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O HOBOM CXEME PACHIEILIEHUSA 1JIS1 YPABHEHUI HABBE-CTOKCA
B.T. Xykos', O. b. ®eomopuropa’

lHhtcmumym npuxnaonou mamemamuxu um. M.B. Kenovuuua PAH, Mockea, Poccus
e-mail: zhukov@kiam.ru, feodor@kiam.ru

Pazpaborana HoBas cxema paclielUIeHHs 10  (U3MYECKUM IpoleccaMm s
MHTETPUPOBAHUS 110 BPEMEHHU CUCTEMbI HECTALIMOHAPHBIX TPEXMEPHBIX YPABHEHUN TUHAMUKU
C)KMMAEMOro TEIJIONPOBOIHOrO ra3a. CxemMa OCHOBaHA Ha pa3/efIeHUMH alropUTMa peLIeHus
ypaBHeHnii HaBbe-CTokca Ha KOHBEKTHBHBIN (TumepOonmueckuit) u auddy3uoHHBINA
(mapaGonnueckuii) atanbl. HTErpupys 1o AyajibHbIM 00beMaM, aCCOLMUPOBAHHBIM C y3JIaMH
HECTPYKTYPUPOBAHHOM CETKH, 3alMILIEM MOIYJUCKPETHYIO CXEMY

QdU/dt+ F®U)+F*(U)+F*U)=0, 1)

rae U =(p, pu;, pu,, pu,, E) — BekTop HensBeCTHBIX (ILUIOTHOCTb, KOMIIOHEHTHI BEKTOpa
MMITyJIbCA M IOJIHAs DHEPIUs) B y3jaX CETKH, () — JWaroHalbHas MaTpHUIla, JIEMEHTaMU
KOTOpO#l SBNSIOTCS AyanbHble oObembl, F°", F#, F”— anmpokcuManuu KOHBEKTHBHOTO,
BSI3KOTO M TEIUIOBOTO MOTOKOB. KOHBEKTUBHBIE MOTOKH OIPEIEIIEHbI C MOMOIIBIO PEIICHUSI

3agay Pumana, mud@y3uoHHBIE TIOTOKM — KOHEYHO-3JIEMEHTHBIMHU ammpokcumarsivu [1].

[Ipounterpupyem ypaBHenue (1) mo Bpemenu Ha mHTepBane [t , t . ], roe t =t +71,,,

T - HeKOTOpHﬁ miar, Ol"paHI/I‘leHHHﬁ KOHBCKTHBHBIM YCJIIOBUEM YCTOﬁQHBOCTH. Pacuer

conv
nepemernbix U™ mHa crmoe t,, mo smasenmsm U" =(p, pu,, pu,, pU,, E)' co cros t,
ABJISETCS ABYXATalHBIM. I HMIIepOoIMYecKuii dTan peanusyeTcs o cXeMe I'oJyHOBCKOIO TUIIa

C IaroM T, . [lapabonnyeckuii 9Tar COCTOMT B HHTETPUPOBAHUY C IIATOM T, YPABHECHUM
dH"/dt+D"V* =g", dH"/dt+D'V*=g".
3necs DY, D* — ceTouHBIE CaMOCOMPSKEHHBIE ONEPATOpHI, OIpeaeseMble MOTOKAMH

F*, F*. Jlamee H", V" — Bextopsl mmmyinbca u ckopoctd, H”, V" — monmas smeprus
E:p(e+0.5u2) u temreparypa | . Ilpeamomaraem, 4tro TemmepaTypa | CBsi3aHa C

BHYTpEHHEH »JHeprueir e ypaBHeHweM coctosauss €=e€(T) . ITlapabonuyeckuii sTam
pear3yeTcs ¢ MOMOIIBIO SBHO-UTEPAIMOHHON YeObIIEeBCKOM cXeMblI [1] ¢ unciom urepanui,

OTIpesieNIAeMBIM IITarOM T, U BEpXHUMH IPaHHIAMH omepatopos D", D*.

conv

HOCTOI/IHCTBaMI/I Hpe)]J'IO)KeHHOI\/’I CXEMBbI SBJIAKOTCSA BBIIIOJIHCHUEC 3aKOHOB COXpaHeHI/IH nu
3¢ (HEeKTUBHOCTh MapayUIeNbHON peanu3anuu. YWCIeHHbIE IKCIEPUMEHTHI TOJTBEPKIAIOT
PaboTOCTIOCTIOCOOHOCTH TAHHOTO MOX0a.

BaarogapuocTu: Pabora BeimonHeHa npu ¢puHancoBoit nmopaepxke PH® Nel7-71-30014.
JIntepartypa:

1. Xyxor B.T., ®eomopuroBa O.b., JIyoens A.Il.,, HoukoBa H.Jl. “SIBHOe wmHTErpmMpoBaHHE IO
BpeMeHn ypaBHeHHMH HaBhe—CTOKCa ¢ IMOMOIIBIO METOa JIOKaIbHBIX uTepanuii”’, Ilpenpuatr WIIM
uMm. M. B. Kengeima, 12 (2019).
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BOIIPOCHI IMMUTHUPOBAHUSA B PASPBIBHOM METO/E 'AJIEPKUHA

M.E.Jlagonkuna', O.A . Hexmonosa', B.®. Tumkun'

IHHcmumym npuxnaoro mamemamuxu um. M.B.Kenoviua PAH, Mockea, Muycckas na., 4
ladonkina@imamod.ru, nek_olga@mail.ru, v.f.tishkin@mail.ru

B nocnennue nBa npecsTwiieTHs OCOOCHHO AaKTUBHO pa3BUBaeTcs MeTol ['ajepkuHa c
pa3pbIBHBIMU 0a3uCHBIMH (DyHKIUSAMH. J[aHHBI METOJ OTHOCHUTCS K YHCJICHHBIE METOJaM
BBICOKOM TouHOocTH. OH oOecrneynBaeT 3aJaHHbI MOPAJOK TOYHOCTH, IpUYEM Ha
HECTPYKTypupoBaHHbIX ceTkax [1]. Kak wm3BectHo, mnsi oOecriedeHHss MOHOTOHHOCTH
pelIeHHs], TOJY4YEHHOIO JIaHHBIM METOJIOM, HEOOXOJMMO BBOJHMTHb TaK Ha3bIBacMble
OTPaHUYUTENN HAKJIOHA, WU JIMMUTEPHl, B OCOOCHHOCTH B TOM CJydYae, €CIIM pPELICHHE
COJIEPKUT CHIIbHBIE Pa3phIBbl. B HacTosd1ee Bpems, B psijie paboT NOKa3aHo, YTO IPUMEHEHHE
JUMHUTEPOB MOXET OTPULIATEIbHO CKa3aTbCsd HA TOYHOCTHU Mojy4yaemoro pemieHus. [loatomy
BOIIPOC COXPAHEHUs MOPAAKAa TOUHOCTH PELIeHUs U 00ecledeHnss MOHOTOHHOCTHU pEIleHUs B
HACTOSALIMI MOMEHT OCTaeTCs AKTYaIbHBIM.

B nanHoil pabGore paccMOTpeHbl JUMHTHpYIOUIME (YHKIMM, Haubojee 4YacTo
IpUMEHSIEMblE B IPOrpaMMHBIX KoMmIuiekcax. Haubonee mMIHMPOKO HCHOIB3YEMbIM IS
pacyeToB Ha TeTpad/palibHBIX CeTKaX, sABsAeTcs kiaccuueckuil iaumurtep KokxOypna [1].
Wnero naHHOrO IUMMHUTEpPa BO3MOXHO pPEan30BaTh B MHOIOMEPHOM ClIydae M Ha CETKax
IIPOU3BOJIBHON CTPYKTYpbl. OJIHAKO, TaHHBIM JTUMUTEP, Kak U Bce TVD mMuTeps! CHUXKaeT
TOYHOCTH IOJIy4aeMoro pemeHus. st CTpyKTypUpOBaHHBIX CETOK HanOonee 3(ppeKTHBHBIM
JUMUTEPOM, COXPAHSIOLIUM IOBBIIICHHBI MOPAJOK TOYHOCTH, SIBISIETCS «MOMEHTHBIN»
mumutep [2]. CylecTBYOT W Jpyrue MOAXOAbl K CO3JIaHUIO JMMHUTEpPA IOBBILIEHHOI'O
NOpsilKa TOYHOCTM — OJTO orpaHuuurens Ha ocHoBe WENO-pekoncTpykuuu [3] u
CIIIQXXMBAIOIIMM ONEepaTop HOBOTO THIA HA OCHOBE YCPEIHEHHUS PELICHUH, YUMTHIBAIOLIUI
CKOPOCTh M3MEHEHHUS PELICHHUs M CKOPOCTh M3MEHEHHUs ero npousBoAHbIX [4]. HambGonee
IPOCTHIM B peaju3allid Ha MHOTOMEPHBIX HECTPYKTYPUPOBAHHBIX CeTKax sBiserca Slope-
mumutep [5]. OgHako M 3TOT JIMMHTEp HE JIMILEH HEAOCTaTKOB, T.K. €r0 IPUMEHEHHE HE
rapaHTUpyeT NojaBieHne He(PU3UUHBIX OCLUIUIALUMI.

BaaronapuocTu: lccienoBanue BBIOJIHEHO MpPU MOJJEpXKe rpaHTa Poccuiickoro
HayuyHoro (ouzaa (mpoekt Ne 17-71-30014).

Jlureparypa:

1. Cockburn B. An Introduction to the Discontinuous Galerkin Method for Convection -
Dominated Problems, Advanced Numerical Approximation of Nonlinear Hyperbolic Equations
// Lecture Notes in Mathematics, 1998. V. 1697. P. 151-268.

2. Krivodonova L. Limiters for high-order discontinuous Galerkin methods// Journal of
Computational Physics, 226:1 (2007), 276-296

3. Zhong X., Shu C.-W.: A simple weighted essentially non oscillatory limiter for Runge-Kutta
discontinuous Galerkin methods. Journal of Computational Physics 232, 397- 415, (2013)

4. Jlamonkuua M. E., Hexmrogosa O. A., Tumxkun B. ®@. [locTtpoenue mumutepa Ijst pa3pbIBHOTO
Merona l'amepkmHa Ha OcHOBe ycpemHeHwsi pemreHus//Martem. wMoxenupoBanue, 2018,
toM 30,HoMep 5, cTpaHunbl 99—-116.

5. Yasue K., Furudate M., Ohnishi N. and K. Sawada Implicit discontinuous Galerkin method for
RANS simulation utilizing pointwise relaxation algorithm //Communications in Computational
Physics,vol.7,n0.3,pp.510-533,2010.
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LIMITING IN DISCONTINUOUS GALERKIN METHOD

M.E.Ladonkina', O.A.Nekliudova!, V.F.Tishkin'

'Keldysh Institute of Applied Mathematics RAS,Miusskaya sq. 4, Moscow, 125047, Russia
ladonkina@imamod.ru, nek_olga@mail.ru, v.f.tishkin@mail.ru

In the past two decades, the Galerkin method with discontinuous basic functions has been
actively developed. This method one of the numerical methods of high accuracy. It provides
a given order of accuracy even on unstructured grids [1]. As is known, to ensure the
monotony of the solution obtained by this method, it is necessary to introduce so-called slope
limiters, especially if the solution contains strong gaps. Currently, a number of papers have
shown that the use of limiters can negatively affect accuracy of the resulting solution.
Therefore, the question of preserving the order of accuracy of the solution and ensuring the
monotony of the solution remains relevant today.

In this paper, the limiting functions most often used in software packages are considered.
The most widely used for calculations on tetrahedral grids is the classic Cockburn limiter [1].
The idea of this limiter can be implemented in the multidimensional case on the grids of
arbitrary structure. However, this limiter, like all TVD limiters, reduces the accuracy of the
resulting solution. For structured grids, the most effective limiter that maintains an increased
order of accuracy is the “moment” limiter [2]. There are other approaches to creating a limiter
of increased order of accuracy - this is a limiter based on WENO-reconstruction [3] and a
smoothing operator of a new type based on averaging solutions, taking into account the rate of
change of the solution and the rate of change of its derivatives [4]. The most simple to
implement on multidimensional unstructured grids is the Slope limiter [5]. However, this
limiter has its drawbacks, since its use does not guarantee the suppression of non-physical
oscillations.

