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Summary. Recently the author and Derbal introduced and studied some elementary
properties of arithmetic functions related the greatest common divisor. New properties of
them are given in this paper.
1. INTRODUCTION
Throughout this paper, we let ℕ∗ denote the set ℕ ∖ {0} of positive integers and we let
( , ) and [ , ] denote, respectively, the greatest common divisor and the least common
is simply
multiple of any two integers
and . A sequence of positive integers ( )
denoted by . Let the prime factorization of the positive integer > 1 be
=
where ,

,

,...,

,

are positive integers and

,...,

are different primes.

In number theory, an arithmetic function, is a function whose domain is the positive integers and
whose range is a subset of the complex numbers. Their various properties were studied by several
authors ( see e.g., [1-4] ) and they still represent an important research topic up to now. Recently, the
author and Derbal [5] introduced and studied some elementary properties of the following arithmetic
function, for a positive integer :
(1) = 1,
( , )

( )=

,

=1

which can be considered a generalization of the radical function, since
( )=

= rad( ) for all .

In the present paper, we will discuss other properties of the functions
integer sequences related to them.

and will define new
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2. MAIN RESULTS
It can be easily seen that:
(

)=

( ) ( ) whenever ( , ) = 1

(2.1)

which means that is a multiplicative function, for all . It is not completely multiplicative,
since for a prime number :
,
,

( )=

if is odd;
if is even.

While
( ) ( )=

for all .

The next theorem gives a condition for
and (which are not necessarily co-prime) to be
satisfied the equation (2.1), for all even positive integers .
Theorem 2.1 Let

be an even positive integers. Then
( )= ( ) ( )
for all square-free positive integers and .

Proof. Let

and

be square-free positive integers. Then it follows that:
(

( , )

)=
| , ∤

where , , and

∤

(2.2)

,

| , |

, |

are prime numbers. Also, we have
( ) ( )=

=

.
| , ∤

∤

(2.3)

| , |

, |

The right-hand sides of (2.2) and (2.3) are equal only if (2, ) = 2, i.e., only if
claimed. The proof is complete.

is even, as

Let and be positive integers. It is clear that if ( , ) = 1, then ( ) = ( ) for all
∈ ℕ∗ . In the general case we have the following theorem.
Theorem 2.2 Let the prime factorization of the positive integer > 1 be ∏
. Let and
(
)
be positive integers with , = . Then
(
where

=

,

)=

. In particular, if ( , ) =
(

)=

,
(1 ≤ ≤ ), then

( ) , with =

6

,

.
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Proof. According to [6, Ex. 24, p. 22] we have the following multiplicative property of the
greatest common divisor. If , , ℎ, and be positive integers, then
( ℎ,

) = ( , )(ℎ, )

ℎ
.
( , ) (ℎ, )

,

,

( , ) (ℎ, )

By taking ℎ = 1 we obtain
( ,

)=( , )

( , )

,

.

It follows by using this fact that:
(

)=

=

(

, ) (

( , )

=
=
where

=

,

Theorem 2.3 Let

,
( , )

, )

(

…
( , )

, )

,
( , )

…

( , )

,
( , )

,

, as claimed. The proof is finished.
be a positive integer. Then the following two systems of inequalities:
<
( )<

( ) and

hold for infinitely many positive integers

<
( )>

( )

and .

Proof. Let us distinguish the following two cases:
Case 1: If = 1. For the first system, let be a positive integer and let
number such that < . Then
( ) ≤ < = ( ),

be any square-free

which confirms the first system. For the second one, let and be prime numbers with <
. Let
≔ { ∈ ℕ∗ ;
> }.
Clearly ≠ ∅ and it contains infinitely many elements. We put
= and = , where
∈ . From which < and
( ) = q > = ( ) ⇒ ( ) > ( ),
this confirms the second system.
Case 2: If > 1. Let be the set of the positive multiples of and let ∈ . So ( , ) =
, − 1 ∉ since > 1, and ( − 1, ) < . Now we put = (2 ) = 2 , where is
the totient’s Euler function (see e.g., [6, Chapter 2]) and = 2 . Clearly, < and we have
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2

=

2

= 2(

−1, )

< 2 (since ( − 1, ) < )
= 2(

, )

=

2

⇒

( )<

(since ∈

)

( ),

from which the validity of the first system follows. Next, let us choose an integer such that
and = , where is
− 1 ∈ . So ∉ , ( − 1, ) = and ( , ) < . If we put =
an odd prime, then we have
< and
=

( − 1)

( − 1)

=
>

(since

( − 1)

=

( −1, )

> 2(

, )

− 1,

= 1)

( −1, )

(since

( − 1) > 1)

(since ( − 1, ) =

> ( , ))

=
( )>

⇒

( ),

which confirms the second system and completes this proof.
Theorem 2.4 Let
have
1. If
2. If
3. If

> 1 be an integer and let

be a proper positive divisor of . Then we

is a square-free number, then ( )| ( ) (∀ ∈ ℕ∗ ).
is a square-free number, then ( )| ( ) (∀ ∈ ℕ∗ ).
and are not square-free number, then there are infinitely many positive integers
such that ( )| ( ).

Proof. Let the prime factorization of the positive integer > 1 be ∏
. It is well known
that the positive divisors of are all integers of the form ∏
with 0 ≤ ℎ ≤ (1 ≤ ≤
).
1. If is a square-free integer, then must itself to be a square-free. According to [5,
Theorem 2.1] we can write
( ) = | = ( ) (∀ ∈ ℕ∗ ),
which proves the first property.
2. Suppose that is a square-free number, i.e., ℎ ≤ 1 (1 ≤ ≤ ). Then
(ℎ , ) = 1 ≤ ( , ) (1 ≤ ≤ and ∀ ∈ ℕ∗ ).
Therefore

( ) = | ( ) (∀ ∈ ℕ∗ ), as required.
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3. We let denote the least common multiple of , , … , . Then it is well known [1,
Theorem 2.3] that
is -periodic function as a function of , in other words
( ) = ( ), for all . It follows by taking = , ( ∈ ℕ∗ ) that:
+
(ℎ , ) ≤ ℎ ≤ = ( , ) (1 ≤ ≤ ),
from which the validity of the last property follows. The proof of the theorem is
complete.
A sequence of positive integers = (
satisfies, for all ,
≥ 1, the property:
|

)

is said to be a divisibility sequence if it
|

⇒

.

It is said to be a strong divisibility sequence if it satisfies, for
property:
(

,

)=

For any positive integer
we define
∗
{ ( ); ∈ ℕ }. For examples:

,

≥ 1, the stronger

( , ).

to be the sequence of integer such that

=

= {1, 2, 3, 2, 5, 6, 7, 2, 3, 10, 11, 6, 13, 14, 15, 2, 17, 6, 19, 10, … },
which is is the sequence A007947 in the On-Line Encyclopedia of Integer Sequences (OEIS,
see [7] ).
= {1, 2, 3, 4, 5, 6, 7, 2, 9, 10, 11, 12, 13, 14, 15, 4, 17, 18, 19, 20, … },
which is the sequence A066990 in the (OEIS).
= {1, 2, 3, 2, 5, 6, 7, 8, 3, 10, 11, 6, 13, 14, 15, 2, 17, 6, 19, 10, … },
which is the sequence A331737 in the (OEIS).
= {1, 2, 3, 4, 5, 6, 7, 2, 9, 10 , 11, 12 ,13 , 14 , 15, 16, 17, 18, 19, 20, … }.
Theorem 2.5 Let : = { ,
Proof. It easy to show that

∈ ℕ∗ }. Then

is the only strong divisibility sequence in .

is a strong divisibility sequence, since
( ( ), ( )) = ( , ) =

( , ) ,

for all
, ∈ ℕ∗ . Now we assume that ≥ 2 and we wish to prove that
is not a strong
divisibility sequence. To do so, it suffices to prove that is not a divisibility sequence, since
every strong divisibility sequence is divisibility sequence. For a prime number we have
|
but
(

which means that

)=

∤

=

(

),

is not a divisibility sequence. The proof is finished.
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Definition 2.6 Let

⊂ ℕ be an infinite set. Then is said to be a -strong divisibility sequence if it

satisfies

(
Theorem 2.7 Let
1.
2.

