For example, if i,01,0 δδ >> , the set ji,δ  is split into a cluster of 
inaccurate solutions with great values j,1δ  and the cluster of more accurate solutions 

)1(, ≠ijiδ . It is caused by the asymptotics 1/ 1,0,1 →δδ j  and 
0/)(~/)1( 1,0,0,01,0, →+≠ δδδδδ jiji i  at 0/ 1,0,0 →δδ i .  

The separation of the collection of distances between solutions into clusters is the evidence 
of the existence of solutions with significantly different errors that may be considered as a 
proof of error ranging. The quantitative criterion based on dimension of clusters and the 
distance between them is of interest. Let us compare the set of distances j,1δ  and jk ,δ , where 

)1(u  is maximally incorrect solution and )(ku  is the selected accurate solution (the localization 
of exact solution is performed in its vicinity), max,iδ  is the maximum error in the subset of 
accurate solutions. 

We state the following heuristical criterion (Conjecture 1): 
The exact solution may be enclosed if the distance between clusters is greater the size of 

the cluster of accurate solutions. Then the condition (1) is valid and the exact solution is 
located within a hypersphere of radius ki ,δ  with the center at )(iu : kii ,,0 δδ ≤ , where )(iu  

belongs to the cluster of more accurate solutions and )(ku  is maximally inaccurate solution. 
This conjecture is based on the assumptions that the dimension of the accurate cluster to be 

ki rr +max, , and a cluster of inaccurate solutions belongs the interval ),( max,1,0max,1,0 ii δδδδ +− , 
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the relation of accurate cluster dimension and the distance between clusters has an appearance 
kiikii ,max,,max,1,0 2 δδδδδ +>−− . This leads to the relation k,01,0 2δδ > , that corresponds 

condition (1). 
This criterion may be rigorous only in the limit of the infinite set of solutions obtained by 

independent methods. Nevertheless, most numerical tests for two dimensional supersonic 
inviscid flows confirm the applicability of this heuristic criterion. The violation of the 
enclosure condition 

22
,

)(~
LkiL

i duuu ≤−  above 15% was not observed. 

4 THE SELECTION OF METRICS 

The vector of solution for CFD problems contains elements having different physical 
meanings, such as density, velocity components, energy, etc. Herein, we consider two 
dimensional Euler equations with four component },,,{ )()()()()( iiiii EVUu ρ= . We consider 
the metrics engendered by the simplest 1L  and  2L  norms. 

The norm 

22
)}(),(),(),{( )()()()()()()()()()(

L

kikikiki

L

ki eeVVUUuu −−−−=− ρρ  (3) 

enables to calculate the distance between solutions. In parallel to Expression (3), the distance 
between solutions was calculated using the expression 

2

}/)(,/)(,/)(,/){( )()()()()()()()()()()()(

L

ikiikiikiiki eeeVVVUUU −−−− ρρρ , (4) 

which imitates a relative error. 
It should be noted that expression (4) corresponds not to the norm but to the distance 

2/1)()(
,

)()( )(),( i
k

i
jkj

ii uuMuMu ΔΔ=ΔΔ . This distance is determined by a metric tensor with the 
matrix kjM ,  of the diagonal form that describes some ellipsoid. With account of the 

presentation AAM *=  (valid for a metric tensor as the symmetric positively defined matrix, a 
Mahalanobis distance metric [30]) one can state 

2/1)()(2/1)()(2/1)(*)()()( ),(),(),(),( iiiiiiii zzuAuAuAAuuMu ΔΔ=ΔΔ=ΔΔ=ΔΔ . So, we can 

enclosure the solution in the transformed space )(iAu , where the error may have the form of 
hypersphere. 

The search for more complicated metrics, having some physical meaning and illustrative 
capabilities, is of interest also. The suitable metrics should not compare different variables, 
i.e. the matrix should have block-diagonal form with blocks related to different variables. It 
would be useful, if small flowfield deformations (shift by single step of grid, for example) 
corresponds small distances. So, the comparison of variables at adjacent grid nodes may be of 
use, i.e. blocks may have a band form. 
 