Acknowledgments: The work was carried out with support by the Russian Science
Foundation (grant Ne 17-71-30014).
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ON THE POSSIBILITY OF CONSTRUCTING WENO SCHEMES CONSERVING
INCREASED ACCURACY IN THE AREAS OF SHOCK INFLUENCE

0. A. Kovyrkina', V. V. Ostapenko™?

lLavrentyev Institute of Hydrodynamics of SB RAS, Lavrentyev avenue, 15, Novosibirsk, 630090,
Russia
Novosibirsk State University, Pirogova street, 2, Novosibirsk, 630090, Russia
olyana@ngs.ru

In [1, 2] we had proposed a method for constructing combined shock-capturing schemes that
monotonically localize the shock and at the same time preserve increased accuracy in all areas
of smoothness of the calculated weak solutions. In the combined scheme a basic non-
monotonic scheme is used, which has an increased order of convergence in the regions of
shock influence. According to the basic scheme, the difference solution is constructed in the
entire computational domain. In the vicinity of large gradients, where this solution has non-
physical oscillations, it is corrected by numerically solving internal initial-boundary value
problems using one of the NFC (Nonlinear Flux Correction) schemes. The symmetric
compact scheme [3] of the third order of weak approximation was used as the basic scheme
in [1], and in [2] was used the Rusanov scheme [4] of the third order of the classical
approximation. In both cases the CABARET scheme [5] of the second order on smooth
solutions was used as the internal NFC scheme.

The main disadvantage of the combined schemes proposed in [1, 2] is that the corresponding
basic and internal schemes have a significantly different type, which leads to certain
difficulties in the implementation of the numerical algorithm on the boundary of the internal
computational domain. Therefore, the purpose of this work is to study the possibility of
constructing new combined schemes, in which this deficiency is absent. In these schemes the
non-monotonic versions (without weights) of the WENO schemes [6] are used as the basic
algorithms, and the NFC versions of these schemes (with appropriate weights) are used as the
internal algorithms.

Acknowledgements: The work was carried out with support by the Russian Science
Foundation (grant No. 16-11-10033).
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O BO3BMOKHOCTH NTIOCTPOEHUSA WENO-CXEM, COXPAHAIOIUX
INOBBINEHHYIO TOYHOCTD B OBJIACTAX BJIMAHUA YIAPHBIX BOJIH

0. A. KOBI:IDKI/IHal, B. B. Ocranenko?

Ynemumym 2udpoounamuru um. M.A. Jlaspenmvesa CO PAH, np. ax. Jlaspenmvesa, 15,
Hosocubupck, 630090, Poccus
2Hosocubupckuii 2ocydapemeennyiii yhusepcumen, yi. Iupozosa, 2, Hosocubupck, 630090, Poccus
olyana@ngs.ru

B [1, 2] npemniokeH METOJ MOCTPOCHUS KOMOWHHPOBAHHBIX CXEM CKBO3HOIO CUETa,
KOTOpPbIE MOHOTOHHO JIOKQJIMU3YIOT (POHTHI YJApHBIX BOJH M B TO K€ BPEMsl COXPAHSIOT
MOBBIIIICHHYI0O TOYHOCTh BO BCEX OOJIACTSAX TUIAJKOCTH PACCUYUTHIBAEMBIX 000OIEHHBIX
pemeHuii. B KOMOMHUPOBaHHOW CXeME€ HCIOJb3yeTcss Oa3WcHas HEMOHOTOHHAs CXeMma,
KOTOpasi IMEET MOBBIIICHHBIN MOPSIOK CXOIUMOCTH B 001aCTAX BIUSHUS yIapHBIX BOJH. [1o
0a3MCHOM CXeMe pa3HOCTHOE PEIICHWE CTPOMTCS BO BCEW pacyeTHOW obOmactu. B
OKPECTHOCTSIX OOJIBIIUX TPAJAMCHTOB, TJIe 3TO PEIIeHUE MMeeT He(DU3MUeCKHe OCIUIUISALINY,
OHO KOPPEKTHPYETCS MyTEeM YHUCICHHOIO PEelICeHHs BHYTPEHHHMX HadallbHO-KPaeBbIX 3aad C
ucnonb3oBanuem oanoit u3 NFC (Nonlinear Flux Correction) cxem. B kauectBe 6a3zucHoi
cxeMbl B [1] ucnonb3oBalach CUMMETPUYHAS KOMIIAKTHAs cxeMa [3] TpeThero mnopsiaka
cmaboif ammpokcumarmu, a B [2] — cxema PycanoBa [4] TpeThero mopsijaka KIaCCHUECKON
anmpokcuMannu. B oboux ciydasx B kadectBe BHyTpeHHer NFC cxembl mcmosp3oBanach
cxema CABARET [5] BTOpOro nopsiika Ha riaJKux pelieHusx.

OCHOBHBIM HEIOCTAaTKOM KOMOMHHPOBAHHBIX CXEM, MPEMIOKEHHBIX B [1, 2], saBiseTcs
TO, YTO COOTBETCTBYIOIIME HM Oa3uUCHbIE M BHYTPEHHHE CXEMBl HMEIOT CYIIECTBEHHO
Pa3IUYHBIN THII, YTO MPUBOJIUT K OIMpPENEICHHBIM TPYIHOCTSM MPH peah3aliy YHCIEHHOTO
QITOPUTMA Ha TPaHUIIe BHYTPEHHEH BBIUMCIUTENbHONW obnactu. [loaToMy Lenbio AaHHOM
paboThl SBISETCS M3y4YEHUE BO3MOXKHOCTU MOCTPOEHHUS HOBBIX KOMOMHHPOBAaHHBIX CXEM, B
KOTOPBIX ITOT HEAOCTAaTOK OTCYTCTBYEeT. B 3THX cXemax HEMOHOTOHHBIC BapuaHTHI (Oe3
BecoB) cxeM WENO [6] ucnons3yroTcst B KauecTBe OCHOBHBIX anropuTmoB, a NFC Bepcum
9TUX CXeM (C COOTBETCTBYIOIIMMH BECaMHU) HCIONB3YIOTCS B Ka4eCTBE BHYTPEHHUX
AITOPUTMOB.

BbaarogapaocTu: Paborta BbimonHeHa mpu (UHAHCOBOM moxanepxke Poccuiickoro
HayyHoro ¢onma (rpant Ne 16-11-10033).

Jluteparypa:
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nossieHHoi Tounoctr” ok AH., T. 478 (5), 517-522 (2018)

2. H.A.3w3una, O.A.Kossipkuna, B.B.Ocranenko, “MoOHOTOHHAs pa3HOCTHAs CXeMa, COXpaHsIoIas
MOBBIIICHHYIO TOYHOCTh B 00JacTsax BiausHus yaapHeix Bonu” Jlokia. AH., T. 482 (6), 639-643
(2018)

3. B.B.Ocranenko, “O THOCTpOGHHUH Pa3sHOCTHBIX CXEM MOBBILIEHHOH TOYHOCTH I CKBO3HOTO
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pemenuii” Jloxn. AH CCCP, T. 180 (6), 1303-1305 (1968)

5. S.A.Karabasov, V.M.Goloviznin “Compact accurately boundary-adjusting high-resolution
technique for fluid dynamics” J. Comput. Phys., Vol. 228, 7426-7451 (2009)

6. G.S.Jiang, C.W.Shu, “Efficient implementation of weighted ENO schemes” J. Comput. Phys.,
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WEIGHT MODIFICATION OF IMPROBABLE EVENTS REGISTRATION
ALGORITHM IN SUPERCOMPUTER SIMULATION OF RADIATION
TRANSPORT

Roman V. Uskov, Kseniya K. Inozemceva, Mikhail E. Zhukovsky
Keldysh Institute for Applied Mathematics of RAS; Moscow, Russia
roman.uskov@gmail.com

Radiation transport simulation using Monte-Carlo method is based on random trajectories
construction. The trajectories are constructed for particles of the photon-electron cascade [1]
developed in matter. It is important to maximize statistical value of every trajectory. Problem
becomes crucial in cases where measured value is contributed by improbable events. There are
good examples of that scenario. First is measuring the flux of electrons emitting from thick
plate being under X-radiation. Second is measuring the energy deposit into bremsstrahlung
detector behind the target of the electron accelerator.

Most of the photons in first example will either fly through the plate without interaction or
interact with matter deep in the plate. The electrons burning as the result of the interaction are
unable to emit and the photon trajectories in these cases will have zero statistical value.

The bremsstrahlung photon in second example must interact within the lightweight detector
rather than heavy target to have non-zero statistical value. The probability of this event is
extremely low. That make modelling of such trajectories very inefficient.

The general approach of solving such problems is developed. The idea is to introduce special
“areas of interest” around the volumes where values involving electrons interaction are
measured (charge, current, energy deposit). These areas are defined by bounding surfaces very
similar to how objects and detecting areas are defined. The size of the area is chosen basing on
the electron stopping path to maximize its (area) efficiency.

Photon trajectories intersecting such areas are split into parts having corresponding statistical
weight [2]. One part of the photon outside the area of interest interacts “as usual” while the
others interact within the areas of interest explicitly. This allows generating the electron close
to the area where it can give statistical contribution in the measured value.

Supercomputer simulation examples showing the efficiency of the developed approach used
for finely dispersed medium are given.

Acknowledgments: This work is partially supported by Russian Fund for Basic Researches,
grant N 18-01-00582.
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BECOBAS MOIUPUKALNUA AJI'OPUTMA PETUCTPALIUN
MAJIOBEPOSITHBIX COBBITUI ITPU CYHNEPKOMIIBIOTEPHOM
MOJAEJIHNPOBAHUMU NIEPEHOCA U3JTYYEHUSA

P.B. Yckos, K.K. Mno3emuesa, M.E. KykoBckuii, M.b. Mapkos
UIIM um. M.B. Keansmma PAH
roman.uskov@gmail.com

MopenupoBaHnue nepeHoca U3JydeHus B BellecTse Meto oM Monrte-Kapio, ocHoBaHO Ha
MOCTPOCHHUH CITy4alHBIX TPACKTOPUH YacTHIil Kackanaa [1]. Makcummu3anus CTaTUCTHYECKOTO
BKJIaJla TPACKTOPHI dYacTull (CTaTUCTUYECKONW IIEHHOCTH TpPAEGKTOPHii) BakHa, Koraa
u3MepseMasl BeIMuYMHa (3HaueHUs (PYHKIMOHANIA Ha TPOCTPAHCTBE pPEIICHHH ypaBHEHUS
NepeHoca) ONpeaeIseTcss MajloBEPOSITHBIMU COOBITUAMU. [IpriMepamu, 1eMOHCTPUPYIOLTUMHU
npoOiieMy, SBISIOTCA OLIGHKA II0TOKa 3JEKTPOHOB, SMUTHPYIOIIMX C TIPaHUYHBIX
MOBEPXHOCTEH 00BEKTa, HAXOJAIIETroCs] MOJ BO3JIEHCTBUEM PEHTTEHOBCKOTO W3IY4YECHHS, a
TaK)K€ OLIEHKAa SHEProBBIICIECHUS B JETEKTOPE TOPMO3HOIO H3JIy4yeHUs, HAXOAsIIEMCs 3a
MUIIEHbIO, 00Jy4aeMol S3JEKTpoHaMHU yckoputTens. B mepBom mpumepe Oonblias 4yacTh
¢$oTOHOB OyIeT MpoJNETaTh Yepes IIACTUHY 0e3 B3auMOICHCTBUS, UX TPAEKTOPHH OYIyT UMETh
HYJEBYI0  CTaTHCTUYECKYI0 IIeHHOCTh. Bo BTOopoM mpumepe (OTOH  IOIKEH
B3aMMOJICHICTBOBATh C JIETKUM JETEKTOPOM, YTOOBI BHECTH CTAaTUCTUYECKMH BKJIAJ B
SHEProBBIJCICHUE B TaHHOM JieTekTope. OnHaKo 00JbIIas 4acTh TeHEPUPYEMOTO TOPMO3HOTO
U3ITy4yeHus: OyJeT B3auMOIEHCTBOBATh C TSKEJION MUILIEHBIO, @ HE C JIETKUM JIETEKTOPOM, UTO
JIeJIaeT MOJICTUPOBAHNE TAKUX TPACKTOPHM CTATUCTHUECKU Hed((HEKTUBHBIM.