)=

,

( , )

whenever

,

∈ .

≥ 2 be an integer. Then

is a -strong divisibility sequence.
is a ℙ-strong divisibility sequence, where ℙ is the set of all primes.

Proof.
1. The first item follows at once from [5, Theorem 2.1] which states that the square-free
positive integers are the only integers satisfying ( ) = for all positive integers ,
so
(( , )) = ( , ) =
( ), ( ) (∀ , ∈ and ∀ ≥ 2).
2. The second item follows from the following elementary property:
( ), ( ) = 1.
( , )=1⇒
This completes the proof of the theorem.
Remark 2.8 The second item of Theorem 2.7 remains true even when we replace ℙ with any
infinite subset of ℕ which elements are pairwise co-prime.
We close the paper with the following theorem which proves existing, under some
( ), ( ) ≠ (( , )).
conditions on and , of a positive integer such that
Theorem 2.9 Let and be positive integer such that
∥
positive integers and with 2 ≤ < and ∤ . Then
( ), ( ) ≠ (( , ))

and

∥

for a prime

and

Proof. On one hand
∥
∥

We have

< [ , ], since

( , )

⇒

( , )

=

=

( , ⁄[
⇒
∤ , so [ , ] < . Thus
⁄[ , ]

∥

∥
⁄[ , ]
, ])

∥

( )
∥ ( )
( ), ( ) .

(2.4)

( ), ( ) .

On the other hand,
∥

⇒

∥ ( , ) (since < )

⇒

=

Consequently, (2.4) and (2.5) show that
proof.

( , )

∥

(( , )).

( ), ( ) ≠

10

(2.5)

(( , )), which concludes this
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3. CONCLUSION
In this paper, we give some new interesting properties of the arithmetic functions . For
example we prove (Theorem 2.3) that the sequence ( ) ( ∈ ℕ∗ ) can not be monotonically
increasing or decreasing for all . Also, we show (Theorem 2.5) that the sequence
(see
A007947 in the OEIS) is a strong divisibility sequence. On the other hand, the purpose of our
next papers will be the study their relationship with some other well-studied arithmetic
functions. Also, we will try to find asymptotic formulas for the Dirichlet series associated
with and other sums related to them.
Acknowledgements: The author would like to thank the anonymous referee for their careful
reading and valuable suggestions.
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Summary. In this paper, we have shown that in the article entitled “New Riemann-Liouville
generalizations for some inequalities of Hardy type” the Theorem 3.3 is false and that a necessary
condition on the order α must be in Theorem 3.1 and Theorem 3.2. Additionally, the correct
Theorem 3.3 and a new result with negative parameter are given; these results will prove
using the Hölder inequality, and reverse Hölder inequality.
1 INTRODUCTION
Hardy-type inequalities and inverse Hardy-type inequalities have an important place in
analysis and its applications, they have given rise to various extensions and generalizations in
recent years, see for example [1]-[2]. So much paper appeared in different form of calculus
mathematics, with functions of two variables [3], through the Steklov operator [4], on time
scales [5]-[6]. In 2016, the authors have obtained some new results about Hardy type
inequalities via Riemann-Liouville fractional integral operators [7]. In Theorem 3.1, the
passing from the inequality (3.15) to inequality (3.16) and in Theorem 3.2, the passing from
we have
the inequality (3.27) to inequality (3.28), for
if we take the order

if

, then

, we get

So, it is necessary to mentioned that
in Theorem3.1, Corollary3.1 and Theorem3.2
Now, let show the Theorem3.3 is not correct. In the inequalities (3.35) and (3.36) the
following formulas are given:
, we have the
Let
be positive functions on [a; b] and for
integral

2010 Mathematics Subject Classification: 26A33, 26D10, 26D15.
Key words and Phrases: Integral inequalities, Riemann-Liouville integral, Hardy ineqality.
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So, we deduce that

, then

for

, hence we get

, we set

(contradiction) for

, we set
, hence we get
(contradiction).
This implies that there existed errors in the proof of the inequalities (3.35) and (3.36) and
that the Theorem 3.3 is not necessarily true. The correct versions of Theorem 3.3 will be
proved in Section 2.
2

MAIN RESULTS

We present the correct version of the Theorem 3.3 according the right Riemann-Liouville
fractional integral operator of order
, for a continuous function on
defined as

Theorem 2.1. Let
for all

and

Proof.

, Apply the reverse Hölder inequality for

For

on

such that g is non-decreasing. Then,
, we have

since g is non-decreasing function on

, we get

and by using Fubini Theorem, we obtain

Therefore

13
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This ends the proof.
Now we present a new result according the left Riemann-Liouville fractional integral
operator of order
, for a continuous function on
defined as

We need the following reverse Hölder inequality (see
If

,

,

Theorem 2. 2. Let
for all

Proof.

Since

Since

For

and

,

and
on
, we have

):
, then

such that g is non-increasing. Then,

, Apply the reverse Hölder inequality (4), we get

, we get

is non-increasing function on

and by using Fubini Theorem, we obtain
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This gives us that

So, the proof of Theorem 3.2. is complete.
Putting

in above Theorem

Corollary 2.1. Let

and
. Then, for all

, we obtain the following Corollary.
on

such that g is non-increasing and
, we have

Remark4.1 The inequality (6) for negative parameter coincides with inequality (4.26) in [5].
3

CONCLUSIONS

In this paper, we present the correction of Theorem3.3 with the right-sided RiemannLiouville operator with positive parameter 0<p<1, we also introduced a new version using the
left-sided Riemann-Liouville operator with the negative parameter. These results have been
obtained by applying the Hölder’s inequality and the reverse Hölder’s inequality.
Acknowledgements: The authors also thank the anonymous referees for their valuable
comments and suggestions which lead to the final version of this paper. This work was
supported by the Directorate-General for Scientific Research and Technological Development
(DGRSDT). Algeria.
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Summary. In this paper, we define biGaussian Pell and Pell-Lucas Polynomials. We give
Binet‘s formulas, generating functions, Catalan’s identities, Cassini’s identities for these
polynomials. Matrix presentations of biGaussian Pell and Pell-Lucas polynomials are found.
Also, NegabiGaussian Pell and Pell-Lucas Polynomials are defined. Finally, we give some
properties for these polynomials.
1