5 NUMERICAL TESTS 
The tests of the exact solution enclosure are presented below for flows governed by two 

dimensional unsteady Euler equations.  
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The elementary structures such as the single oblique shock wave, the interaction of shock 

waves of I and VI kinds according Edney classification [31] were used as the test problems. 
All tests concern the steady state solutions. The analytical solution may be easily constructed 
for these problems. The values of analytical solution at grid points is considered herein as 
“exact” solution. The flowfield contains undisturbed domains (nominal order of error is 
expected), shock waves (error order about 1=n  [5]), contact discontinuity line (error order 
about 2/1=n , [4]). In result, one may hope to obtain the nontrivial error composed of 
components with different orders of accuracy. The estimation of this error and the capture of 
exact solution in certain hypersphere around a numerical solution are the main purposes of the 
paper. 
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Fig. 1. Edney VI density isolines.  Fig. 2. Edney I density isolines.  

The computations were performed for 4.1/ =vp CC , Mach number range 53÷=M  and 

flow deflection angles range o3010−=α . All tests contain discontinuities in the flow field. 
Fig. 1 presents the density distribution for Edney VI flow structure ( 4=M , two consequent 
flow deflection angles o101 =α , o152 =α ). The flow is determined by the merging shock 
waves, the contact line and the expansion fan. Fig. 2 presents the density isolines for Edney I 
flow structure ( 3=M  and flow deflection angles o201 =α  and o152 =α ). The crossing 
shock waves and contact discontinuity line, engendered at the shocks crossing point, are the 
main elements of this flow structure. 
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The paper presents the analysis of the ensemble of computations performed by methods 
listed below.  

The first order scheme by Courant Isaacson Rees [32] designated as 1S  was used in the 
variant described by [33].  

The second order scheme based on the MUSCL method [34] and using algorithm by [35] 
at cell boundaries is noted as 2S . 

Second order TVD scheme of relaxation type by [36], noted as TVDS2 . 
Third order modified Chakravarthy-Osher scheme [37, 38] marked as 3S . 
Fourth order scheme by [39] marked as 4S . 
Computations were performed on uniform grids containing 100100× , 200200×  or 

400400×  nodes. The vector of solution of Eq. (5-7) contains four components  
},,,{ )()()()()( iiiii EVUu ρ=  having different physical meanings and different magnitudes. For 

example, for Edney VI flow (Fig.2) the norms of component are 5.2
2

)( ≈
L

iρ , 

87.0
2

)( ≈
L

iU , 24.0
2

)( ≈
L

iV , 17.0
2

)( ≈
L
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The data under the consideration are extremely bulky, so for convenience of visualization, 

in Fig. 3-9 the norm of error is marked up along both axes, despite the data are one 
dimensional. 

For the level of error less 1.0  the solutions visually can not be distinguished. The only 
visually distinguishable solution corresponds the scheme 1S  (level of error about 2.0 ) and is 
specified by high smearing of shock waves. The level of error about 1.0  ( 400400× ) may be 
related with the shift of incident shock location by a single node. 

It should be noted that methods 4,3,2,1 SSSS  (1,2,3 and 4 nominal truncation orders) 
demonstrated the order of convergence a bit below 2/1=n  in norm 2L . In norm 1L  the same 
computations demonstrated the order of convergence a bit higher 2/1=n . The method 
S2TVD (nominal order 2) is the only exception with the order about 4/3~n . 

In numerical tests, we first check Conjecture 1 and, second, verify the enclosure. We 
consider the enclosure to be successful, if the error estimate 

2

)()(

L

ki uu −  is greater the true 

error 
2

~)(

L

k uu − , obtained in comparison with the analytical solution u~ . 

The comparison with the analytical solution permits to conclude that using the scheme 1S  
(as “inaccurate”) and schemes 2S , 3S , 4S  (as “accurate”) enables to find the vicinity of 
numerical solution that contains exact solution. 
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Second order TVDS2  scheme [36] from standpoint of error norm is close to first order 
scheme 1S  for 100100×  grid and to high order schemes for grid 400400× . When the 
clusters are detected, it also enables the enclosure of solutions generated by 4,3,2 SSS . If the 
clusters are not available, the exact solution is not enclosed. The calculations on the grid 

100100×  demonstrated the formation of clusters with “inaccurate” scheme TVDS2  and 
successful enclosure of the exact solution. However, the scheme TVDS2  on the grid 

400400×  does not form clusters. Paradoxically, the reason for this failure is the relatively 
rapid convergence of TVDS2  in comparison with schemes 4,3,2,2 SScSaS . In result, the 
scheme TVDS2  on the grid 400400×  transfers from “inaccurate” to “accurate” schemes 
approaching in error to 4,3,2 SSS . 