Pazpaboran oOmuii MoAXoj K PEHICHUIO yKa3aHHBIX TpoOiem. Mues 3akitodaercs BO
BBEJICHUU CIEIHUAIbHBIX «o0JjacTeii HHTEepecay — OO0bEMOB BOKPYT JI€TEKTOPOB,
PETUCTPUPYIOIIMX AJIEKTPOHBI (IHEPrOBBIIEICHUE, NOTOK AJIEKTPOHOB, TOK, 3apsn). OTu
00BbEMbI OMUCHIBAIOTCS OrpPaHHYMBAIOIIMMU MOBEPXHOCTAMHU. Pa3mep oGnactu BeIOMpaeTcs
TakUM 00pa3oM, YTOOBI €€ IPaHULIbl OTCTOSIM OT IPAHMUIL AETEKTOpa Ha pPacCTOSHUE, paBHOE
TOPMO3HOMY IIyTH JIEKTPOHA.

@oTOHHas TpaeKkTopus, Mepecekarollas TaKylo o0yacTh, pa3OuMBaeTcs Ha JBE YacTH,
UMEIOLINE COOTBETCTBYIOIME CTAaTUCTHUECKHE Beca. POTOH ONHOM YacTH MOZAEIUPYETCS
«0ObIYHBIM» 00pazoM. DOTOH Ipyrodl 4YacTu SBHO B3aMMOJEWCTBYET BHYTPU «00iacTu
UHTEpeca». JTO MO3BOJSET T'€HEPUPOBATH 3JIEKTPOHBI B HEMOCPEICTBEHHOM OMM30CTH OT
JETEKTOpa, 3HAUUTEIbHO YBEIMUYMBAsg CTATUCTHYECKYIO LIEHHOCTh TpaeKTopuu (oToHa.
[TomoGHOe paciiernyieHie TpaekTopuu [2] maer 371eKTPOHY BBICOKYIO BEPOSITHOCTBH IMepecedb
JETEKTOP M OCTaBUTh B HEM COOTBETCTBYIOIIMH BKIJIAJl B U3MEPSIEMYIO BETUUHUHY.

[TpoBeneHsl NpHUMEPBI CYNEPKOMIBIOTEPHOIO MOJEIMPOBAHUS IEPEHOCA HU3IYy4YEHHUS B
MEJIKOJIMCIIEPCHBIX Cpeslax ¢ MPUMEHEHHEM pa3pabOTaHHOIO MOAX0/a.

BaaropapHoctu. Pabota BeinosnHeHa npu puHaHcoBol noaaepkke rpantoB PODOU Ne 17-
01-00301 u Ne 18-01-00582
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LINER FORM INFLUENCE ON THE EFFICIENCY OF THE FORMATION OF A
CUMULATIVE JET IN SQUIB

B.P. Rybakin?!, M.N. Kravchenko 2

Lomonosov Moscow State University, Moscow
*Gubkin Russian State University of Oil and Gas, Moscow
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The work is devoted to the numerical simulation of a gas-metal-liquid jet formation during
the initiation of a charge of solid explosive inside the shell device. The purpose of the study is
to optimize the form of the squib used in the oil and gas industry. The advantage of
cumulative perforators over other technological schemes is the ability to create elongated
channels in complex targets.

The paper proposed a mathematical model for calculating the initiation of a shaped charge,
followed by deformation and destruction of the charge body, the appearance of a cumulative
jet penetrating through the metal layer and casing. The shape of the inner shell, called the
liner, significantly affects to the cumulative jet characteristics. The outer shell of the
projectile, as a rule, is made of steel, the inner one can be made of both steel of various
thickness, and of aluminum, copper, tungsten or other metals. You can achieve an increase in
the length of the channel in the target by 20-25% due to changes in the parameters of the liner.
In experimental and theoretical works, it was found that at angles less than 13° the jet has
insufficient force. When the angle at the tip of the liner cone changes from 13° to 46°, the jet
speed gradually increases, and then at jet angles greater than 46° the jet speed decreases.

The original program code was created based on a mathematical model [1], which allowed
to calculate the detonation of solid explosives, deformation of the igniter shell when varying
the following parameters: the material of the outer shell and liner, explosive, and the shape of
the squib.

Mathematical modeling of charge initiation with subsequent penetration of a cumulative jet
into a combined barrier allows optimizing the charge characteristics and cumulative perforator
design taking into account the geometry of the charge arrangement, as well as improving the
hydrodynamic connection between the oil and gas reservoir and well. The reservoir
macrofracturing is simulated by splitting the Lagrangian computational grid.

It is established that for a given form of steel pyrocartridge, the speed of the jet
substantially depends on the angle and has a maximum value of 4785 m/sec at an angle of a
conical liner of 38 °.

Acknowledgements: This work was supported by a grant from the Russian Foundation for
Basic Research Ne18-07-01303 A.
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BJIUSTHUE ®OPMbI IAMHEPA HA D®P®EKTUBHOCTHh ®OPMHUPOBAHUSI
KYMVYJATUBHOM CTPYHU B IUPOIIATPOHE

B.I1.Pei6akun?, M.H. KpaBuenko 2

MTIY um. M.B. Jlomonocosa, 2. Mockea
2PI'Y ne¢pmu u 2aza (HUY) umenu U.M. I'véxuna, 2. Mockea
kravchenko.m@gubkin.ru

Pabora mocBsilmieHAa YHCICHHOMY MOJCITHPOBAHHUIO (OPMHUPOBAHUS Ta30-METAIIO-
XKHUJIKOCTHOM CTpyM MNpH HHULMUPOBAHMM 3apsga TBepaoro BB BHyrpu 0005104HOrO
ycrpoiictBa. Llenp uccnenoBanust - ontumuszanus (GopMbel MUPONATPOHA, UCIOIB3YEMOTO B
He(Tera3oBoi MpOMBINUIEHHOCTH. [IpenMyiiecTBO KyMyJsSLUOHHBIX Iep(opaTopoB Haj
JPYTMMHM  TEXHOJOTMUYECKMMM CXEMaMM  3aKJII0YaeTcsi B  BO3MOXHOCTH  CO3/aHUsA
IIPOTSKEHHBIX KaHAJIOB B KOMIUIEKCHBIX MULICHSIX.

B pabote nmpennoxena MareMaTu4eckasi MOJI€b, KOTOPasi Ja€T BO3MOXKHOCTh paccuuTaTh
MHULMMPOBAaHUE KyMYJISITUBHOTO 3apsiia C Iocienyromeil nedopmanueid U paspylieHUEM
KOpIyca 3apsijia, BO3HUKHOBEHHEM KyMYJSITUBHOW CTpyH, NpPOHMKAIOUIEH depe3 clioil
MeTajula U 00cagHOW KOJOHHBL. Ha XapakTepuCTUKH KyMYJISTHBHOH CTPYHM CYLIECTBEHHO
BIHsieT (hopMa BHYTPEHHEH 000I0YKH, Ha3bIBaeMOil JlaitHepoM. BHemHsist o0omouka cHapsiaa,
KaK TMPaBUJIO, CTaJIbHAs, BHYTPEHHSAS MOXKET W3rOTaBIMBATLCS, KAaK M3 CTalIM Pa3INYHON
TOJILIMHBI, TAK U U3 ATIOMUHUS, MEJIU, BoJb(pama UK APYTUX METAJUIOB. 3a CUET U3MEHEHUS
apaMeTpoB JialiHepa MOKHO JTOOUThCS yBEIMUYEHHs MPOTSHKEHHOCTH KaHaja B MUIIEHU Ha
20-25%. B skcrieprMEHTANbHBIX M TEOPETHUECKUX paboTax YCTaHOBJIEHO, YTO MpPHU YIiIax
MmeHee 13° cTpyst MeeT HeJOCTATOUHYIO MPOOUBHYIO cUiTy. V3MeHeHHe yriia Mmpu BepIIUHE
KoHyca naiiHepa oT 13° mo 46° maer moCTENeHHOE BO3PACTaHHE CKOPOCTH CTPYH CO
cHIKeHHeM (P ()EeKTHBHOCTHU MpH yriax Ooubine 46°.

Bei1 co3man coOCTBEHHBIN MPOrpaMMHBIA KOJI HA OCHOBE MareMarudeckor mojenu [1],
MO3BOJIAIOIININ ITPOBOAMUTH YMCIIEHHBIE DKCIIEPUMEHTHI 10 pacyeTy JE€TOHALMM TBepAbiX BB,
ne(OpMUPOBAHUN O0OJIOYKHM MHPONATPOHA MPU BAPBUPOBAHUU CIEAYIOLIUX MapaMeTpOB:
MaTepHala BHEIIHe 00004Ky U JaiiHepa, BB, u ¢opmsl nuponarpona.

MaremaTnueckoe MOJENIMpPOBaHUE Mpollecca WHUIMUPOBAHUS 3apsla C IMOCIETYIOINUM
NPOHUKAaHUEM KyMYJISTUBHOW CTpyH B KOMOMHHUPOBAaHHYI TIperpaay IO3BOJISET
ONTUMU3UPOBATh XapaKTEPUCTUKHU 3apsla M KOHCTPYKIMIO THiepdoparopa € ydeToMm
TEOMETPHUH PACIIOJIOKEHHS 3apsI0B, a TAKXKE YJIyUIIEHUS THAPOJIUHAMUYECKON CBSI3U MEXKIY
NPOAYKTUBHBIM IIJJACTOM M CKBAXHUHOW. MojaennpoBaHue Makpopas3pylleHus Ij1acrta
OCYILIECTBIISIETCS IIyTEM PACLIEIUICHNUS JarpaHKeBON pacyeTHON CETKHU.

VYcTaHOBIEHO, YTO MpH 3aJaHHOM (opMe CTalbHOIO MHHUPONMATPOHA CKOPOCTh CTPYH
CYLIECTBEHHO 3aBHCUT OT yIJla U HMMEET MakcuMaibHOe 3HaueHue 4785 m/c mpu yrie
PacKpBITUSI KOHUYECKOT o JlaliHepa B 38°.

BnaromapuocTu: JlanHas paGota Oblia BBIIIOJHEHA MPU MOJAECPKKe rpanta Poccuiickoro ®oxaa
dynnamentaabHbiXx ccnenopannii Ne18-07-01303 A.
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SCIENTOMETRICS AND EXPERT ESTIMATIONS OF
SCIENTIFIC AND TRADE UNION ACTIVITIES
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Some problems in estimations of scientific and trade union activities with different
approaches are discussed. Despite the all differences in this approaches it is useful to consider
their common features. One of these features is a human factor which plays significant role
even in exact sciences not to mention about other branches of science or trade union activities.
The human factor problem was discussed many times, in particular, in references [1-5] but it
should be discussed more and more. It is evident, for example from recent text and remark
academician Vasil’ev V.A. and RAS president Sergeev A.M. [6-7]. Analysis of human factor
manifestations in science and different scientific communities is given in the present
communication.

Acknowledgements: The author is thankful to T.A. Sushkevich for additional information on
publications about Russian science life.

References (in Russian):

[1] A.A. Camoxun, “Jlyume He oma3aeBaTh (O HAyYHOM COOONIECTBE W HE TOJIBKO)”, HayduHoe
CoobmiectBo, No5 (201), 24-27 (2018).

[2] A.A. CamoxwuH, “Kto Oynmet aemars?”’, Hayanoe CoobmiectBo, Ne6-7 (202-203), 18-19 (2018).

[3] A.A. CamoxwuH, “Uem oTBeuaTh Ha coBpeMeHHBIC BbI30BEI?”, Hayunoe CoobmecTBo, Ne9-10 (205-
206), 31 (2018).

[4] A.A. CamoxuH, “YenoBeueckuil ¢akrop u HaydHoe coobiiectBo”, Hayunoe CooOrmiectBo, Nol2
(208), 24-26 (2018).

[5] A.A. CamoxuH, “O uyenoBeuyecKOM (akTope M BO3MOXHOH pOIM HAydHOro cOoOOIIecTBa B
obecnieuennu MojaepHu3almu Poccun”™, ¢. 723-726, Exeroqnuk. Poccust: TeHneHIMM U IEPCIIEKTUBEI
pasButus. Bein. 14 / PAH. MHUOH. Ota. Ha-y4. corpyaauuecta; OtB. pen. B.U. 'epacumos. — M.,
2019.-4.1.-937 c.