INTRODUCTION

Number sequences have a very important place in the world of science. Mankind has
enabled the definition and development of new number systems in line with some needs over
time. It appears not only in mathematics but also in nature, electromagnetic waves, quantum
mechanics, series analysis, stock market, aesthetics and many other fields.
The most well-known of these number sequences is Fibonacci sequences which first
appeared in Leonardo Fibonacci's book with a rabbit problem. This sequence, which is
obtained by adding the two numbers before it; It continues as 1,1,2,3,5,8,13,21,34,55,89,144,
233, 377,… Fibonacci sequences appear in many branches of mathematics. These include
calculus, group theory, applied mathematics, linear algebra, etc. [2, 3, 7, 8, 11, 12]
Many sequences have been defined by generalizing these number sequences. In addition to
these numbers, appeared similar number sequences as Lucas numbers, Pell numbers and
Jacobsthal numbers. [1, 14, 20, 23]
Koshy gave important relations about Fibonacci numbers, Lucas numbers and Pell
numbers. Also, he gave the relations among these numbers. [9, 10]
Polynomials of sequences of numbers have also been studied by scientists. [6, 13, 15-17,
19, 22, 24]
Horadam, and Mahon [6] defined Pell and Pell - Lucas polynomials and gave their
properties. Yağmur [25] defined the Gaussian Pell-Lucas polynomials and gave some
properties of these polynomials. Özkan and Taştan [18] described Gauss Fibonacci and Gauss
Pell polynomials and show that there is a relation between Gauss Fibonacci and Gauss Lucas
polynomials. Halıcı and Öz [5] defined the Gaussian Pell and Pell-Lucas sequences and
obtained some important identities involving the Gaussian Pell and Pell-Lucas numbers. Saba
and Baussayoud [21] gave the new generating functions for the products of (p, q)-modified
Pell numbers with Gaussian Jacobsthal and Gaussian Jacobsthal Lucas polynomials, Gaussian
Pell and Gaussian Pell Lucas polynomials.
2010 Mathematics Subject Classification: 11B39, 11K31.
Key words and Phrases: BiGaussian Polynomials, Catalan’s identity, Pell and Pell-Lucas polynomials,
Generating functions.
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One of the latest works in this area is [4] where Gökbaş described a new type of Pell and
Pell-Lucas numbers which are called biGaussian Pell and Pell-Lucas numbers.
In this work, we will introduce biGaussian Pell and Pell-Lucas Polynomials. In the
following sections, biGaussian Pell and Pell-Lucas Polynomials will be defined. Some
identities will be given for biGaussian Pell and Pell-Lucas Polynomials such as Binet‘s
formulas, generating functions, Catalan’s identities, Cassini’s identities. Matrix presentations
of biGaussian Pell and Pell-Lucas polynomials will be given. Also, NegabiGaussian Pell and
Pell-Lucas Polynomials will be defined.
2 DEFINITIONS
2.1 Definition
The Pell Numbers

are definedby
,

with

and

.

2.2 Definition
The Pell-Lucas Numbers

are givenby
,

with

and

.

2.3 Definition
The Pell Polynomials

are described by
,

with

and

.

2.4 Definition
The Pell-Lucas Polynomials

are described by
,

with

and

.

2.5 Definition
BiGaussian Pell Numbers

[4] are definedas follows

where and satisfy the conditions

18
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2.6 Definition
BiGaussian Pell-Lucas Numbers

[4] are defined as follows
.

3MAIN RESULTS
3.1 Definition
BiGaussian Pell Polynomials

are defined as follows
.

3.2 Definition
BiGaussian Pell-Lucas Polynomials

are defined as follows:

.
3.3 Theorem
Binet formula for biGaussian Pell polynomials is given by

where

,

and

,

.

Proof.

In addition, we can indicate a matrix generator for the biGaussian Pell polynomials:

19
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for

.
We give the first 5 terms of biGaussian Pell polynomials in Table 1.

Table 1. Some terms of biGaussian Pell polynomials.
3.4 Theorem
Binet’s formula for biGaussian Pell-Lucas polynomials is given by
.
Proof.
Binet’s formula for biGaussian Pell-Lucas polynomials is obtained like the proof of
Theorem 3.3.
Also, we can indicate a matrix generator for the biGaussian Pell-Lucas polynomials:

for

.
We give some terms of biGaussian Pell-Lucas polynomials in Table 2.

Table 2. Some terms of biGaussian Pell-Lucas polynomials.
3.5 Theorem
Catalan’s identities for biGaussian Pell polynomials
polynomials
are as follows, respectively.

20
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i.
.
ii.

.
Proof.
i.

LHS=

ii.

LHS

3.6 Result
Cassini’s identities for

and

are as follows, respectively.

i.
ii.
.
Proof.
If it is taken

in the Catalan’s identities, Cassini’s identities are obtained.

3.7 Theorem
Generating functions for

and

polynomials are as follows, respectively.
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i.
ii.

.

Proof.
Let

Using

be the generating function for biGaussian Pell polynomials as

,

and

, we get following equations
,

.

After needed calculations, the generating function for biGaussian Pell polynomials is
obtained as

Similarly, the generating function for biGaussian Pell-Lucas polynomials can be obtained.
3.8 Theorem
D’Ocagne’s identities for

and

polynomials are as follows, respectively.

i.

ii.

.
Proof.
i.

22
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ii.

3.9 Definition
NegabiGaussian Pell
defined as follows, respectively.

3.10

and negabiGaussian Pell-Lucas Polynomials

Theorem

The following relations are satisfied for

and

i.
ii.
iii.
iv.
v.
vi.
vii.
viii.
ix.
x.
xi.
xii.

23
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Proof:
They can be easily proven using the necessary definitions.
4

CONCLUSIONS

In this paper, we defined biGaussian Pell and Pell-Lucas Polynomials. We gave some
terms of biGaussian Pell and Pell-Lucas polynomials in a table. NegabiGaussian Pell and
Pell-Lucas Polynomials are defined. We also gave the Binet‘s formula, generating function,
Catalan’s identitiy, Casssini’s identity. Moreover, matrix presentations of biGaussian Pell and
Pell-Lucas polynomials are found. Finally, we gave some properties of these polynomials.In
the future, this topic can be applied to other number sequences. Also, their polynomials, some
identities, and properties of the number sequences can be defined.
Acknowledgements: The authors thank the editor and referees for helpful comments and
advice.
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Summary. A sequence of strictly positive integers is said to be primitive if none of its terms
divides the others and is said to be homogeneous if the number of prime factors of its terms
counted with multiplicity is constant. In this paper, we construct primitive sequences of
degree , for which the Erdős’s analogous conjecture for translated sums is not satisfied.
1 INTRODUCTION
A sequence of strictly positive integers is said to be primitive if there is no term of
which divides any other. We can see directly that the set of primes
is primitive.
We define the degree of an integer, to be the number of prime factors counted with
multiplicity and the degree of a sequence is defined as the maximum degree of its terms.
, the series
converges.
Erdős [1] showed that for any primitive sequence
Later, in [2], he conjectured that if

, is a primitive sequence, then

Based on the primitive sequences of finite degree, in [3], Zhang proved this conjecture
when the degree of is at most 4 and in [4], he proved it for the particular case of primitive
sequences when the degree of its terms is constant. In [5] the authors simplified the proof of
[3] and Laib [6] improved this result up to degree 5. Recently, in
the authors studied
translated sums of the form:

and they constructed primitive sequences of degree , such that
for all
and in
the authors prove that
for large enough. In this note,
we present a general case for any degree , that is, we prove the following:
Theorem. Let
that

be an integer,

. Then for any

and let

be the greatest integer such

and any primitive sequence

2010 Mathematics Subject Classification: Primary 11B73, Secondary11B37, 11B13.
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we have
2 MAIN RESULTS
Lemma 2.1.

for

For

.
there exists a prime number

Lemma 2.2. For any integer

Proof. For
inequality

such that

, we have

, the inequalities

and

is verified, for

, it comes from the

and we can prove (3) and (4) by induction.
Lemma 2.3. Let
function

be an integer and

reaches its minimum
and
Proof. Let

be a reel number such that

in the interval
for
.

be an integer and let

moreover

. The

,

be the function defined on the interval

is differentiable on and

For

put

then

hence
have

increases on . On the other hand, since
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therefore, there exists only one root
, where for
such that
. Since
for
and
for
strictly decreases on
and strictly increases on
, so we have
It is clear that, for
and

the equation
. This completes the proof.