The comparison of schemes 4,3,2 SSS  (
2

)4()2(

L
uu − , 

2

)4()3(

L
uu − , 

2

)2()3(

L
uu − ) does 

not enable to enclose the exact solution. Similarly, the enclosure of exact solution by pair 
1,2 STVDS  fails. These schemes have the errors which are close in magnitude and splitting 

into clusters is not observed. 
If the Conjecture 1 is not satisfied (there are no clusters, or distance between them is less 

the dimension of the cluster of “accurate” solutions) the enclosure of true solution fails. 
However, the exact error is about two or three maximum distances between numerical 
solutions. 

The numerical tests for the single oblique shock demonstrate the feasibility for the exact 
solution enclosure at the significant distance between clusters, if splitting occurs. However, 
the set of distances between solutions separates into clusters in about half of tests, usually for 
more fine meshes. 

For Edney-VI shock interaction (Fig. 1), the set of distances between solutions also splits 
into clusters in about half of tests without dependence on the grid size. There is the enclosure 
of exact solution according expression (3), for the distance between clusters, which 
approximately equals the dimension of the cluster. 

Fig. 3 (with “inaccurate” scheme 1S , 2L , grid 400400× ) demonstrates the collection of 
distances between numerical solutions 

22

)()(
, L

ki
Lki uudu −=  to break into two clusters, one 

of them is related with the “inaccurate” scheme. It enables to enclose an exact solution. Fig. 4 
presents results of 2L  error enclosure based on clusters presented in Fig. 3. The norm 1L  
presents the same results as 2L  for this test, Fig. 5. 

For Edney-I shock interaction (Fig. 2), the set of distances between solutions splits by 
clusters in about half of tests, usually for more fine meshes. For the distance between clusters, 
which approximately equals the dimension of the cluster, the enclosure of exact solution for 
metrics engendered by 12 , LL  fails, see Figs 6,7. 
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Fig. 3. Clusters related with “inaccurate” scheme S1 for Edney-VI in L2, grid 400×400. 
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Fig. 7. Exact solution enclosure (Edney-I) in vicinity of S2, S3, S4 using S1, L2, grid 400×400. 

The results are obtained for 3=M  and flow deflection angles o201 =α  and o152 =α . The 
magnitude of capture condition 

22
2,1

)2(~
LL

duuu ≤−  violation is about 10%. This demonstrates 

the heuristical, approximate nature of Conjecture 1. However, the violation of the enclosure 
condition is moderate. 

The metrics (4) related with relative error enables an more reliable enclosure, Figs. 8,9. 
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Fig. 9. Exact solution enclosure (Edney-I) in vicinity of S2, S3, S4 using S1, grid 400×400.  

Figs. 6-9 demonstrate the visible dependence of the enclosure success on the metrics that is 
used for the distances calculation. 

Thus, in order to enclosure the exact solutions, one should have a priori information 
(Theorem 1) or an ensemble of minimum three solutions with distances split into two clusters. 
The distance between clusters should be greater the dimension of cluster of more accurate 
solutions (Conjecture 1). 

6 DISCUSSION 
The relation of errors obtained in the paper is not necessarily attributed to properties of the 

considered schemes. In the strict sense, it may be caused by the imperfections of numerical 
realization by authors. So, authors do not pretend on the definitive assessment of considered 
methods. We only can compare solvers (algorithms realizations) from the viewpoint of 
numerical results. 

The standard check of the grid convergence is based on heuristic rule by C. Runge [9]. 
From this standpoint, if the difference of two approximate solutions on coarse grid hT  with 
step h  and on the fine grid refhT ,  with step refh  is small, then refhu ,  and hu  are probably close 
to exact solution. From practical needs, one should desire the estimate of the form 

δ≤− uuh
~  with computable δ . The Richardson method [12,13,22] is close to this ideal. It 

enables to determine the refined solution and the error estimate if the single error order exists 
in total flowfield. The set of solutions n

kkk hCuu 1
)1( ~ += , ...~

2
)2( n

kkk hCuu +=  computed on 
different meshes is used. Unfortunately, in most CFD problems the error order on different 
flow structures varies that hampers or prohibits the application of the Richardson method. 