[6] B.A. Bacumbe, “Te3ucsl mo B3aumoneiictBuio ¢ BAK”, caiit PAH ot 09.07.2019:
http://www.ras.ru/news/shownews.aspx?id=6¢4015ab-b6a6-4f06-8b17-99¢8f3666¢7d

[71 A.M. Cepree, B ctathe H. BomukoBoit “Ilokoii m He cHuTCcS. PAH BTSHYynIach B aKTHUBHBIM
pexum”, 28.06.2019,  https://www.poisknews.ru/skript/pokoj-i-ne-snitsya-ran-vtyanulas-v-aktivnyj-
rezhim/

Publications of newspaper “Hayunoe Coo0OmectBo” can be found at trade union section of RAS site:
http://www.ras.ru/news/shownews.aspx?id=c2ac45af-e861-4bc1-bd68-2aef0da91fa6

104
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OO6cyxnalTcsi HEKOTOpbIEe MPOOJIEMbl, BO3HMKAIOUINE MPU HCIOJIB30BAHUU Pa3IUYHBIX
MOJIXOIOB ISl OLIEHKH HAYyYHOU M TPO(COIO3HOM NesTeNbHOCTH. HecMOoTps Ha Bce pa3nuuust
3TUX TOJXOOB II€JIeCO00pa3HO paccMOTpeTh oOuMe ux mnposeiaeHUs. OAHUM M3 TaKHUX
ACTICKTOB SIBJISIETCS YeJIOBEUECKUN (PaKTOpP, pOJIb KOTOPOTO OKA3bIBACTCS BEChMa BEJIMKA JTaXKe
B TOYHBIX HayKax, HE TOBOpS YK€ O Jpyrux pasjieiax Haykd WiH [podCcoro3HON
NEATENIbHOCTH. JTa TmpoOiieMa yKe HEOJHOKPATHO 3aTparuBaiach, B YacTHOCTH, B
nyonukarmusax [1-5], HO K Hel HEoOXOIWMO BO3BpAIIAThCS CHOBA W CHOBA. JTO BHIIHO,
HaIpuMep, MO HEJaBHUM BBICTYIUIEHUSIM akaaeMuka BacuibeBa B.A. u npesunenta PAH
Cepreea A.M. [6-7]. AHanu3 TPOSBIICHUIA YEJIOBEYECKOTO (aKTopa B HAYKE M PA3TUIHBIX
OpTraHM3aIMAX YUEHBIX COCTABISIET OCHOBHOE COJIEPIKaHNE JAHHOTO COOOIIECHUSI.
Bbaarogapuoctu: Asrop 6marogaput T.A. CymikeBud 3a JOTOJHUTEILHYIO HH(POPMAIIHUIO 110
myOIHKAIUSAM O XKU3HU Poccuiickol HayKH.
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We will denote by D and T the disk {z‘ H <1} and circle{z‘ H :1} , respectively. The chord

of the disk D, ending in point & =e* I and forming with a radius at this point angle
o, oce(—n/z, n/z) will be denoted byh(é’;,oc). Let M be an arbitrary Borel measurable set

on I', mesM Lebesgue measure of the set M andG,, = §%{2‘|Z—p§| <l—p} ,1/2<p<1l.We

will consider sets M for which mesM > 0.

Lemma. If f:D— D is holomorphic functionand 1, (6,a)= I |f'(z)|(1_|f (Z)|2)*1|dz|<+oo,
h(z.a)

then lim f(z)=w, weD.
h(&,a)>x—¢&

Theorem. If f:D—D is holomorphic function and J |f'(z)|(1_|f(Z)|2)_1dxdy<+oo,
o

M
z=x+iy, then: i) for eacha, ae(-n/2, n/2), |;(6,a)is a summable function of the

argument 0, £=e°eM; i) exists setE, Ec M, mesE=mesM , that for each fixed
0, £=e" eE, 1,(0,0) is a summable function of the argument o, o e(—n/2, n/2);

iif) the function f on the set E has angular limit values; iv) I, (e,a)<+oo for all values
0, £=e"cE, andalla, ae(-n/2, n/2).

In [4, 5], interesting bounded holomorphic functions f, |f(z)|<c, ze D, such that
I|f’(z)|dxdy:oo were constructed. Then for f(z)=f(z)/c, ze D, the following holds:

D

J

X 2)(1-]t (2 )_ldxdy _ oo,

Corollary. Let the holomorphic function f satisfy the conditions of the Theorem, and

E,, E. c M, be the set of all points &= " for which there are angular boundary values f (e“’)
and|f (e” ) =1. Then mesE, =0.
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Yepes D, T u h(&, o) 0603HauNM COOTBETCTBEHHO KDYT {Z‘ 7] <1},Opr)KHOCTL {Z‘ 7] <1},

1 xopay Kpyra D, okonuaromyrost B Touke & =€ €I u 00pasyloniyio ¢ paguycoM B JTOM

TOYKE Yroll O, O € (—Tc/ 2, o/ 2), M npousBosnbHOE H3MepuMo 1o bopento mHoxecTBO Ha I,

mesM  JleberoBa Mmepa MHOXECTBA M o5,=uU {z||z_p§| <1_p}, 1 p<1. bynem
teM 2

paccMmaTpuBaTh MHOKECTBa M JU1sl KOTOPBIX mesM > 0.

Jemma . Ecnu f : D — D romnomopdua dyHkums u

E,a)3X—E

1, (0,0) = J‘ |f'(2)|(1—|f(z)|2)_1|dz|<+oo’ Toraa " lim f(z)=o, 0eD.
h(&.o)
Teopema. Ecmu f :D — D ronomopdHa ¢yHKIUA U J' |f’(z)|(1—|f (Z)|2)4 dxdy < o0, Z=XHIY,
Sm

tora: i) mms kaxporoo, o€(-m/2, n/2), | (6,a)sBusres cymmmpyemoii dynkimei
aprymenta 0, &=e" e M; ii) cymectByer mMHOX)ectBO E, E = M, mesE =mesM uro mis
kaxjoro Qukcuposannoro 0, E=e°eE, |, (6,0) siBisiTest - cymmupyemoii  yHKImeit
aprymMeHTa d, ae(—n/z, n/z); i) ¢ynkums f  Ha MHOXKecTBe £ HMMeeT yIJOBbIE
npezenbHbIe 3HaYeHus; V) GpyHkuus |, (9, oc) < 400 s Beex 3HaueHuit 0, £ =e"° € E, uBcex
a, ae(-n/2 n/2).

B [4,5] mocTpoeHe nHTEpeCHbIE OrpaHHMYCHHBIE ToIoMOpHbIE PyHKIMH f, ‘ f (Z)‘ <c, zeD,
y KOTOPHXH f '(z)|dxdy =+o0, Torna 151 f,(z) = f (z)/c, ze D, H f ’(z)|(1—| f (z)|2)71dxdy = +00.
D D

Cneocmeue. Ecin s ronomopuoit  dynkimuu f  u3 Teopemn muoxectso E;, E, < M,

MHOXCECTBO TOUCK E.: = €I9 AJIs1 KOTOPpUX CYIICTBYIOT YTJIOBBIC I'DAHUYHBIC 3HAUYCHUA f (ele) u

‘f (eie)‘ =1, rorma mesg, =0.
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KOHEYHO-3JIEMEHTHASA MOJIEJIb 'A3OAUHAMHUYECKOI'O TEYUEHUSA HA
OCHOBE PA3PBIBHOI'O METOJA I'AJIEPKHUHA: 3AKOHbI COXPAHEHUS 1
BTOPOE HAYAJIO TEPMOJANHAMUKHU

Kpukcun FO.A.!, Tumkun B.®.!

TUTIM um. M.B.Kenowviua PAH, Muycckas na., 4, Mockea 125047, Poccus
e-mail: kriksin@imamod.ru

PaccMOTpeHBl SHTPONMIHO yCTOWYMBBIE METOMBI PEIICHUs ra30JMHAMUYECKHUX 3a]ad Ha
OCHOBe paspbiBHOro Merona [amepkuna (PMI'). Bmecte ¢ TpaaMIIMOHHO HCIIOJIB3YEMBIMU
3aKOHAMH COXPAaHEHMS MAacChl, UMITyJlbCa W IIOJIHOW DSHEPrUU IIPEAJIaraéMble METOMbI
YYHUTBHIBAIOT BTOPOE HA4yaJll0 TEPMOAMHAMMKH, KOJIMYECTBEHHBIM BBIPDA)KEHHEM KOTOPOTO
CITy>KUT SHTPONMUINHOE YCIOBHE.

B npemnmaraemoil  KOHEYHO-3JEMEHTHOM  MOJENIM  Ta30QMHAMMYECKOIO  TEUEHUS
UCIIOJIB3YIOTCS JMCKPETHBIE aHAJIOTM 3aKOHOB COXPAHEHMS M DHTPONMNHOIO HEPABEHCTBA,
KOTOpBIE BBIMOMHSAIOTCS B KAKIOM KOHEUHOM SIEMEHTE.

Camo 1o ceOe BBIMOIHEHUE TUCKPETHBIX aHAJIOTOB 3aKOHOB COXPAHEHUS U SHTPOIUHHOTO
HEpaBEHCTBA, BOOOIIE TOBOps, HE OOECNeYMBAET YCTOHYMBOCTU YHCICHHOTO PELICHMUS.
KitoueByto ponp  urpaer BbIOOp MHOXECTBAa  JOMYCTHUMBIX KOHEYHO-3JIEMEHTHBIX
annpokcuManui, cBs3aHHbIX ¢ PMI, mpum mnoMomM KOTOpPBIX CTPOMTCS 3TO YHCIEHHOE
pemeHue. YCTaHOBJIEHO, YTO MOHOTOHHOCTh KOHEYHO-3JIEMEHTHBIX allPOKCHMALMM TECHO
CBf3aHA C IIOJABJICHUEM IMAPA3UTHBIX OCUMWUIALUN YHUCICHHBIX PEIICHUN M BBIIOJHEHUEM
SHTPONHUUHOIO yCIOBHUS.

dopmanbHOE BBIMOIHEHUE SHTPONUHHOIO YCIOBHUS, BOOOIIE TOBOPS, HEAOCTATOUYHO IS
NoJy4YeHHsT (U3NYECKH peajM3yeMbIX UYWCIEHHBIX pemieHnid. Hampumep, eTMHCTBEHHBIM
MCTOYHUKOM IPOM3BOJCTBA DHTPONMM B ClIydac YpPaBHEHUN OWiepa SBIAIOTCS yIapHbIE
BOJIHBL. TeM He MeHee, MHOTME U3BECTHBIE YMCIICHHBIE METOJIbI, TaKHe Kak cxema ['oyHoBa,
pasnunuHble Bepcun PMIT u npyrue anropuTMbl MPOU3BOAAT B PAJE CIy4yaeB M30BITOUHYIO
DHTPOIUIO W3-32 YEro UHWCIICHHBIC pEIICHUS CTAHOBATCA HEPU3UYECKUMHU (3a1ada
OitHdenpaTa). [IpennoxeHHslid noaxoa 6o1ee TOYHO YUUTHIBAET SHTPOIUIHOE YCIOBUE IS
ypaBHEHUH Dijiepa o CpaBHEHUIO C IPYTUMH U3BECTHBIMU METOJaMHU.

Bbnaromapuoctu: ABTopel Onaromapst Poccuiickuii Hay4HbI (GOHO 32 (UHAHCOBYIO
nonepkky (mpoekt Ne 17-71-30014) u neHTp nHGOPMALMOHHBIX TEXHOJIOTUNA YHUBEPCUTETA
I'ponunrena (Huznepnanabl) 3a NpeoCTaBIECHHYIO BO3MOXHOCTb ITPOBEACHUS PaCcYETOB.
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FINITE ELEMENT MODEL OF A GASDYNAMIC FLOW ON THE
DISCONTINUOUS GALERKIN METHOD BASIS: CONSERVATION LAWS AND
THE SECOND LAW OF THERMODYNAMICS

Kriksin Y.A.!, Tishkin V.F.!