Lemma 2.4.For any integer

therefore

. By lemma 2.3, we have, for

then from lemma 1.1 there exists a prime

, then

and

such that

, thus

, then according to the Bertrand’s postulate there

. Since
exists a prime number in
Lemma 2.5.

is the sequence defined in lemma

is easy to verify for

From (6) we get

,

such that

, where

Proof. The inequality

greater than

gives

, there exists a prime

moreover
2.3.

then

, thus, the greatest prime number in

is

. Which finishes the proof.
For any integer

and any integer

, we define

then we have the disjoint union

Lemma 2.6.

For any real number

Lemma 2.7. Let
and let
number
the sequence
Proof. For any integer

, we have

be the integer such that
strictly increases.

and any integer

For any real

, the multinomial formula ensures that
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therefore

Put

then from lemma

we have

so,

where

Since

is the greatest element of

and by lemma

we have

we obtain
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and according to lemma

we have

then

which implies

thus

. Which ends the proof.

Proof of theorem.
From
, for any integer

Using

and lemma

and any integer

, we have

, we get

therefore

To obtain the inequality required in theorem, we must choose
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Since the function

strictly increases for
That is

Since
just take

, let

, we need to find such that
, and if we put

Now, we must choose
lemma
, the function

reaches its minimum

then

so that the number

, then by lemma
becomes

, we

is the smallest possible. According to

and

from lemma

, there exists a

such that

Choose
from lemma

is verified.

in

then we can take
prime integer

the smallest value for which the inequality

and
for
, we get for

Finally, by lemma

, then we obtain
, we have

and

And the proof is achieved.
3 CONCLUSIONS
In this work, we obtain a generalization of result introduced in [7], concerning primitive
sequences of finite degree, thus, if we take
in the theorem we get
for
and
which apply to improve the results of [3,6].
Since for is sufficiently large, we have
so we can ask if it is true: for
any
there exists such that
Acknowledgements: The Authors would like to thank the reviewers for their comments that
helped us to improve this article.
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Summary. The main object of the present paper is to consider the matrix polynomials for the
generalized bivariate Fibonacci and Lucas polynomials. Working with matrix properties for
these new matrix polynomials, some identities of the generalized bivariate Fibonacci and
Lucas polynomials will be researched. Finally, we build the relationships between the
generalized bivariate Fibonacci and Lucas matrix polynomials
1

INTRODUCTION

As with any very well-studied subject in mathematics, the Fibonacci, Lucas, Pell,
Chebyshev numbers possess many kinds of generalizations. One of the most important
generalizations is the Fibonacci polynomial [1-3, 8, 12, 15, 16, 18-21, 26, 29, 31]. Because of
the common usage of this polynomial in the applied sciences, its some generalizations have
been defined in the literature. In [14] and its references, concerned readers may find a short
history and comprehensive information about the Fibonacci polynomial. The Fibonacci
numbers are defined as

Fn = Fn1  Fn2 , F0 = 0, F1 = 1

(1.1)

for n  2 . In [13], the authors gave a new generalization of the Fibonacci and Lucas
polynomials which are called generalized bivariate Fibonacci and Lucas polynomials. For
n  2 and p( x, y) , q( x, y) polynomials with real coefficients, the generalized bivariate
Fibonacci and Lucas polynomials are described by

Hn ( x, y) = p( x, y) Hn1( x, y)  q( x, y) H n2 ( x, y)

(1.2)

Kn ( x, y) = p( x, y) Kn1 ( x, y)  q( x, y) Kn2 ( x, y),

(1.3)

and

where H0 ( x, y) = 0, H1 ( x, y) =1, K0 ( x, y) = 2, K1 ( x, y) = p( x, y) and p2 ( x, y)  4q( x, y) > 0 .
The relation of generalized bivariate Fibonacci and Lucas polynomials is (see[13])

Kn ( x, y) = H n1 ( x, y)  q( x, y) H n1 ( x, y).

(1.4)

For the different p( x, y) and q( x, y) , we obtain different polynomial sequences by using
recursive relation. These polynomial sequences are given in Table 1 below:

2010 Mathematics Subject Classification: 11B39, 15A24.
Key words and Phrases: bivariate Fibonacci polynomials, bivariate Lucas polynomials, Fibonacci matrix
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p( x, y ) q ( x, y )
y
x
x

1

2x

1

1
2x

2x

1

3x

2

H n ( x, y )

K n ( x, y )

Bivariate Fibonacci, Fn ( x, y )
Bivariate Lucas, Ln ( x, y)
Fibonacci, Fn ( x)
Lucas, Ln ( x)
Pell, Pn ( x)
Pell-Lucas, Qn ( x)
Jacobsthal, J n ( x)
Jacobsthal-Lucas, jn ( x)
Chebyshev of the second kind, U n 1 ( x) Chebyshev of the first kind, 2Tn ( x)
Fermat, F n ( x)
Fermat-Lucas, F n ( x)

Table 1: Special conditions of the generalized bivariate Fibonacci and Lucas polynomials
(see [13])
But then, the matrix sequences have received attention from many authors ([4-7, 9-11, 17,
22-25, 27, 28, 30, 32, 33]). In [6],[7], the authors established the bi-periodic Fibonacci and
Lucas matrix sequences and acquired n th general term of these matrix sequences.
Therefore, the key purpose of this study is to examine the relations between the
generalized bivariate Fibonacci and Lucas matrix polynomials. Firstly, we determine the
generalized bivariate Fibonacci and Lucas matrix polynomials. Then, we obtain the
generating functions, Binet formulas and summation formulas for these matrix polynomials.
By considering the results in Section 2, we have a big chance to get new properties in Section
3.
2 THE MATRIX POLYNOMIALS OF GENERALIZED BIVARIATE FIBONACCI
AND LUCAS POLYNOMIALS
In this part of the study, the relations and properties for the matrix polynomials of the
generalized bivariate Fibonacci and Lucas polynomials are investigated.
Then, we will first give the definition of the generalized bivariate Fibonacci and Lucas
matrix polynomials.
Definition 2.1 For n  N , the generalized bivariate Fibonacci  Hn  and Lucas matrix
polynomials  Kn  are satisfy the following recurrence relations

Hn2 ( x, y) = p( x, y)Hn1 ( x, y)  q( x, y)Hn ( x, y),

(2.1)