The present paper concerns a single-grid alternative to the Richardson method and Runge 
rule. The set of solutions is collected at the same mesh using different methods. Calculations 
may be terminated if a preassigned error level δδ ≤)~,( uuh  ( δ≤− uuh

~ ) is achieved. 
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The existence of “accurate” and “inaccurate” schemes is one of the main postulates of 
computational mathematics, although having an asymptotic sense. The above results 
demonstrate the feasibility to distinguish “accurate” and “inaccurate” schemes in the sense of 
error norm ranging. For the events presented on Figs. 3, 5 the distribution of distances 
between solutions 

2
, Ljidu  shows the presence of two clusters corresponding “accurate” and 

“inaccurate” schemes. This engenders the hope to enclose the exact solution only from 
observable 

2
, Ljidu  (without a priori information on errors ranging), that is confirmed by 

Figs. 4,6,7. If clusters cannot be detected, the exact solution enclosure fails. 
The feasibility to estimate the distance from the exact solution to numerical one 

δδ ≤)~,( uuh  seems attractive, however, it is difficult to define at what magnitude of δ  two 
solutions can be considered as coinciding (the calculations may be stopped) or describing 
different flows. 

The estimation of uncertainty of certain valuable functionals (drag, lift etc.) is of interest in 
most of applications. This estimation may be performed using adjoint equations 
[17,18,20,26,27], nevertheless, it does not describe the flowfield in unique way.  

The ensemble based method operates the total error including flowfield error, initial and 
boundary condition error and round-off errors. It may be used as a postprocessor similar to 
Richardson extrapolation [12,13,22]. However, it does not need the mesh refinement and may 
be used away the asymptotic range. 

The dependence on the set of numerical methods and analyzed solution is the drawback of 
ensemble based method. The same set of methods may provide segregation by clusters on one 
flow pattern and may not provide on another. So, this approach cannot replace the standard 
accuracy control method (mesh refining) and is assigned to supplement it by non-expensive 
algorithm. 

If there is no breaking into clusters, the distance between numerical solutions and 
analytical ones is 2-3 times greater the maximum distance between solutions that provide 
some opportunity for the rough estimation of numerical error. 

So, it is feasible to obtain the information on the numerical error and exact solution 
location using the collection of solution obtained on the same grid by different solvers without 
mesh refinement. 

7 CONCLUSIONS 
The information on distances between numerical solutions in some metrics enables the 

enclosure of the exact solution and the estimation of the discretization error in this metrics. 
If two numerical solutions with the discretization error relating twice or more in some 

metrics are available, the exact solution is located in the hypersphere with the centre at the 
more accurate solution and with the radius, which equals the distance between solutions. 

If there is no a priori information on error ranging, the enclosure of the exact solution is 
feasible if the collection of solutions is available and it is split into separated clusters 
corresponding “accurate” and “inaccurate” schemes. The distance between clusters should be 
greater the dimension of "accurate" cluster.  

The numerical tests confirmed the efficiency of this heuristic rule in metrics corresponding 
2L  and 1L  norms for two dimensional supersonic problems governed by Euler equations. The 
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success of the enclosure is sensitive to the choice of the metric. The metrics, engendered by 
the norm, which imitate the relative error, provide an opportunity to enclosure the exact 
solution in certain events when 2L  and 1L  based enclosure fails. For nonlinear problems, the 
estimation of the vicinity of the numerical solution, which contains the exact solution, may be 
interpreted as the proof of the existence of the exact solution nearby the approximate solution. 
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Summary. Nanosecond laser ablation regime is investigated for the case of thin liquid Al 
film heated with constant radiation with intensities of G = 44, 66 and 110 MW/cm2. The film 
dimensions are x×y×z = 448.7×37.3×37.3 nm3 with periodical boundary conditions in y-z 
directions. For G = 44 MW/cm2, six consequent explosions can be discerned (including one 
on the film back side) and at later times t ≥ 4700 ps, the film disintegrates into multiple 
fragments. For higher intensities the ablation regime resembles explosive boiling process only 
at small times (~ 400 ps) for G = 66 MW/cm2 while at later times the ablation process is 
smooth even at subcritical temperature and pressure values. For G = 110 MW/cm2, the 
ablation regime is smooth for all considered times (~ 1000 ps) while temperature and pressure 
in the film surpass its critical values (TC = 7630 K, PC = 1415 bar) approximately at t = 700 
ps. 
 