"Keldysh Institute of Applied Mathematics of RAS, Miusskaya sq. 4, Moscow 125047, Russia
e-mail: kriksin@imamod.ru

The entropy stable methods for solving gasdynamic problems based on the discontinuous
Galerkin method (DGM) are considered. The proposed methods take into account the second
law of thermodynamics, the quantitative expression of which is the entropic condition,
together with the traditionally used laws of conservation of mass, momentum and total
energy.

Discrete analogues of conservation laws and entropic inequality are used in the proposed
finite element model of a gasdynamic flow, which are satisfied in each finite element.'”

In itself, the implementation of discrete analogues of conservation laws and the entropy
inequality, generally speaking, does not ensure the stability of a numerical solution. A key
role is played by the choice of the set of admissible finite-element approximations associated
with the DGM, with the help of which this numerical solution is constructed. It is established
that the monotonicity of finite element approximations is closely related to the suppression of
parasitic oscillations of numerical solutions and the fulfillment of the entropy inequality.

The formal fulfillment of the entropy condition, generally speaking, is not enough to obtain
physically feasible numerical solutions. For example, the only source of entropy production in
the case of the Euler equations is shock wave. Nevertheless, many well-known numerical
methods, such as the Godunov scheme, different versions of the DGM and other algorithms,
in some cases, produce excessive entropy because of which the numerical solutions become
nonphysical (Einfeldt's problem). The proposed approach more accurately takes into account
the entropy condition for the Euler equations as compared to other known methods.
Acknowledgements: The authors thank the Russian Science Foundation for financial support
(project No. 17-71-30014) and the Center for Information Technology of the University of
Groningen (Netherlands) for the assistance in performing calculations.
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AJANITAOUA CETOK 1 JMHAMHUYECKAS BAJIAHCHUPOBKA 3AT'PY3KHU J1JIsA
BBICOKOITPOU3BOJIUTEJIBHBIX MYJIbTU®U3NUYECKUX BLIYNCJIEHUNA

O.T. OnwsxoBckas, [1. C. boiikos, C. K. I'puropses, A. C. bonmapes, M. B. SIko6oBckuid,
B. A. TI'acunos

Hncmumym npuxnaonot mamemamuxu um. M. B. Kenoviwa PAH, Mockea, Poccus
boldar@imamod.ru

bonpmmHCTBO  cTpareruii  3(Q(GEKTHUBHBIX  BBIYHCICHUA MPEAINOJaraloT CETOYHYIO
aganrtauuio. [IpsaMoyronbHble CETKM 4acTO pacCMaTpUBAIOTCA U INPUMEHSAIOTCS KaK OCHOBA
st 9(QQEeKTUBHBIX AJITOPUTMOB JTMHAMUYECKOW CeTOYHOW amantauuu. M3MmenbueHue
NPOM3BOUTCS IyTE€M IOCIEAOBATEILHOIO pa30ueHust KyOM4YecKoW sYeWKH Ha OKTaHTBHI,
o0pa3ysl TakuM 00pa3oM CETKY CO CTPYKTYpOH BOCBMEPHUYHOTO JepeBa. Takas TeXHOJOTrus
aKTUBHO MHCIIOJIb3YETCs; HAlpuMep, OHa sBisieTcs OcHOBHOM B makere OpenFOAM u
enuHcTBeHHOU B FlowVision. bubnuoreka nporpamm Ha C++ ¢ ucnonb3oBanueM MPI st
napauiensHoil  00paboTku  BocbMepuyHbIX ceTok PABLO ycmemHo wucmonb3yercss B
ruapoauHamuyeckoM mpoektre  MEMPHIS. B wactosmeldr pabGore MBI yMEHBIIHIA
BBIUMCJIUTENbHBIE 3aTPaThl M YJIYYIIMJIM TOYHOCTH IIOCPEICTBOM BHEIPEHMSI TEXHOJIOTUU
TUHAMUYECKOW CETOYHOW ajanTaiuu B 0O0BEeKTHO-opueHTHpoBaHHBIM kKo MARPLE 3D
(UIIM um. M. B. Kenasima PAH).

[IpeumyiiecTBOM  BOCBMEPHYHBIX CETOK SBJISIETCS MX IPsAMOYroJbHas OCHOBA,
JIOTIYCKAIoLasi TPEXUHAECKCHYIO aJpecaliio 3JIeMEHTOB. JKenarenbHO COXpPaHUTh TaKoe
ONHUCAHUE TAKXXE W JUIA CI0XXHOW reoMeTrpud. Mbl BBOAUM TakKKe YETBEPTHIA MHIEKC S —
ypOBeHb Apo0ieHus sueiku, s = 0 171 nepBoHavaIbHON (HEpa3apoOICHHOM) TUSHKH.

Hamm  anroputmel  00pabOTKM  CETOYHBIX  JaHHBIX  OCHOBaHbBI HAa  TEOPUU
IPOCTPAHCTBO3ATOIHSIIOMMX KPUBBIX. MOIU(HUIUPOBaHHBIA KOA MOpPTOHA HCIOJB3YETCS
JUIsL  CTPYKTYp  JJE€MEHTOB, TOMEYaeMbIX  HAabOpOM M3  YeThIpeX  HHJEKCOB.
MomudunupoBannas kpusas [leano npumensiercs A TpeXMEpHBIX 00acTeil MPonu3BOIBHOM
dopMbl. MBI mpeanoyuTaeM SBHO OTAEIUTH TOIMOJIOTHUIO CETKM OT T€OMETPUHU PaCUETHOM
001aCcTH, YTOOBI HCIIOJIB30BATh B KaX/IOM CIIy4ae ONTUMAIIbHYIO KPUBYIO.

[IpumeneHnue mapaienbHBIX BhIUUCICHUN B mapaaurme MPI npeanonaraer pazOueHue
aJaNTUBHON CETKH, T. €. MOJAECPKKY APEBECHON CTPYKTYpbl B PACIPENEICHHOW CHCTEME.
Kpome Ttoro, mpobGiiemoil siBisieTcsi OalaHCUPOBKA HArpy3KH, TaKk KakK KaxKaas oreparus
M3MEBYCHHUS STUCHKH YBEIMUMBAET KOJIMYECTBO SUYEEK HA 7, YTO B HAUXYJIIEM CIy4ae MOXKET
YBEIIMUUTh Harpy3ky otaenbHoro MPI-npouecca B 8 pa3. Takxke cieayer ydecTb
HEOOXOIMMOCTh TOJICPKKU BEPTHUKAIBHBIX CBSI3€ B ApeBECHOl cTpykType. BoszmoskHoe
pelleHre 3aKJo4yaeTcsli B IMepenadye JepeBa s4eeK LEeTUKOM Ipu IepedaraHCHPOBKE.
HauanbHas craTuueckas OalaHCHpPOBKAa HAarpy3KH INPOBOAUTCS C HCIOJIb30BAHUEM KPHUBOM
['mnpbepra — Ileano, aganTUpOBaHHOW K TPOM3BOIBHOW pacueTHou obmactu. Ilocne
ajanrtanuu CETKHU IIPUMEHSIETCS QG py3noHHAs OaraHCcUpOBKa BJIOJIb
MPOCTPAHCTBO3AIMOIHSAIONIEH KPUBOIA.

Uro kacaercsi «(PUKTUBHBIX» SYEEK JUISI MEXKIIPOLIECCOPHBIX OOMEHOB, TaK KakK €IMHUICH
uH(pOpMallUu SABIISETCS MEpPBUYHASA siUelKa, OHA JOJDKHA BKJIIOYATHCS IEJIMKOM, CO BCEMU
CBOMMH JTouepHUMH stueiikamu. [1IuprHa cinost «pUKTUBHBIX» STUEEK OMPEeNIeTCs IIa0JI0HOM
MCIIOJIb3yeMOIl KOHEUHOPA3HOCTHOM CXEMBI.
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ADAPTIVE MESH REFINEMENT AND DYNAMIC LOAD BALANCE
FOR HPC MULTIPHYSICS SIMULATIONS

0. Olkhovskaya, D. Boykov, S. Grigoriev, A. Boldarev, M. Yakobovskiy, V. Gasilov

Keldysh Institute of Applied Mathematics RAS, Moscow, Russia
boldar@imamod.ru

We reduced computational costs and improved accuracy by incorporating a new adaptive
mesh refinement technique in an object-oriented code for HPC multiphysics simulations. Data
structures based on combination of space-filling curves were developed for 3D octree meshes.
New diffusion dynamic load balance algorithms were implemented. The appropriate C++
software is designed for MPI parallelism using distributed memory and domain
decomposition.

Most strategies of efficient computations involve adaptive mesh refinement (ARM). In
practice rectangular meshes are usually considered and applied as a basis for resource
efficient dynamic mesh refinement algorithms. Refinement is performed by recursive
subdivision of a cube (or cartesian cuboid) cell into octants thus producing an octree mesh.
This technique is actively used; for example, it is the main one in the OpenFOAM package
and the only one in the FlowVision package. C++/MPI library for parallel linear
octree/quadtree PABLO is successfully employed in CFD project MEMPHIS. We have more
than ten-year experience in HPC multiphysics simulations and now reduce computational
costs and improve accuracy by incorporating AMR technique in object-oriented code
MARPLE 3D (KIAM RAS).

An advantage of the octree mesh is its rectangular nature allowing three-index description.
It is preferable to retain this description for complex geometry as well. We also introduce the
fourth index s, which is the level of the cell subdivision, s = 0 for an initial (undivided) cell.

Our mesh data processing algorithms are based on space-filling curves theory. Modified
Morton code is implemented for structures of elements labeled with a set of four indices, and
modified Peano curve is implemented for arbitrary shaped 3D domains. We prefer to separate
explicitly the topology of the mesh and the geometry of the computational domain in order to
apply the optimum curve in each case.

The implementation of parallel computing in the MPI paradigm involves the
decomposition of adaptive mesh, i. e. maintaining tree structure in a distributed system. In
addition, load balancing is a problem, because one refinement operation increases the number
of cells by 7, which in the worst case can increase 8 times the load of an individual MPI
process. One must also take into account the need to maintain vertical relationship in the tree
structure. The solution is to transfer a complete tree of cells when rebalancing, including those
that belong to the same subdivision tree, but are not used in any way in the calculations for
the MPI process under consideration. Static initial load balancing is carried out using the
Hilbert-Peano curve adapted to an arbitrary domain. Diffusion balancing is applied along the
space-filling curve after mesh refinement.

As for halo cells for interprocessor exchanges, since the primary cell is considered to be a
unit of information, it should be included as a whole, with all its child cells. The width of the
halo is determined by the finite-difference scheme stencil.
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THE MODELING OF RADIATION-INDUCED THERMOMECHANICAL
EFFECTS IN THE FINELY DISPERSED MEDIUM
Fedor N. Voronin, Varvara A. Egorova, Eugeniy B. Savenkov, Mikhail E. Zhukovskiy

Keldysh Institute for Applied Mathematics of RAS; Moscow, Russia
raveaprouch@mail.ru

Modern high-tech construction materials are designed to withstand loads of various nature
under conditions of the complex physical effects, for instance, radiation and heat fluxes,
mechanical tension etc. The protective coating of satellite being under space radiation is an
example of the material in question. There is a problem of creation of the materials resistant to
external influence of various nature. One of the promising ways to solve this problem is the use
of composite materials of the finely dispersed structure.

A complex model for supercomputing the parameters of radiation-induced
thermomechanical fields in heterogeneous media of complex dispersed structure is developed.
A technique for calculating the parameters of the photon-electron cascade generated in the
object by the interaction of radiation with matter is worked out. A geometric model of the
medium with a direct resolution of its microstructure is worked out. A part of the geometric
description of the medium is a model of the detecting system for the statistical evaluation of the
energy deposit density of radiation. The detection system is adaptive to the complex structure
of the medium and is constructed as a set of non-intersecting spherical detectors. Energy deposit
of radiation is a source of thermodynamic processes. The approximation technique based on
the neural networks is developed for transferring the results of statistical modeling of the energy
deposit from used detector system to the thermodynamic spatial greed [1].

The ideal hydrodynamic Euler model of the compressible medium dynamics in a
conservative form is chosen as the basis for the modeling of thermomechanical processes [2].
The results of demonstration calculations of thermomechanical fields parameters are presented.