Kn2 ( x, y) = p( x, y)Kn1 ( x, y)  q( x, y)Kn ( x, y),

(2.2)

and

respectively, with initial conditions
1 0
 p ( x, y ) 1 
H 0 ( x, y ) = 
 , H1 ( x, y ) = 
,
0 1
 q ( x, y ) 0 

and
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2
 p 2 ( x, y )  2 q ( x , y ) p ( x , y ) 
 p ( x, y )

K0 ( x, y) = 
.
 , K1 ( x, y) = 
2q ( x, y ) 
 2 q ( x , y )  p ( x, y ) 
 p ( x, y ) q ( x, y )
We would like mention hereafter that, we write H n ( x, y) = H n , Kn ( x, y) = Kn and
p = p( x, y), q = q( x, y) for brevity. We obtain the n th general terms of the matrix
polynomials in (2.1) and (2.2) by the generalized Fibonacci and Lucas polynomials as in the
following.
Theorem 2.2 We have
H
Hn ( x, y ) =  n 1
 qH n

Hn 

qH n 1 

K
Kn ( x, y ) =  n 1
 qK n

Kn 
,
qK n 1 

(2.3)

and
(2.4)

where n  0 .
Proof. The proof will be done by induction. For n = 1 , we obtain the equality H 1 = 1/ q by
using equation (1.2) which gives the first step of the finite induction.
 H
H0 =  1
 qH 0

H0   1 0 
.
=
qH 1   0 1 

Let assume that the equation in (2.3) satisfies all the conditions n = k Z  . Then, by
considering (1.2) and (2.1), we need to present that the part also holds for n = k  1 . So we
obtain
Hk 1 = pHk  qHk 1
Hk 
H k 1 
H
 Hk
= p  k 1
  q

 qH k qH k 1 
 qH k 1 qH k  2 
H k 1 
H
=  k 2
.
 qH k 1 qH k 

For another part of the proof, we require the following nearly like approximation by using
(1.3). Similarly, as in the above part, the end step of the induction can be acquired by
Kk 1 = pKk  qKk 1 as in the following
K
Kk 1 =  k  2
 qK k 1

K k 1 
.
qK k 

This completes the proof.
The generating functions for the generalized bivariate Fibonacci and Lucas matrix
polynomials play a vital role to find out many important identities for these matrix
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polynomials. In the following theorem, we construct the generating functions for these matrix
polynomials.
Theorem 2.3 For the generalized bivariate Fibonacci and Lucas matrix polynomials, we have
the generating functions


H t
i

i

=

i =0

t 
1
1

2 
1  pt  qt  qt 1  pt 

and


K t
i

i

=

i =0

 p  2qt
1
2 
1  pt  qt  2q  pqt

2  pt


,
 p  ( p  2q)t 
2

respectively.
Proof. We will disregard the proof for Fibonacci because it will be similar. Accept that G (t )
is the generating function for the Kn nN . Then we obtain


G  t  = Ki t i
i =0


= K0  K1t  Ki t i .
i =2

From Definition 2.1, we get




i =2

i =0

G  t  = K0  K1t  pt Ki 1t i 1  qt 2 Kit i
= K0  K1t  pt  G (t )  K0   qt 2G  t  .

Now, rearrangement of the above equation will show that

K0  K1t  pt K0
1  pt  qt 2

G t  =


which match to the

K t
i

i

in theorem.

i =0

In [13], the authors obtain the generating functions for the generalized bivariate Fibonacci
and Lucas polynomials. However, here, we will get these functions in terms of the generalized
bivariate Fibonacci and Lucas matrix polynomials as a result of Theorem 2.3.
Corollary 2.4 There always exist


i

=

t
1  pt  qt 2

i

=

2  pt
.
1  pt  qt 2

H t
i

i =0

and


K t
i

i =0
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Theorem 2.5 We can note the Binet formulas for the generalized bivariate Fibonacci and
Lucas matrix polynomials

Hn = A1 n  B1 n

and

Kn = A2 n  B2  n ,

where

A1 =

H1   H0
 H0  H1
, B1 =
 
 

A2 =

K1   K0
 K0  K1
, B2 =
 
 

and

such that  ,  are roots of equations of (2.1) and (2.2), n  N .
Proof. We omit the generalized bivariate Lucas matrix polynomial case since the proof is
quite similar. The proof will be done by Theorem 2.3 . Let  ,  are roots of equations of
(2.1), it is easily seen that


H t
n

n =0

n

=

t 
1
1

2 
1  pt  qt  qt 1  pt 


 


1  1t 1 t
=
q
   q
 1t  1 t


1
1 

1t 1 t 


 

1   t 1   t 


 

n 1
n 1
n
t



 n   n tn 




1  n =0
n =0

=



  
n
n
n
q   n 1   n 1  t n 
 q      t
n =0
 n =0

1
1 
 

 





 
  
n n   
n n   


=  t
  t
q
q

q

q




n =0
n =0
     (   ) 
     (   ) 






=   A1 n  B1 n  t n .
n =0

Thus, by the equality of generating function, we obtain Hn = A1 n  B1 n .
In [13], the writers find the Binet formulas for the generalized bivariate Fibonacci and
Lucas polynomials. Now as a different approximation and so as a result of Theorems 2.2 and
2.5, we will show these formulas by matrix polynomials in the following corollary.
Corollary 2.6 The Binet formulas for the generalized bivariate Fibonacci and Lucas
polynomials in terms of their matrix polynomials are given by
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Hn =

n  n
,
 

and

Kn =  n   n ,
where n  0.
Proof. Firstly, by considering Definition 2.1 and Theorem 2.5, we can write

Hn = A1 n  B1 n
=

H1   H0 n  H0  H1 n
 

 
 
 p

n 
=
    q


p
1
n 



q 
 q








1 

q  .
 

Here, by Theorem 2.2 and  ,  are roots of the equation  2  p  q = 0 , we clearly have


Hn 
 H n 1
n 

=
 qH n qH n 1      q


1
n

q 
  


 

 q



1 

q  .
 

Now, if we compare the 1st row and 2nd column entries with the matrices in the above
equation, so we get
Hn =

n  n
.
 

Secondly, similarly, by using Theorem 2.2, Theorem 2.5 and Definition 2.1, we can write

Kn = A2 n  B2  n
=

K1   K0 n  K0  K1 n
 

 
 

=

 n  p 2  2q  p 

    pq  2q

p  2 
 n  p  p 2  2q 2  p 



.
2q  p       2q  pq
 p  2q 

In here, by Theorem 2.2 and  ,  are roots of the equation  2  p  q = 0 , we have


Kn 
 K n 1
n

 = 
qK
qK
q
n
n

1





1
n 
q
q





1

q .
 

Finally, if we compare the 1st row and 2nd column entries with the matrices in above
equation, then we acquire
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Kn =  n   n .
Now, for the generalized bivariate Fibonacci and Lucas matrix polynomials, we give the
summations by determining principles.
Theorem 2.7 For j  m > 0 and n  1 , we have
n 1

H

mi  j

=

(q)m Hmn j m  Hmn j  H j  (q)m H j m
( q) m  K m  1

i =0

(2.5)

and
n 1

K

mi  j

=

(q)m Kmn j m  Kmn j  K j  (q) m K j m
( q ) m  K m  1

i =0

.