1 INTRODUCTION 

Explosive boiling during nanosecond laser ablation was considered in several recent papers 
[1-5] as well as in many other papers during about the last half a century. Some additional 
references can be found e.g. in [6-9]. Despite the long investigation history the explosive 
boiling problem is not completely clarified yet because, in particular, usual continual 
approach [7] is not sufficient for detailed description of liquid-vapor phase transition in highly 
nonequilibrium conditions when irradiated matter is in strongly superheated state. 

It should be noted also that homogeneous nucleation theory used for describing explosive 
boiling process in many papers (see e.g. [1-5,8] and ref. therein) is not applicable for the 
highly nonequilibrium conditions when the arising bubbles can not be considered as 
independent ones. Probably for this reason in the papers [1-5,8] devoted to explosive boiling 
no sufficient (if any) information is given about the pressure behavior in the process. More 
straightforward and adequate approach to the explosive boiling problem during laser ablation 
can be realized in the framework of molecular dynamic calculations. 

Theoretical analysis of the nanosecond laser ablation was carried out with the help of 
molecular modeling [10-13] for thin metal films x×y×z = 430×6.2×6.2 nm3 with periodically 
boundary conditions in y-z directions. For different ablation regimes (surface evaporation, 
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explosive boiling, spinodal decomposition, supercritical fluid expansion) were found for 
constant laser intensity G = 38.5-154 MW/cm2. 

In ref. [6] similar molecular dynamic calculations was performed for G = 33 MW/cm2 for 
bigger sample x×y×z = 448.7×37.3×37.3 nm3. It was shown that the surface evaporation 
regime at early times than changes to explosive boiling process at the moments t = 1740, 
2655, 4545 and 4995 ps. The results qualitatively confirm previous conclusion obtained for 
the sample with smaller y-z periodical dimensions [10] where for G = 38.5 MW/cm2 similar 
explosive boiling occur at t = 1040, 1440, 1640, 2000, 2340 ps. Bigger space-dimensions and 
irradiated time duration considered in the present paper permit to observe more space-time 
inhomogeneities of the ablation process compared with the smaller sample. In the present 
paper, nanosecond laser ablation regime is investigated for G = 44, 66 and 110 MW/cm2.  
 

2 STATEMENT OF THE PROBLEM 
Laser radiation propagates from right to left and is normally incident on the free surface of 

the film. Computational domain dimensions are 1700×37.3×37.3 nm3 with periodical 
boundary conditions in y-z directions. It contains part of the film with dimensions x×y×z = 
448.7×37.3×37.3 nm3 (17.87 millions of atoms). Part of the radiation is absorbed by the 
electronic components, and as a result of inelastic collisions is transferred to the ion 
subsystem. By using periodic boundary conditions in the directions Y, Z the problem is 
effectively reduced to one-dimensional approximation along the X direction (for transport 
processes of laser radiation and energy into electronic subsystem). 

Combined TTM-MD [14] model is used to describe the processes. 
Energy balance of electron subsystem is described by continuum energy equation (1) 

supplemented by the equation of laser radiation transfer (2): 

 ⎟
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Here eε is the volume density of electron energy, ie TT ,  are the electron and ion temperatures, 
)( eTg  is the electron-ion coupling coefficient, G is the intensity of laser radiation in the 

medium, ),( ee nTα=α  is the coefficient of absorption of laser radiation, 
x
TW e

ee ∂
∂

−= λ  is the 

heat flux, ),( iee TTλ  is the electron heat conductivity coefficient.  
The energy balance equation of the electron subsystem (1) was solved in the condensed 

medium using the finite-difference method. Zero heat flux 0=eW  was used as a boundary 
condition at the surface of the film and its fragments. 

The connection between electron energy and temperature was obtained using 
approximation via Fermi integrals [15]. 

3D molecular-dynamic modeling was used to describe the ion motion: 
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Here jjj rm υ,,  are the mass, radius-vector and velocity of j-th ion respectively, 
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)( 1  is the force acting at the j-th ion from other ions, )( 1 NrrU …  is the 

interaction potential for which embedded atom model (EAM) potential [16] was chosen. The 
energy transfer from the electron subsystem to the ion is given by: 
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where υ  is the mean ion velocity in the neighborhood of the j-th ion. 
At the initial time t = 0 the film was assumed to be heated to the temperature of 6340K, 
electron and ion subsystems are in thermal equilibrium. 