The applications of the developed simulation tool are presented in terms of results obtained
using the hybrid computing cluster K-100 (http://www.kiam.ru/MVS/resourses/k100.html ).

Acknowledgments: This work is partially supported by Russian Fund for Basic
Researches, grants N 17-01-00301 and N 18-01-00582.

References:

1. V. Egorova, M. Zhukovskiy. “Handling of the radiative electron emission modeling results by
use of the neural networks”, Mathematica Montisnigri, 38, 89-99 (2017).

2. V. Gasilov, et al. Towards an Application of High-Performance Computer Systems to 3D
Simulations of High Energy Density Plasmas in Z-Pinches
Il Applications, Tools and Techniques on the Road to Exascale Computing. 10S Press:
Advances in Parallel Computing, 2012. Vol. 22, pp. 235-242

112


http://www.kiam.ru/MVS/resourses/k100.html
http://ebooks.iospress.nl/volumearticle/26531
http://ebooks.iospress.nl/volumearticle/26531

MOJAEJIUPOBAHUE PAIMAIIUOHHO-UHAYHNPOBAHHBIX
TEPMOMEXAHUYECKUX DOP®EKTOB B I'ETEPOI'EHHBIX CPEJAX
®enop H. Boponun, Bapsapa A. Eroposa, Esrennii b. CaBenkos, Muxaun E. XXykoBckuii

HUnemumym npuxnaonoii mamemamuxu PAH; Mockea, Poccus
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CoBpeMeHHbIE BBICOKOTEXHOJIOTHYHbIE KOHCTPYKLMOHHBIE MaTepUallbl IPOEKTUPYIOTCS C
Y4ETOM YCTOWYMBOCTH K (PM3NYECKUM (haKTOpaM Pa3InIHOMN MPUPOJIbI, TAKUM KaK, HAIPHUMED,
Harpes, pajuanus, MEXaHu4ecKre HanpspkeHus u T.1. [IpumepoM Takoro marepuana siBisercs
3alIUTHOE TOKPBITHE CITYyTHUKA, MOJBEPraloieecss BO3ACHCTBUI0 KOCMHUECKOTO M3JIyUCHHS.
OfHUMM M3 NEPCHEKTUBHBIX CIIOCOOOB MOBBIMIEHHUS €ro (YHKLUMOHAIbHBIX XapaKTEPHUCTUK
ABJISIETCS] UCIIOJIb30BAaHUE KOMITO3UIIMOHHBIX MATEPUAIOB TOHKOAUCIIEPCHOM CTPYKTYPBI.

Pa3zpaGoTana KOMIIJIEKCHAs MOJIEINb Ul CYIIEPKOMIIBIOTEPHOTO MCCIEI0BAHUS TapaMeTPOB
paanaiuOHHO-MHAYIHUPOBAHHBIX TCPMOMEXAHUYCCKUX IoJIeH B TCTCPOrcHHbIX Cpecaax co
CJIIO)KHOM nucnepcHol cTpykTypoil. IlocTpoen cmoco6 pacuera mnapameTpoB (OTOH-
AIIEKTPOHHOTO KacKala, TeHEpUPYEeMOro B OOBEKTE IPH B3aMMOJACHCTBUHM H3IyYCHHS C
BemecTBOM. Co3faHa reoMeTpudeckas MOJAEIb CpeAbl C NPSAMBIM pa3pelieHHeM ee
MUKpPOCTPYKTYpbl. COCTaBHON 4aCThIO F€OMETPUUECKOIO ONUCAHUS CPEJbl ABISETCS MOJEINb
JETEKTUPYIOIIEH CHCTEeMbl JJIS CTATUCTUYECKOM OILCHKH SHEPrOBBIICICHUS W3IIyYCHHUS.
Jerextupyronias cucreMa aJaliTUpOBaHa K HEOJAHOPOIHOM CTPYKTYpe CPeAbl U MPEICTABIISAET
co0Ol MHOKECTBO HeIlepeceKaroluxcs Apyr ¢ aApyrom cdep. Ha ocHoBe HeHpOHHBIX ceTel
pa3paboTaHa METOAMKA aNMpPOKCUMAIUN SHEPrOBBIICICHHUS, MOJIYYCHHOTO IETEKTHPYIOUICH
CHCTEMOM, Ha TEPMOMEXaHUYECKYIO Pa3HOCTHYIO ceTKy [1].

OcHOBOW  ansi  pacueTa TEPMOMEXaHWYECKHX IPOLECCOB  BBHIOpaHa  HUACaIbHAsS
THJIpOAMHAMHUYECKask MoJieb Dilfiepa TMHAMUKN CKMMaeMOM cpe/ibl B KOHCEPBATUBHON (popme
[2]. [TpuBeneHbI pe3yabTaThl IEMOHCTPAIMOHHBIX PACYETOB MTAPAMETPOB TEPMOMEXAHUIECKUX
IOJIEH.

HpeI[CTaBJ'IeHHI)IC PE3YyJIbTAThl MOACITINPOBAHUA TOJTYYCHBI HA FI/I6pI/II[HOM BBIYUCIIUTCIBHOM
wiacrepe K-100 (http://www.kiam.ru/MVS/resourses/k100.html ).

BaarogapuocTu: PaGora BeimonHeHa npu nmoanepxke rpanta POOU Ne 17-01-00301 u
Ne 18-01-00582.
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Ob AJI'OPUTME MOJAEJIMPOBAHUSA IIEPEHOCA ITPOTOHOB
C YYETOM AJEPHOI'O PACCEAAHUA

Hononsako C.B., Kazemvmog I11.A., Mapkos M.b., Ilapotekun C.B., Tapakanos 1. A.
HIIM um. M. B. Kenovuuua PAH, Mockea, Poccus
psv66@mail.ru

I[TepeHoC MPOTOHOB B BEILECTBE COMPOBOXKIAETCs paccesiHrueM. OHO 00YCIOBICHO B3aHMO-
JefiCTBHEM MPOTOHOB C HJIEKTPOHHOM MTOJICUCTEMON | C S[PAMU aTOMOB PaCCEUBAIOIICH CPEIbL.

B pesynbraTte B3auMOAEHCTBHSI C 3IEKTPOHHOM MOJCUCTEMOI aTOMOB CPEJIbl IIPOTOHBI Te-
PSIIOT SHEPTUIO HEMPEPHIBHO, IPAKTHYCCKH HE MCHSSI HATIPABIICHUSI BHKEHUS. SIepHbIe B3a-
VUMOJICHCTBUSL UMEIOT OTHOCHTEIBHO HEOOJBIINEG CEUYEHHsS, HO MOTYT COMPOBOXKIATHCS HE
TOJIBKO GOJIBITMMH W3MEHEHUSIMH UMITYIIbCA TPOTOHA, HO U SICPHBIMU peakuusiMu [1].

Pa3paboTtaHbl aITOPUTMBI IIEPEHOCA TIPOTOHOB, KOTOPHIC PEATH30BAHBI ISl KYCOYHO-O/IHO-
POIHBIX CPE/l B MPUOIKEHHN HEPEPHIBHOTO 3aME/JICHHSI TP PACCMOTPEHUH TPOIEcca Ie-
peHoca 0e3 ydera siiepHoro paccesHus [2].

JIiist yuerta siIepHOTO PACCESHUS IOCTPOSH CTATUCTHYECKHUI AlTOPUTM HA OCHOBE MOJIENN
WHIMBHIyJIbHBIX coynapeHuid [3].

C mpuMeHEHHEM aIrOpUTMa MPOBEACHBI CPABHHUTEIBHBIC PACcYeThl MOIU(PHUIMPOBAHHBIX
KpuBbIX Bparra 6e3 yuera sJepHOro paccesiHus 1 ¢ y4€ToM 3Toro mporecca (puc. 1).

s CY4ETOM AfEpHbIX PaccceaHni
6es yu&Ta f/lepHbIX pacccesiHuil

1041

K3B/cm

103

X, CM

Puc. 1. MonudunupoBannsie kpusble bparra juis mepeHoca MpoTOHOB
¢ JIMHEWUaThIM clieKTpoM B auana3zone 80120 MaB B cmone

baaronapuocTu: PaGota BhIMONIHEHA NMPU YacTHUYHOM (puHaHCOBOW moaaepxke Poccuii-
ckoro (oHma pyHaaMeHTaIbHBIX uccieaoBanuii (mpoekt Ne 17-01-00301)
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ON AN ALGORITHM OF THE SIMULATING THE PROTON TRANSPORT
CONSIDERING THE NUCLEAR SCATTERING
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Sergey V. Parotkin, lliya A. Tarakanov
Keldysh Institute for Applied Mathematics of RAS; Moscow, Russia
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Proton transport in matter is accompanied by scattering. It is due to the interaction of protons
with the electron subsystem and with the nuclei of atoms of the scattering medium.

As a result of interaction with the electron subsystem of the atoms of the medium, protons
lose energy continuously, practically without changing the direction of motion. Nuclear inter-
actions have relatively small cross sections but can be accompanied not only by large changes
in the proton momentum, but also by nuclear reactions [1].

Developed proton transport algorithms are implemented for piecewise homogeneous media
in the continuous slow down approximation when considering the transport process without
nuclear scattering [2].

A statistical algorithm based on the model of individual collisions [3] considering the nuclear
scattering is constructed.

The comparative calculations of the modified Bragg curves aside the nuclear scattering and
regarding this process are carried out using the developed algorithm (fig. 1).
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Fig. 1. Modified Bragg curves for proton transport

Acknowledgments: This work is partially supported by Russian Fund for Basic Researches,
grant N 17-01-00301.

References:

1. Egorova V.A, Zhukovskiy, M.E.,Podolyako S.V, Tarakanov I.A. Mathematical model
of the interaction between protons and matter // KIAM preprints, 2017, Ne 138, 24 p.

2. Markov M.B., Podolyako S.V. The modelling of protons transport in the approximation
of continuous slowing down // KIAM preprints, 2018, 259, 20 p.

3. M. E. Zhukovskiy, S. V. Podolyako, and R. V. Uskov, “Model of individual collisions

for description of electron transport in matter,” Math. Models Comput. Simul. 4, 101-109
(2012).

115


mailto:psv66@mail.ru

LOWER-BOUND ESTIMATE FOR MINIMUM OF HOLOMORPHIC FUNCTION
MODULES

A.Yu. Popov

E-mail: elena.alferova@gmail.com

For each holomorphic function f in the disk |z| < r1, we consider

a real-variable function

m(f;r) = mz_n]f(z)], 0<r<mnr.

Theorem. Let R > 0 and function
f(z) =3 awz®, a, #0,
k=v

(v 1s the index of the first non-zero term of the series)

is holomorphic in the disk |z| < 3R and H'-norm

2
Ifll= sup 5= [|f(we")|dp < +oc.
0<z<3R”" 0
The following inequality is true:

mazx m(f;r) > 1 l‘fﬁfu.

N

Also, a more general results of lower-bound estimate for value Igzagptm( f;r) by means of
qR=Tr>

| £]17¢, d >0, q € (0,1) is deduced. The integral norm of function f is calculated on the circle of
radius AR, where A > 1 is a certain function of parameters ¢ and d.
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Kaxmoii pyHKIMH, aHATMTHYECKON B Kpyre |z| < 7, MOCTABUM B COOTBETCTBHE (DYHKIIHIO
JNEVCTBUTEJILHOW NMEPEMEHHOM 7

m(f;r) =min|f(z)], 0<r <.

|2|=r
Jokaszana ciaenyouias Teopema.