(2.6)

Proof. We will consider the proof over the generalized bivariate Lucas matrix polynomials
and will disregard the part of Fibonacci. From Theorem 2.5, we have
n 1

n 1

i =0

i =0

Kmi j =   A2 mi j  B2  mi j 
mn
  mn  1 
1 
j  
= A2 j  m

B


 m
.
2
  1 
  1 

Here, by simplification the last equation, is implied equation (2.6), as claimed.
3 RELATIONSHIPS BETWEEN NEW MATRIX POLYNOMIALS
The following proposition presents us that there exist some relations between the
generalized bivariate Fibonacci and Lucas matrix polynomials.
Proposition 3.1 We obtain the following identities:
i. Kn = Hn1  qHn1 ,
ii. K0 Hn = HnK0 = Kn ,
iii. K0Kn = KnK0 = pKn  2qKn1 ,
where n  N .
Proof. The proof can be easily done by the equations (1.2),(1.3), Definition 2.1 and Theorem
2.2.
Theorem 3.2 The following identities are satisfied:
i. Hm Hn = Hmn ,
ii. HmKn = Kn Hm = Kmn ,
iii. KmKn = pKmn  2qKmn1 ,
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where m, nN .
Proof.
i. From Theorem 2.5 with its assumptions, we can have

Hm Hn =  A1 m  B1 m  A1 n  B1 n 
= A12 m n  A1B1 m  n  B1 A1 m n  B12  mn .
Here, since    = p and  = q , a simple matrix calculations imply that A12 = A1 ,

B12 = B1 and
A1 B1 = B1 A1 =  0.

Then we obtain

Hm Hn = A1 m n  B1 m n = Hm n .
ii.Here, we will just prove the correctness of the HmKn = Kmn since the other can be
performed nearly the same. Now, by Proposition 3.1-ii., we get

HmKn = HmHnK0 .
Finally, by the above i. and again Proposition 3.1-ii, we obtain

HmKn = HmnK0 = Kmn .
iii. By Theorem 3.2-i., Proposition 3.1-ii. and iii., we have

Km Kn = K0 Hm Hn K0
= Km n K0
= pKm n  2qKm n 1
as desired.
In [13, 20], the authors obtain the relations for the generalized bivariate Fibonacci and
Lucas polynomials. Even so, comparing matrix entries and then utilizing Theorems 2.2 and
3.2, we find the next result.
Corollary 3.3 We have the following equalities for the generalized bivariate Fibonacci and
Lucas polynomials:
i. H m1H n  qH m H n1 = H mn ,
ii. Hm1Kn  qHm Kn1 = Kmn ,
iii. Km1Kn  qKm Kn1 = Kmn .
We get the powers of the generalized bivariate Fibonacci and Lucas matrix polynomials in
the following theorems.
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Theorem 3.4 The following identities are satisfied:
i. Hnm = Hmn ,
ii. Hnm1 = H1m Hmn ,
iii. Hnr Hn  r = Hn2 = H2n ,
where r, m, nN and n  r.
Proof.
i.We can write Hnm = Hn Hn
ii.Similar to i., we obtain

Hn ( m -times). Then, we get Hmn by Theorem 3.2-i.
Hnm1 = Hn 1Hn 1

Hn 1

= Hm n 1
= Hm Hmn .
From this Theorem i. , we can write Hm = H1m . Then, we acquire

Hnm1 = H1m Hmn .
iii.The proof can be done similarly to ii..
Theorem 3.5 The equalities always hold:

Knr Knr = Kn2

and

Knm = K0m Hmn ,

where r, m, nN and n  r.
Proof. Firstly, we are using Theorem 2.5. Thus we have
Kn r Kn  r  Kn2 =  A2 n r  B2  n r  A2 n  r  B2  n  r    A2 n  B2  n  ,
2

where A2 , B2 and  ,  are as given in Theorem 2.5. By applying the elementary
calculations, we get

Knr Knr  Kn2 = A2 B2 nr  nr  B2 A2  nr nr  2 A2 B2 n  n .
Ultimately, by A2 B2 = B2 A2 =  033 , we obtain Kn r Kn  r = Kn2 , as claimed.
In the second case of the proof, let us take the right-hand side of the equality Knm = K0m Hmn .
By Theorem 3.4-i., we get
K0m Hmn = K0 K0

K0 Hn Hn

m times

Hn .

m times

By iterating usage of Proposition 3.1-ii., we finally obtain

K0m Hmn = K0 Hn K0 Hn
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The result is obtained.
4

CONCLUSIONS

In this paper, we define the generalized bivariate Fibonacci and Lucas matrix polynomials
and have a major chance to crosscheck new properties on these matrix polynomials. Hence,
we enlarge the recent studies in the literature. That is,
• By giving p( x, y) = s, q( x, y) = t in H n ( x, y) and Kn ( x, y) of the results in Sections 2
and 3, we obtain the ( s, t ) -Fibonacci and ( s, t ) -Lucas matrix sequences which these results
may be found in [4,5].
• By giving p( x, y) = x, q( x, y) = y in H n ( x, y) and Kn ( x, y) of the results in Sections
2 and 3, we obtain the bivariate Fibonacci and bivariate Lucas matrix polynomials.
• By giving p( x, y) = 2s, q( x, y) = t in H n ( x, y) and Kn ( x, y) of the results in Sections
2 and 3, we obtain the ( s, t ) -Pell and ( s, t ) -Pell-Lucas matrix sequences which these results
may be found in [9].
• By giving p( x, y) = 2 x, q( x, y) = y in H n ( x, y) and Kn ( x, y) of the results in Sections
2 and 3, we obtain the bivariate Pell and bivariate Pell-Lucas matrix polynomials.
• By giving p( x, y) = s, q( x, y) = 2t in H n ( x, y) and Kn ( x, y) of the results in Sections
2 and 3, we obtain the ( s, t ) -Jacobsthal and ( s, t ) -Jacobsthal-Lucas matrix sequences which
these results may be found in [22].
• By giving p( x, y) = x, q( x, y) = 2 y in H n ( x, y) and Kn ( x, y) of the results in Sections
2 and 3, we obtain the bivariate Jacobsthal and bivariate Jacobsthal-Lucas matrix polynomials
which these results may be found in [25].
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Summary. Taking into account the methods of thermodynamics of irreversible processes using
the Onsager principle, a model of a multicomponent continuous medium is constructed, the internal energy of which is "free" of the kinetic energy of diffusion. The model is designed for an
imperfect continuous medium with chemical reactions in the field of conservative external forces. Generalized Stefan−Maxwell relations are obtained, which represent a system of hydrodynamic equations of motion of a mixture with true inertial forces. The proposed thermodynamic
technique made it possible to obtain a number of algebraic relations known from the kinetic theory of gases for the transfer coefficients, relating, in particular, the coefficients of
multicompo-nent diffusion with binary diffusivitys, thermal diffusion ratios with thermal
diffusion coeffi-cients and multicomponent diffusion coefficients, true (molecular) thermal
conductivity coeffi-cient for multicomponent mixture with partial thermal conductivity
coefficient, which indicates their versatility. The results obtained are intended for modeling
not only liquid imperfect solu-tions, but also gas-dust mixtures with a finely dispersed dust
component.
1. INTRODUCTION
Currently, there is a need to revise the stable paradigm associated with the definition of the internal energy of a continuous medium at the phenomenological construction of multicomponent
hydrodynamics. In whole number of classical monographs on the thermodynamics of non equilibrium processes, the authors, by analogy with the kinetic theory of multicomponent gases (see,
for example, [1-7]), introduce into consideration the internal energy of a multicomponent medium, defining it as the difference between the total energy and mechanical energy, the latter being
determined in the approximation of equal acceleration of all components of the mixture. The incorrectness of this definition is due to the fact that, with this approach, the internal energy of the
mixture contains, in addition to the contributions from the thermal motion of molecules and short
range molecular interactions, which is consistent with the usual understanding of internal energy,
contains also and the kinetic energy of diffusion.
So, within the framework of the classical approach, at modeling physical and mechanical processes in a multicomponent medium, many authors (see, for example, [4-6, 8-18]) when deter2010 Mathematics Subject Classification: 80A20, 82B30, 94A24.
Key words and Phrases: Nonequilibrium thermodynamics, Stefan – Maxwell relation, Non-ideal multicomponent
mixtures, Kinetic energy of diffusion.
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mining the balance equation for the specific internal energy of a mixture usually proceed from
the law of conservation of the total specific energy u(x ,t )