3 RESULTS AND DISCUSSION 

Increasing of radiation intensity to G = 44 MW/cm2 does not change significantly the 
initial stage of film heating and vaporization, compared with G = 33 MW/cm2. The first 
explosive boiling occurs at t1 = 945 ps with recoil pressure rise up to 600 bar as compared to 
about 400 bar due to surface evaporation at t = 750 ps as it as seen from fig. 1,2. This 
maximum pressure level persists for about 150 ps with increasing to 670 bar at t = 1095 ps.  

After the first explosion t = 945 ps (fig. 2) no pronounced explosive boiling occurs up to 
the moment t = 1860 ps (fig. 4) when the pressure reaches value PR = 740 bar. This pressure 
exceeds its previous values PR = 540 bar at t = 1515 ps, PR = 640 bar at t = 1605 ps and PR = 
600 bar at t = 1665 ps (fig. 3). Snapshot on fig. 3 also shows several droplets formed during 
and after the first explosion. The vertically elongated droplet forms is due to scale differences 
(by factor ~5) in x and z directions. 

The second explosive boiling develops in a way somewhat similar to the fourth explosive 
boiling for the case of smaller sample which begins at t = 1760 ps [10] and gives rise to 
almost simultaneous formation of two fragments (or two bubbles). No counterparts of the 
second and the third explosive boilings which occur in the smaller sample [10] are visible in 
the considered here sample. 

The third explosion (t = 2805 ps) results in pressure rise up to 870 bar in interval 2565-
3030 ps while the pressure minimum between the second and the third explosion is 730 bar. 
The pressure minimum between the third and the fourth explosion boiling is 750 bar at t = 
3375 ps. During and after the fourth explosive boiling (t ≥ 3720 ps) the pressure is about 900 
bar. 
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The fifth explosive boiling at t = 4050 ps is accompanied by multiply density fluctuations 
which develop in the region much deeper (≈ 200 nm) in the sample than in the considered 
before explosive boiling (≈ 50 nm). Evolution of such multiply density fluctuations similar to 
spinodal decomposition is presented in fig.5-8. From fig.6 it is seen also explosive boiling 
process on the back side of the sample with pressure rise from 370 bar to 500 bar. 

It should be noted that at t = 4740 ps the back side temperature (T = 6860 K) is lower than 
temperature values at irradiated surface at the moments of explosive boilings at t = 945 ps (T 
= 6870 K), t = 1860 ps (T = 7080 K), t = 2805 ps (T = 7120 K), t = 3720 ps (T = 7180 K), t = 
4050 ps (T = 7190 K). The back side temperature at t = 4740 ps is also lower than the 
temperature in the middle of the film where however no explosive boilings occurs probably 
due to pressure effect. 

For G = 66 MW/cm2 initial ablation behavior is somewhat similar to explosive boiling 
process with some recoil pressure jump as at is seen from fig.9-11 while at later times (fig.12) 
the regime with subcritical pressure and temperature values becomes more smooth. 

No explosive boiling is observed for G = 110 MW/cm2 at subcritical temperature pressure 
values because corresponding density fluctuations have no time to develop. As expected 
critical and supercritical ablation regimes also demonstrate no prominent fluctuations. 

4 CONCLUSIONS 

Results obtained in the present paper demonstrate evolution of nanosecond ablation regime 
from explosive boiling to spinodal decomposition and supercritical fluid expansion for 
increasing laser intensity G = 44-110 MW/cm2. At G = 44 MW/cm2 five explosions occur at 
irradiated surface in the interval from 800 ps to 4400 ps where at later times multiply 
fragmentation develops which corresponds to spinodal decomposition. At the same time (t = 
4740 ps) the six explosive boiling is observed at the film back side though the local 
temperature there have the lowest value in the film. Such a behavior is probably due to effect 
of pressure which has the lowest value in this region. 

It should be noted that many papers [1-5,8] which deal with explosive boiling 
investigations present no sufficient information about recoil pressure behavior during the 
explosion. This situation may be partially due to differences in formulations of the problem 
and the method of its solution. 