Teopema. Ilycte R > 0, pyHKIMA
f2) =3 ar?*, a, #0,
k=v

(v - HOMep NEPBOT0 HEHYJIEBOTO KOA(P(PUIIMEHTA CTENIEHHOTO Psijia)

AHAJIMTUYHA B KPyTe |Z ’ < 3Rmn o6nanaeT KoHeyHO H 1—HOpMOI‘/JI
) 27 )
fl[ = sup 5= [ |f(ze’®)|dp < +oo
0<z<3R 0

Torpa BHITIONHSAETCS HEPABEHCTBO

. IaVIQRQV
é?;ngm(ﬁ r) > S

HOJ'Iy"IeHI)I Takxe OoJsee O6H_II/IC PE3YIbTATEHI 00 OLICHKE CHU3Y BECJIWMYUHBI TMax m(f, T‘) qepes
qR<r<R

I|£]7¢, d > 0, ¢ € (0,1). Unterpanbuas nHopMa (pyHKIMK f GepeTcs Ha OKPYKHOCTH paadyca
AR, tne A sBisieTCs1 HEKOTOPOH (PYHKIMEH TapamMeTpoB ¢ u d.
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FINDING OPTIMAL ITERATION PARAMETERS FOR SOLVING PROBLEM OF
ELASTIC BODIES CONTACT INTERACTION BY MEANS OF
DOMAIN DECOMPOSITION METHOD

P.S. Aronov?, M.P Galanin'?, A.S. Rodin*?

! Keldysh institute of applied mathematics RAS , Moscow, Russia
“Bauman Moscow State Technical University, Moscow, Russia
e-mail: rals@bk.ru

Accounting of contact interaction of the adjoining details allows to receive more exact assessment
of the strain-stress distribution (SSD) of the considered construction. In the majority of situations it is
not possible to solve a contact problem analytically therefore apply numerical simulation. For problem
discretization usually use the finite-element method. The most widespread methods allowing to
consider necessary boundary conditions on contact surface are penalty function method, Lagrange
multiplier method or their combination [1], but there are also alternative methods, in particular,
domain decomposition method (DDM). The main advantage of DDM are data of a solution of the
general problem of contact interaction of several bodies to the sequence of solutions of standard
problems of mechanics for each body separately within iterative process. In work several versions of
DDM are considered. These versions differ from each other in order of setting kinematic (Dirichlet
condition) and stress (Neumann condition) conditions on a contact surface on different iterations. In
particular, it is algorithms Neumann- Dirichlet, Neumann-Neumann and Dirichlet - Dirichlet [2].

A number of two-dimensional problems with the contact surface having the irregular geometrical
shape are considered. The research of dependence of iterative process convergence on the choice of
iterative parameter is conducted. Two algorithms allowing to calculate best values of parameter are
offered. Comparison of the results received by means of different versions of DDM and Lagrange
multiplier method is executed. Influence of the choice of conditions on the contact surface, cases of
use of conforming and nonconforming meshes are considered.

Acknowledgements: Work is performed with partial financial support of the Russian Federal
Property Fund (project Ne 18-01-00252, Ne 18-31-20020).
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PEIIEHHUS 3AJJAYH KOHTAKTHOI'O B3AUMOJIEVMCTBUS YIIPYTHUX TEJ
METOAOM JEKOMIIO3UM OBJIACTH

I1.C. ApOHOBl’Z, M.IT FanaHHHl‘z, A.C. PogmHl‘2

lHhtcmumym npuriaounou mamemamuxu um. M.B. Kenovuua PAH, Mockea, Poccus
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VYyer KOHTAaKTHOIO B3aMMOJIEHCTBHS COIPUKACAIOMIMXCS JETajJed IMO3BOJISIET IOIYYUTh
Oojee  TOYHYIO  OLIGHKY  HampspkeHHo-IedopmupoBanHoro — cocrosHus  (H/AC)
paccMaTpuBaeMoil KOHCTPYKUMU. B OOJBIIMHCTBE CUTyallMd PELIUTh KOHTAaKTHYIO 3aJady
AQHAJTUTUYECKH HE TMPEACTABISICTCS BO3MOXHBIM, IIO3TOMY MPUMEHSAIOT YHCIEHHOE
MojenupoBanue. Jlis TUCKpeTH3aluM 33Ja4d  OOBIYHO HCIIONB3YIOT METOJ KOHEYHBIX
snemMeHToB.  CamMblMM  PAacOpOCTPAHEHHBIMM  METOJAMH,  IO3BOJSIOIIMMU  y4YECTh
HEOOXOJUMbIE T'DAaHUYHBIE YCIOBUS HAa IIOBEPXHOCTHM KOHTAKTa TEJ, SBIISIIOTCS METOJ
mrpadHblXx GyHKIUE, Meton MHoxuTened Jlarpamxka wunu ux kKomOunauuu [1], HO
CYLIECTBYIOT U aJlbTEPHATUBHBIE METO/bI, B YAaCTHOCTH, METOJl JEKOMIIO3ULIUU 00JIacTU
(MJIO). TI'naBubiM mpeumymiectBoM MJIO sBisseTCs CBEJCHHE pEIICHHS OOIIed 3aaadu
KOHTAKTHOTO  B3aUMOJCUCTBUS HECKOJIBKMX Te€l K IIOCIEAOBATEIbHOCTH PELICHHUU
CTaHJAPTHBIX 3a/1a4 MEXaHUKH Ul KaKIOT0 Teja M0 OTAEIBHOCTU B PAMKAaX UTEPAlMOHHOTIO
npouecca. B pabote paccmoTpensl Heckoibko BapuanToB M/1O, KOTOpbIe OTIIMYAIOTCS APYT
OT JIpyra HOpsIKOM ITOCTAaHOBKM KMHEMaTH4yeckux (yciaoBue [[upuxiie) u cuinoBsIx (ycioBue
Heiimana) ycnoBuil Ha KOHTAKTHOM MOBEPXHOCTH Ha pa3IMYHBIX UTepauusx. B uwactHocTH,
ato anroputmbl Heiiman-/{upuxie, Hefiman-Heiiman u {upuxie-Tupuxie [2].

Ha npumepe pemenus psiia IByMEpPHBIX 33J1a4 ¢ KOHTAaKTHOM MOBEPXHOCTHIO, UMEIOIIEH
CJIO)KHYIO TE€OMETPUYECKy0 (OpMYy, NMPOBEICHO HCCIEIO0BAHWE 3aBUCUMOCTH CXOAMMOCTHU
UTEPALlMOHHOIO IIpolecca OT BbIOOpa HTEpalMoHHOro napaMerpa. IlpenmoxkeHsl 1Ba
aJIropuTMa, IMO3BOJAIOIIME BBIYUCIATH ONTUMAJIbHBIE 3HAYEHUS MapaMerpa. DBeIoaHEeHO
CpPaBHEHME PE3YJIbTATOB, MOJTYYEHHBIX C MOMOIIbI0 pa3nu4HbIX BapuantoB MJIO u merona
MHOXHTesen Jlarpanxka. PaccMoTpeHo BinsiHUE BBIOOpA YCIIOBHM Ha MOBEPXHOCTH KOHTAKTa,
CJIy4au UCIOJIb30BAaHUs COTJIACOBAHHBIX M HECOIVIACOBAHHBIX CETOK.

BbaarogapHocTu: PaGoTa BbINOJIHEHA MpU YacTUYHOH (UHAHCOBOM MOJIEPIKKE
Poccwmiickoro ¢onma ¢pyHmaMeHTaIbHBIX HcchaeaoBannii (mpoekThl Ne 18-01-00252, Ne 18-31-

20020).
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Bo3MoxxHocTu co3znanus 3(PQGEKTHUBHBIX J1a3epHO-HENMHEHHBIX Cpef, padoTaromux B
BunuMmord u OmmwkHer HWK-o0Gmactu cmekTpa NpencTaBisiOT HECOMHEHHBIM HHTEpEC.
HauGonpiiee BHUMaHUE MPHUBICKAIOT KOMIAKTHBIC, XUMUYECKH U TEPMUYECKH CTaOUIbHBIC
TBEPAOTEIbHBIC HEIMHENHO-ONTUYECKUE MAaTepUalIbl, JIETHpOBaHHbIE HOHaMK P3 meTtamios. B
TO € BpeMsl Ja3epbl Ha OCHOBE KPHUCTAJUIOB, JIETHPOBAHHBIX HOHAMU Tm®*, ormmuarorcs
BBICOKOH 3()()eKTUBHOCTHIO U MTUPOKOU CIIEKTPATLHOMN MOJIOCOM TeHepaIuy.

B mHacrosmieit pabore ObUTHM HCCIIEOBAHBI HEKOTOPHIE OKCHJHBIE MOHOKPHUCTAILIHI,
JIETUPOBAHHBIE HOHAMH Tm®, a umenno: SrMoO,, KPUCTAJUITM3YIOIIHNICA B CTPYKType
meenuta; Caz(VO4), CO CTPYKTYpOH BHUTIOKUTA; Stpe1Bag3oNb,Og (SBN:61), umeromuii
CTPYKTYpY TE€TparoHajabHON BOIbGPAMOBOIl OPOH3BI. DTU CTPYKTYpPHl OTHOCATCS K YaCTUYHO
HEYNOPSAJOUYCHHBIM CTPYKTypaMm, 4YTO JaeT MIMPOKHE BO3MOXKHOCTH JII M3MEHEHHUS HUX
XapaKkTEpUCTUK 3a CYET 3aMEIICHUs MOHOB MATpULbl MOHaMu P3 351eMeHTOB, mpu 3TOM
JIOKaJIbHAsE KOMITGHCAIUS 3apsiia MOKET OBITh OCYIIECTBIIEHA 3a CYET KATHMOHHBIX H/WIN
KHCJIOPOJHBIX BakaHcuil. STM0Q, siBIIsieTcs U3BeCTHON U BhICOKOA G (hekTnBHON PamaHOBCKO#
cpenoif. StMoQ,, TErupoOBaHHBIN PEIKO3EMENTbHBIMU HOHAMU, 00bequHsEeT Ja3epubie © BKP
CBOICTBa, U MOXET ObITh UCIIOJB30BaH Ul co3anusi PamanoBckoro jazepa, paboTaroniero B
cniekTpaibHOM auamna3one ot 1,06 MM 10 5 Mkm [1]. Caz(VO,), ObuT paHee uccieqoBaH Kak
BbICOKOTEMIIEpaTypHbIil cerHeTornekTpuk (Tc=1383K), m1s renepaunu BTOpoil rapMOHUKHU U
BBIHY)KJICHHOTO KOMOHMHAIIMOHHOTO paccesHus (Qr=854 cM'). OTHOCHTENBHO HEJABHO
Ca3(VO4)2:Tm3+ OBLT MPEUIOKEH B KaUueCTBE HOBOM KPUCTAIUTMYECKOW Cpembl ISl 2-MKM
nazepoB [2]. SBN:61 TBepasiii pacTBop siBisieTcst 3pPekTuBHON (hoTopedpakTUBHOMN Cpemoi.
DnekTpoonTHueckue Kod()PUIMEHTh AaHHBIX KPHUCTAUIOB SBISIOTCS CAMBIMU BBICOKUMU
Cpenu OKCHIHBIX MaTepuainos [3].

Monokpuctamiel StMoOs u Caz(VOy), BeIpamiensl mMerogoM Yoxpamsckoro, SBN:61
noslydeH MoAuQUIMpoBaHHBIM criocobom CtemanoBa. MccnenoBaHbl KOHIEHTPALMOHHBIE
PAIBI TETUPOBAHHBIX KPUCTAJIOB M OINpejesieHa 30Mop(Has eMKOCTh JIETHPYIOIIEr0 MOHa
JUISL KaXKIOW MaTpuLbl. PAacCCMOTpEHBI BapUaHThI PACIIONIOKEHU JIETUPYIOLIEro HOHA Tm’ B
KPUCTAJUTMYECKOW sYeHKE B 3aBUCUMOCTH OT OCOOCHHOCTEH CTPYKTYPhl HCCIEIyEeMOTO
Matepuana. [IpoBeneHo cpaBHEHUE WMHIUBUYAIbHBIX XapaKTEPUCTUK JIETUPOBAHHBIX Tm™
MaTepHaloB B KOHTEKCTE J1a3epHO-HEINHEMHBIX cpen. [Ipoananu3upoBaHsl
CIEKTPOCKOMUYECKHE U JIA3€PHbIE CBOMCTBA MOJYYEHHBIX MOHOKPHUCTAILIIOB.
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”Demonstration of high sef-Raman laser performance of a diode-pumped SrMoO4:Nd3+crystal”
Optics Letters, Vol.34,N 7, pp 1102-1104 (2009).