(1)
(u)    Ju  0
t
and the previously derived balance equation for the specific mechanical energy of the mixture,
equal to the sum of the local kinetic energy of the center of mass and potential energy,

um
 1 2 v2   . Here J u is the local flow of total energy; (x ,t )  total density, (x ,t )  specific potential energy, v(x ,t )  velocity of the center of mass of a liquid element. These quantities are determined by the relations



N

 k ,

v

1

N

 k v k ,



1

k 1

k1

N

 k k ,

(2)

k 1

where,  k (x ,t ) , v k (x ,t ) and k (x) are the density, velocity and potential energy of the mass unit
of component k , respectively. In this case, the specific internal energy (x ,t ) of the mixture is
determined by the ratio

  u  um
 u  1 2 v2  

(3)

However, the value of the internal energy (x ,t ), introduced in this way, as mentioned above, is

not entirely correct, since the specific mechanical energy um
contains only the macroscopic kinetic energy of the components of the mixture in the center of mass system.
At the same time, it is possible to determine another, more deserving of this name, internal
energy (x ,t ) per unit mass of the mixture, which does not include the kinetic energy of diffu-

sion, by subtracting the specific mechanical energy um(x ,t) from the total energy

u( x ,t) ,

equal to the sum of the specific potential energy ( x ) and the kinetic energy uK (x ,t) of all comN

ponents, um   uK    1 2 1   k v 2k ; as a result we will have

  u  um  u    1 2 

k 1
N
1



k 1

k v2k  u    1 2 v2  1 2 1

N

   1 2 1  k (v k  v)2    1 2
k 1

N

 k (vk  v)2 

k 1

N

 ck w2k .

(4)

k 1

Here, w k (x ,t)  (v k  v) , v(x ,t )  1 /  and c k (x ,t)   k /  are the diffusion rate, specific volume and concentration of the substance, respectively. It can be seen from relation (4) that the
"internal" energy of the mixture (x ,t ) used in the literature is not quite correct, since it differs
from the true internal energy (x ,t ) by an amount 1 2

N

 ck w2k , associated with the kinetic ener-

k 1

gy of diffusion (due to the diffusion velocities w k (x ,t ) of the components of the mixture relative
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to the local center of mass). There is no doubt that in most cases the kinetic energy of diffusion
can be neglected in comparison with the kinetic energy of the center of mass (the classical kinetic theory of multicomponent gas mixtures was just developed in this “diffusion approximation”),
however, in a more general case, the difference between the quantities (x ,t ) and (x ,t ) should
be taken into account (for example, in the phenomenological design of models of liquid multicomponent non ideal solutions, models of the movement of gas-dust mixtures, when the volume
concentration of the dispersed phase is low, etc.).
It is important to keep this circumstance in mind also because classical multicomponent hydrodynamics is based on the fundamental Gibbs relation
N

TdS  d  pdv 

 kdck ,

(5)

k 1

written for a system in a state of "local" equilibrium (see [8]). In relation (5), the quantities
T ( x ,t ) , p(x ,t) and  k (x ,t) are, respectively, the equilibrium temperature, mixture pressure and
specific chemical potential of the component k . However, this quasi-equilibrium relationship,
which is, in essence, the relationship between the equilibrium entropy S  S( , v , c k ) and local
quantities (x ,t ) , v(x ,t ) and ck (x ,t ) , it would be more correct to write it in a slightly different
form, namely TdS  d  pdv 

N

 kdck , because at equilibrium the diffusion fluxes w k should

k 1

disappear. For this reason, the use of the fundamental Gibbs equation, which plays a central role
in the theory of nonequilibrium processes, in the form (5) in the general case is not entirely correct (see, for example, [10], pp. 34-35; [14], p. 119).
In this work, an attempt is made to construct models of multicomponent media, free from the
above disadvantage. The development of models was carried out by us for non-ideal continuous
media with chemical reactions located in the field of conservative external forces. For simplicity
of presentation, we did not take into account here the antisymmetric of the pressure tensor, which
is possible for a medium of this type, associated with the presence of an “internal” angular momentum [14].
2. LAWS OF CONSERVATION
The stated goal of the work can be achieved only by applying Onsager's thermodynamic approach to simulate multicomponent and chemically reacting hydro-thermodynamic systems with
consideration of the complete system of equations for conservation of mass, momentum, energy
and entropy in both local and substantial form.
We write the local form of the balance equation for an arbitrary intense quantity in the
form

(6)
(a)    (av  Ja )  a ,
t
where a(x ,t ) , J a (x ,t) , a (x ,t)  respectively the specific value, flux density and density of the
source of the quantity (the parameter can be a scalar, vector, tensor of the second rank, etc.).
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Usually, the source density a (x ,t) is divided into internal (ai ) (x ,t ) and external (ae) (x ,t ) components in accordance with the ratio a  (ai )  (ae) , and the value
mogeneities that exist locally inside the system, associated with the

(ai ) is determined by inho-

gradients of velocity, tem-

(ae ) arises

perature, density, etc., and the value
from long-range nature of external forces affecting the inner part of the system under consideration. Using equation (6), we write down the basic
laws of conservation of mass, momentum, energy, entropy, etc. for a multicomponent system,
while identifying the quantities with the corresponding physical parameters, introducing the flux
and source densities for them.
The mass balance equations for a reacting mixtures. To write the mass balance equation
for a separate component, it is necessary to put in equation (6), a  c k , J a  J k , a   k where
J k (x ,t)  k w k is the diffusion flux of the mass of the k -th component relative to the center of

mass,  k 

r

 kj J j

is the mass of the k -component, that appears due to chemical reactions in

j 1

a unit of volume per unit of time.
Then the continuity equation for the substance k has the form:
r
k
   ( k v  J k )   k    kj J j ,
t
j 1

( k  1, 2,..., N ).