As it was already mentioned earlier some features of explosive boiling pressure behavior 
investigation can give important information on critical pressure values of irradiated targets 
[10,11,17]. 
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Fig. 1. 2D density particle distribution (snapshot) and 1D distributions of electron (blue) and ion (red) 
temperature (a), density (b), pressure (c), particle velocity (d) at the time of 750ps (G = 44 MW/cm2). 
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Fig. 2. 2D density particle distribution (snapshot) and 1D distributions of electron (blue) and ion (red) 
temperature (a), density (b), pressure (c), particle velocity (d) at the time of 945ps (G = 44 MW/cm2). 
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Fig. 3. 2D density particle distribution (snapshot) and 1D distributions of electron (blue) and ion (red) 
temperature (a), density (b), pressure (c), particle velocity (d) at the time of 1665ps (G = 44 MW/cm2). 
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temperature (a), density (b), pressure (c), particle velocity (d) at the time of 1860ps (G = 44 MW/cm2). 
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Fig. 5. 2D density particle distribution (snapshot) and 1D distributions of electron (blue) and ion (red) 
temperature (a), density (b), pressure (c), particle velocity (d) at the time of 4515ps (G = 44 MW/cm2). 
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temperature (a), density (b), pressure (c), particle velocity (d) at the time of 4740ps (G = 44 MW/cm2). 
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Fig. 7. 2D density particle distribution (snapshot) and 1D distributions of electron (blue) and ion (red) 
temperature (a), density (b), pressure (c), particle velocity (d) at the time of 5100ps (G = 44 MW/cm2). 
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Fig. 8. 2D density particle distribution (snapshot) and 1D distributions of electron (blue) and ion (red) 
temperature (a), density (b), pressure (c), particle velocity (d) at the time of 5415ps (G = 44 MW/cm2). 
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Fig. 9. 2D density particle distribution (snapshot) and 1D distributions of electron (blue) and ion (red) 
temperature (a), density (b), pressure (c), particle velocity (d) at the time of 375ps (G = 66 MW/cm2). 
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Fig. 10. 2D density particle distribution (snapshot) and 1D distributions of electron (blue) and ion (red) 
temperature (a), density (b), pressure (c), particle velocity (d) at the time of 415ps (G = 66 MW/cm2). 
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Fig. 11. 2D density particle distribution (snapshot) and 1D distributions of electron (blue) and ion (red) 
temperature (a), density (b), pressure (c), particle velocity (d) at the time of 595ps (G = 66 MW/cm2). 
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Fig. 12. 2D density particle distribution (snapshot) and 1D distributions of electron (blue) and ion (red) 
temperature (a), density (b), pressure (c), particle velocity (d) at the time of 900ps (G = 66 MW/cm2). 
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Summary. Modeling of radiation transport often requires approximation of its results from 
the detector point set to another 3D point system. In particular, modeling of the radiative 
electromagnetic field envisages approximation of electron emission simulation results from 
the radiation transport detector system to a differential grid used for the solution of the 
Maxwell equations. The approximation of functions in the 3D geometry is a non-trivial 
problem. An approach based on usage of the neural networks is developed for the solution of 
the approximation problem in question. The multilayer perceptron is chosen for the 
construction of the neural network. Network training is worked out by applying the algorithm 
of error backpropagation. The elaborated method is applied for the approximation of the 3D 
data calculated by Monte Carlo modeling of electron emission generated by X-ray radiation 
from the boundary surfaces of irradiated object. The results of the modeling are demanded to 
be transferred from the given detector point system to the set of the points on the 3D grid for 
solution of the electromagnetic problem. The approximation is obtained as the response of the 
constructed neural network. The results of approximation show applicability of the neural 
networks for solving of the approximation problems in question. 

1   INTRODUCTION 
The effectiveness of the mathematical modeling of many physical phenomena has greatly 

increased during some years due to the rapid development of the supercomputers [1-[3] and 
modern paralleling technology [4]. Among the actual investigations are the interaction of 
laser radiation with matter; the particle fluxes transport; the radiation propagation in technical 
objects of complex geometry [5-[14] and others. The world known codes are developed for 
numerical simulation of the radiation transport processes (MCNP [15], Geant-4 [16], 
PENELOPE [17], EGSnrc [18] etc.). 

The statistical simulation by the use of Monte Carlo method is applied in various fields of 
the computational physics [5,[7-[11]. The method is convenient and usable for solving the 
complex boundary problems and allows the high-performance calculation by the use of 
supercomputers with heterogeneous architecture [7,[8, [11]. The effectiveness of 
parallelization of the Monte Carlo calculations can reach 100% and its scalability is infinite. 