2. L.Ivleva, E. Dunaeva, I. Voronina , M. Doroshenko, A. Papashvili, “Ca3(V0O4)2:Tm3+—a new
crystalline medium for 2-pm lasers”, J.Cryst.Growth, Vol. 501, pp 18-21 (2018)

3. T. Volk, N. Ivanov, D. Isakov, L. Ivleva, P. Lykov , “ Electro-optical properties of strontium—
barium niobate crystals and their relation to the domain structure of the crystals”, Physics of the Solid
State, Vol. 47, No. 2, pp. 305-311 (2005).
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NEAR-ELECTRODE PROCESSES IN POLAR DIELECTRIC CRYSTALS
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NUST “MISiS, 4, Leninskii pr., Moscow Russia
“ kozlova_nina@mail.ru corresponding Author:

It is known that the application of metal electrodes on the surface of crystals of polar cuts
leads to aging and degradation, and the nature of the electrodes significantly affects the
measured electrophysical parameters. For the first time this phenomenon was observed by us
on lithium iodate crystals (a-LilO3) and well studied. [1] This phenomenon is due to the
different chemical activity of the crystal surfaces perpendicular to the polar axis with applied
conductive coatings. This leads to electrochemical self-decomposition of the polar crystal
surfaces and manifests itself in spontaneous generation of electromotive force (EMF) and
short-circuits currents (SCC). [2]. This phenomenon is characteristic only for polar crystals
and only for the samples, which were cut in perpendicular direction to polar axis, is supported
by fixed short-circuits currents under room temperature for all investigation polar and the
polar-neutral crystals (LiNbO3, KH2POa, etc.).

In recent years, we have been actively studying the manifestation of this phenomenon in
the practically important crystals of the langasite group: lanthanum — gallium tantalate crystal
LasTaosGas 5014 and lanthanum — gallium silicate LazGasSiO14 are of interest as piezoelectric
material. Physical properties of these crystals make possible their wide application in
piezoelectronics and in the production of high-temperature devices.

The technology of high temperature devices based on crystals of the langasite group
includes the coating of the surfaces of their polar cuts with the thin layer of a metal
conducting material. Application of the metal electrodes leads to the degradation of surfaces,
which shortens the lifetime of devices, especially at the high temperatures. The investigation
of electrophysical properties of the structure «electrode / crystal/ electrode» is necessary to
understand the processes of degradation. The influence of the electrode material on the
electrical parameters was investigated. The following conductive coating materials were used:
iridium (Ir), gold (Au), gold with a titanium sublayer (Au(Ti)), silver with a chromium
sublayer (Ag(Cr)) and tantalum (Ta). Analysis of the data confirms that the polar cut of
crystals of the langasite group with coated electrodes in essence is the electrochemical cell.
This phenomenon was previously described on the other crystals. [1]. The electrochemical
interaction of the conductive coatings with the surfaces of the crystals of the langasite group
leads to the degradation of the conductive coating. To study the interaction a method of
current spectroscopy has been used in the temperature range from 20 to 600 °C.

Thus, identifying the causes and nature of changes in the state of the crystal, which
manifests itself in the anomalous behavior of some properties of crystals of the langasite
group and the occurrence of SCC, is not only of practical interest, but also important for
fundamental studies of a number of polar crystals.
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MNPUIJEKTPOAHBIX MPOLUECCOB B [TIOJAPHBIX IUIJEKTPUYECKHUX
KPUCTAJIAX
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YHUTY "MUCuC, 4, Jlenunckuii np., Poccus
*: kozlova_nina@mail.ru Aemop ons nepenucku

H3BecTHO, UTO HaHECEHHE METAIIMYECKHUX AJIEKTPOJIOB HA MOBEPXHOCTh KPUCTAIIJIOB
NOJISIPHBIX CPE30B NPUBOAUT K CTApEHHIO W JIETPajallid, a IMpHpoJa 3JIEKTPOJOB
CYIIECTBEHHO BIHSIET Ha H3MeEpseMble 3IEKTpo(pU3NYecKre mapaMeTpsl. BrepBeie 3To0
sSIBJICHUE HAOJI01aI0Ch HAMH Ha KprcTauiax noaara autus (o-LilO3) u xoporro uzydeno [1].
JanHoe sBJIeHHE OOYCJIOBJICHO pa3IMYHOM XWMHUYECKOW AaKTUBHOCTBIO IMOBEPXHOCTEH
KPHUCTAIOB, NEPHIEHIMKYISPHBIX TOJSPHOW OCH, C HAaHECEHHBIMH Ha HUX HPOBOISIINMHU
MOKPBITUSIMU. DTO MPHUBOJUT K JIIEKTPOXUMHUYECKOMY CaMOPA3NIOKEHUIO MOBEPXHOCTEH
HOJISIPHBIX KPUCTAJUIOB U TPOSBIISICTCS B CAMOIIPOU3BOIBHOTO BO3HUKHOBeHHS DJIC 1 TOKOB
koporkoro 3ambikanus (TK3). [2]. Jlauublii 3ddekT xapakTepeH TOIbKO sl MOJSPHBIX
KPUCTAIIJIOB M TOJBKO AJIs1 00pa3lioB, KOTOPbIE ObLIN BhIPE3aHbl MEPIECHAUKYIISIPHO MOJISIPHON
ocu, u HaOmonaercss B Buje TK3 yxe npu KOMHaTHOM TeMIiepaType BO BCEX HCCIIETYEMBbIX
KpHCTaJUIaX NOJSIPHBIX U NOJIIpHO-HeHTpanbHbIX KiaccoB (LINDO3z, KH2PO4 1 ap.).).

B nmnociennue rombl MBI aKTUBHO H3Yy4aeM NPOSBICHHUS JToro (¢eHoMeHa B
NPAaKTUYECKH BAXKHBIX KPHUCTAIIOB TPYIIBI JIAHTaCUTA: JIAHTaH — TaJUIMEBOTO TaHTallaTa
LasTaosGas 5014 1 mantan — ramimeBoro cuiankara LazGasSiO14, KOTOpBIE MPEACTABISAIOT
UHTEpEC B KauyecTBE IbE30UIEKTpHUUECKOro marepuana. Puszndyeckue CBONCTBA 3THUX
KPUCTAJIOB JIENAl0OT BO3MOXKHBIM WX IIHPOKOE TNPUMEHEHHE B THE30IJIEKTPOHUKE U B
MPOM3BOJICTBE BHICOKOTEMIIEPATYPHBIX MTPHOOPOB.

TexHoNOorusT BBICOKOTEMIEPATYPHBIX YCTPOWCTB Ha OCHOBE KpPUCTAJUIOB TIPYIIIBI
JAHTaCUTa BKIIOYAET IOKPHITHE IOBEPXHOCTEH WX TOJSAPHBIX CPE30B TOHKHM CJIOEM
METaJUIMYECKOr0 MPOBOJAIIEro Marepuana. MccnenoBaHue 3IeKTPOGU3NYECKUX CBOMCTB
CTPYKTYPBI «3JIEKTPOJ / KpUCTAJT / DIEKTPOa» HEOOXOAMMO Ul MOHUMAaHMS MPOIECCOB
nerpaaanyu. Mcrnonp30Bainuch Clienyonue MpoBOASIINE MaTepruaibl MOKpeITHs: upuauii (1r),
3051010 (AU), 30510TO ¢ moxacioeM tutaHa (Au(Ti)), cepedbpo ¢ moacnoem xpoma (Ag(Cr)) u
taHTan (Ta). AHamu3 AAHHBIX MOJATBEP)KIAECT, YTO MOJSPHBIE CPE3bl KPUCTAIOB TPYIIIBI
JAHTacWTa C HAHECEHHBIMH Ha HHX DJJIEKTPOJAMH, B CYIIHOCTH, NPEACTABISIOT COOOM
AIIEKTPOXUMHUYECKYIO STUEHKY. DTO siBIeHUE OBLJIO paHee OMUCAHO Ha JAPYruX Kpucramiax. [1].
DJIEKTPOXUMHUECKOE B3aMMOJCHCTBHE TOKOMPOBOASAIINX MOKPHITUH C TIOBEPXHOCTSIMH
KPUCTAJJIOB TPYIIIBI JIAHTACHTa TMPUBOTUT K JETpajalliyd TPOBOJSAIINX MOKpPHITHH. s
UCCIICIOBAaHHUS B3aMMOJICHCTBHS HCIOJB30BAH METOJ CIEKTPOCKONMH TOKa B HHTEpBaJe
temneparyp ot 20 go 600 °C.

Taxum 00pa3oM, BBISIBIICHHE MIPUYUH W XapaKTepa U3MEHEHUsI COCTOSHUS KPUCTAaJLIa,
HPOSIBJIAIONIETOCS] B AHOMAJIBHOM IIOBEJACHUU HEKOTOPBIX CBOWMCTB KPHUCTAJUIOB TPYIIIBI
JaHracuTa W BO3HMKHOBeHHMH TK3, mpencraBiseT HE TOJIBKO NPAKTUYECKUM MHTEPEC, HO H
Ba)XHO JUTsI QyHIIaMEHTAIBHBIX UCCIIETOBAHHNA PsiJia TIOJISPHBIX KPUCTAJIIOB.
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HUnemumym npuxnaonoi mamemamuru um. M.B. Kenoviwa PAH (MIIM um. M.B. Kendsiuua
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Jii MaTeMaTHyecKoro IMpOTrHO3UPOBAaHMs CTOXAaCTUYECKUX IIPOLECCOB B HEIMHEHMHBIX Cpenax
CTPOHUTCSL METOA OINpeleSiCHUsT BBIOOPOUHOro KO3(Q(HUIMEHTa KOppesiiMU Ul HECTalMOHAPHBIX
BPEMEHHBIX psAfoB. OTIUuYME OT CTAllMOHAPHOIO Clydas COCTOMT B TOM, YTO OJHOBPEMEHHO C
BEJIMYMHOW KO3 (HUIMEHTa KOPPEILSILUN CTPOSITCS SMIIMPUIECKHE CTATUCTUKH ONTUMAIBHON JJTUHBI
BBIOOPKM M JOBEPUTEILHOIO MHTEpPBaia, colepKamero Ko3(p@uuueHT Koppelsiiuu B HauOOIbLIeEM
yycie ciydaeB. BmecTo u3ydeHHs OJHOW W3 BO3MOXHBIX pealM3aldii BPEMEHHOro psaa
npeiaraeTcsi pacCMOTPETh aHCaMOIb CIIyYaHbIX TPACKTOPHMA, TOPOKAAEMBIX AMIUPUIECKOI
bynkimeii pacnpenenenus.  Mopaens TpemiaraeTcs Ui ONMMCAHMS HW3MEHEHHS BO BpEMEHH
(YHKIMOHAIOB, 33/IaHHBIX HA CIyYalHBIX TPAEKTOPHUSX M MMEIOUIMX MPaKTHYeCKoe 3HadeHHe. JTo,
HalpuMep, UHIUKATOP YPOBHS 3arps3HEHUS] MErarojiiuca B BHUJE CpelHEeld KOHLEHTPALUH BPEIHBIX
BEIIECTB 3a ONPEAENCHHBI MEepuoA  BPEMEHH, AaHAJOTHMYHBIM  WHIWKATOp  W3MEHEHHS
SMHUIEMHUONIOTHYECKOH OOCTAaHOBKM B  perroHe, (QYHKUUOHAN A(PQPEKTUBHOCTH YHpPaBICHUS
3arpsi3HEHUEM B BUJI€ CHUKCHUS YPOBHS 3arpPA3HEHHS B PE3YJIbTaTe ONPEENICHHbIX AeHcTBUM 1 T.11. C
9TOM MENbI0 paccMaTpuBaeTcs KUHeTHYeckoe ypaBHeHue @Dokkepa-Ilnanka 111 BeIOOpOUHOMN
IUIOTHOCTH (DYHKLUMHU pacHpeneeHus] CIydalHbIX BEJMYMH, HAOIOZAEMBIX Ha IMPAKTUKE B BHIE
BPEMEHHBIX PSIOB.
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EXTREME POINTS OF MULTIDIMENSIONAL FUNCTIONS
Jela_Susi¢
University of Montenegro, Faculty of Mathematics, Cetinjski put bb, Montenegro

E-mail address: jela.susic@gmail.com

Abstract. In this paper we give a generalizatio of the notion of the extremum of a real

function to the multidimensional case. Our aim consists in the fact that in this generalization
the usual properties.
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