The mathematical modeling often requires to solve the approximation tasks as a part of 
numerical simulation [6, [10, [19,[20]. For instance, the problem of appropriate treatment of 
the modeling results occurs during simulation of the radiation transport. 

Let us consider the radiative electron emission problem [7,[8]. The photon propagation 
through matter produces fast electron fluxes. These electrons can leave an object being under 
photon radiation. Thus, the electron fluxes appear outside and in interior cavities of the 
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4  THE EXAMPLE OF SOLVING THE APPROXIMATION PROBLEM 
Let us consider an object having the form of a truncated cone with aluminum wall 5 mm of 

thickness. The object is irradiated by X-ray plane flux of 100 keV energy. The flux density 
f(QN) of emitted electrons in the points of the detector set QN (fig. 8) is the result of the 
statistical modeling of the process in question. 

 

Figure 8: The set of the detector points 

The process of network construction is described below. 
One hidden layer having 5 neurons is chosen as an initial network topology. Then the 

mean-square error E is calculated on the training set QN. Neurons and layers are added untill 
the error reaches specified level (the chosen level of the error is 2%). 

Firstly the neurons are added to the first hidden layer. The second layer is added when the 
network error is still more than specified value and is not decreasing by rising of neurons of 
the first layer (fig. 9). 

Figure 9: The process of configuration of the first hidden layer 

Then the other layers are configurated (fig. 10, 11). 
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Figure 10: The process of configuration of the second hidden layer 

Figure 11: The process of configuration of the third hidden layer 

Total process of the network configuration is presented in fig. 12. 

 
Figure 12: The total process of the network configuration   
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Thus, the resulting neural network has three hidden layers having 9, 6 and 4 neurons 
accordingly. The network is depicted in fig. 13. 

 

Figure 13: Final configuration of the network 

Then the approximation (network response) ( ) ∈r r, MF Q , is obtained by application of 
constructed network (fig. 13). The destination set QM is the set of points in edges of 
electrodynamic differential grid (fig. 4). The training set and destination one are presented in 
fig. 14. 

 

Figure 14: Training set (black points) and destination set (red points) 

A visual evaluating of approximation quality is carried out using the following approach. A 
random point r0 is chosen from the training set (reference point). 
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The distance R from r0 to the axis OZ is calculated. A circle of radius R is constructed in a 

plane perpendicular to the axis OZ. A uniform angle grid { } πθ θ θ π
=

⎧ ⎫= = =⎨ ⎬
⎩ ⎭

11

2
,..., 2

J

j Jj J
 is 

created on the circle. 

Two points nearest to every point of the grid { }θ
=1

J

j j
 are found. One point belongs to the 

training set and second one belongs to the destination set. Thus, we have two arrays ∈J NA Q , 
∈J MB Q  and two arrays ( )Jf A , ( )JF B  accordingly. 

Then the symmetrization of the arrays ( )Jf A  and ( )JF B  is carried out because the 
approximated function is symmetrical with respect to the axis XOZ a priori: 

( )( ) ( )( )= + = +2; 2.s sf f flip f F F flip F
 

 

Figure 15: Left picture – z(r0)~58, right picture - z(r0)~91 

Some results of visualization are presented in fig. 15 for various r0. Presented results 
demonstrated satisfactory quality of required approximation. In addition, smoothing 
properties of the developed method are shown in the fig. 15. It is significant for the statistical 
modeling because of existing the non-physical fluctuations. 

5  CONCLUSION 
Results obtained in the present paper show applicability of the neural network technology 

for the solution of the problem of processing of the radiation transport modeling results by 
means of the developed approach to 3D function approximation. The presented method gives 
the opportunity to use the results of numerical solution of the transport problems in EMF 
tasks as a current source. Moreover, the elaborated technique allows smoothing the simulation 
results fluctuations generated by Monte Carlo application. 

Further development of the developed approach is planned for solving the vector-function 
approximation problems in 6D space (space of coordinates and pulses). The input layer will 
have 6 neurons and output one will have 3 neurons in this case. It is actual, for instance, in 
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numerical modeling of radiation particle velocities. The results of the method development 
will be presented later. 

The work was partially supported by RFBR grant № 15-01-03027. 
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