(7)

Note that the quantity kj J j is the rate of formation of the component k per unit volume in
the j -th chemical reaction. The value  kj divided by the molecular mass mk of the component k
is proportional to the stoichiometric coefficient with which the substance k enters the equation of
the j -th chemical reaction. The coefficients  kj are considered positive when the components k
enter the right side, and negative when they enter the left side of the reaction equation. The scalar
quantity J j (x ,t ) is called the rate of the j -th chemical reaction. It has the dimension of mass per
unit volume per unit of time.
Summing (7) over all k and taking into account the relations
N

N

 Jk  0 ,

 k  0 ,

k1

k1

(8)

of which the latter expresses the law of conservation of mass as a result of all chemical reactions,
we obtain the general continuity equation for the mixture in the divergent form usual for hydrodynamics

(9)
   (v)  0 .
t
In what follows, we will make extensive use of the operator relation
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da 
 (a)    (av) ,
dt t

d

(..)  (..)  v  (..) ,
dt
t

(10)

giving a connection between substantial and local changes in characteristics and allowing to
write the differential balance equation (6) in the following substantial form
da
(6*)
    J a  a .
dt
Note that relation (10) is a consequence of the continuity equation (9) and the definition of the
total time derivative da / dt   a/ t  v  a of the value a(x , t ) in the accompanying coordinate
system associated with an element of the medium moving with velocity v(x , t ) .
Applying this relation to equation (7), we obtain the equation of the substation mass balance
of the k -th component


dc k
   J k   k ,
dt

( k  1, 2,..., N  1 );

N

 ck  1 .

(11)

k 1

The equation of motion for a multicomponent mixture. Setting in equation (6) a  v ,
J a  T , a  f , we obtain the law of conservation of specific impulse for any fluid continuum

(12)
(v)    (vv  T)  f
t
where T(x ,t ) is the symmetric tensor of pressures (or stresses) of the medium, caused by short-

range interactions between the particles of the system; f(x ,t )  external force acting on a unit
mass of the medium; vv  dyadic product.
Using the operator relation (10), we can write the equation of motion (12) in the form
dv
(12*)

   T  f .
dt
Equation (12) is valid for any continuum, but the expressions for the pressure tensor and the
density of external forces for different continua are not the same. We will further consider Eq.
(12) as a balance equation for the continuum obtained by a superposition N of continuous continuous media, the equations of motion for which (similar in structure to Eq. (12)) have the form:
N

( v )    ( k v k v k  Tk )   k fk   rkj ,
t k k
k  j 1

( k  1, 2,..., N ).

(13)

Here Tk (x ,t) is the symmetric pressure tensor of the k-ith component, ( Tk  TkT ; this relationship is a mathematical expression of the second Cauchy law for a multicomponent mixture);
fk (x) - an external force acting on a unit mass of a substance k; rkj (x ,t ) - a vector (intercomponent force) that determines the intensity of intercomponent exchange of momentum due to collisions and intercomponent transitions of an impulse as a result of chemical reactions, rkj  rjk .
Next, an explicit vector expression rkj will be found.
Summing equation (13) over k and using the relation
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N

 k vk vk  vv 

k 1

N

 k 1Jk Jk ,

(14)

k 1

we obtain the following equation for the momentum balance of the mixture [19]:
N
N

 N

(v)     vv   k 1J k J k   Tk     k fk ,


t
k 1
k 1

 k 1

(15)

N

where

 k 1Jk Jk is the stress arising from the relative motion of components of different kinds.

k 1

N

When writing equation (15), the equality

N

 

k 1 k  j  1

rkj  0 was taken into account, which is a

consequence of the fact that a change in the specific impulse v(x ,t ) for a multicomponent continuum, occurring both as a result of collisions between particles of its individual continua (Newton's third postulate), and as a result of chemical reactions is equal to zero. Indeed, denoting
through  kj the mass of the component k, which is formed as a result of chemical reactions from
the component j, we obtain the following expression for the corresponding change in the density
N N

of the specific impulse v(x ,t ) of the total continuum:

  (kj v j   jk v k )  0 .

k 1 j 1

Total energy conservation for a mixture. The total specific energy for the continuum
modeling the mixture as a whole satisfies the local balance equation (1) without a source. We
now obtain this equation by adding the equations for the transfer of the total specific energy for
each component of the system

(16)
(k uk )    Ju  (ui ) , ( k  1, 2,..., N ).
k
k
t
Here uk (x ,t ) is the total specific (per unit mass) energy of the k-component; Ju (x ,t )  local
k
flow of total energy carried by matter k; (i ) (x ,t)  the density of the internal source of total
u
k

energy of particles of a sort k , is equal, on the one hand, to the heat released in the gas of particles of a given sort due to collisions with particles of other kinds, and, on the other hand, to a
change in the total energy of a component k , as a result of chemical reactions, given by the exN

pression.

 (kjuj   jkuk ) . The quantities uk (x ,t) and Juk (x ,t) satisfy the relations

k 1

uk  k  1 2 v2k  k ,

(17)

Ju   k uk v k  Tk  v k  q k ,
k

(18)
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where  k (x ,t) and (x )  respectively, the internal and potential energy of the unit mass of the
substance k; q k (x ,t) is the heat flux carried by the particles of the k-th component, determined
precisely by the relation (18).
Recall that in our discussion, for simplicity, we limited ourselves to considering only conservative external fields, which can be characterized by a scalar potential k (x) per unit mass of
a component k, i.e. the equations are assumed to be valid
(19)
f k  k , k / t  0 .
However, in the general case, forces fk can be of a different nature, in particular, associated with
non-conservative electromagnetic external fields.
N

Now summing (16) over all k and using the natural equality  (i )  0 , as well as the foruk

k1

mulas
1

N

 v2  1 2 v2  1 2
2 k k
k 1

1

N

 v vk  1 2  v v  1 2
2 k k
2

2

k 1

N

 k 1J2k ,

(20)

k 1

N

 k 1 Jk v  1 2
2

k 1

N

N

N

k 1

k 1
N

k 1
N

N

 vk

k 1

 Tk  vk  pv   k 1pk Jk   τk  vk ,



N

 ck k ,



k 1

k 1

u    1 2 v2    1 2
Tk  pk Ι  τ k , p 

 ck k ,
N

Jk

 pk ,

k 1

 qk ,

Jk ,

(21)

(22)

(23)

k1

 

k 1
N

q

2

k

2

,

Jq  q 

N

 hk J k

(24)

k 1

hk   k  pk k 1 ,

(25)

we obtain the total energy conservation law for the total continuum
N
N



2


(26)
(u)    uv  pv  Jq     k  1 2 v k  J k   τ k  v k   0 .
t




k 1
k 1


Here pk (x ,t)  k Tnk , nk (x ,t)   k / mk , mk , hk (x ,t ) and τ k (x ,t )  respectively, hydrostatic

pressure, number density, molecular weight, tensor of viscous stresses of the substance k;
T (x ,t), Jq (x ,t), q(x ,t)  respectively, the temperature, the density of the total heat flux and the
reduced heat flux in the total continuum; p 

N

 pk  the hydrostatic pressure of the mixture at a

k 1
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given temperature (Dalton's law); k is the Boltzmann constant. When using the operator relation
(10), equation (26) can be given the form:



N
N


du
2


    Jq  pv   J k  k  1 2 v k    τ k  v k  .
dt
 k 1


k 1 



(26*)

Potential energy balance. Multiplying the non-discontinuity equation (7) for the substance
k by k , summing over k and using (19) and (23), we obtain the equation for the local balance of
the potential energy  of the mixture in the form
N
N
N





(27)
()    v    k J k      k fk  v k    k  k .
t


k 1
k 1
k 1


If we turn to equation (6), then such a comparison allows us to conclude that the first term
on the right-hand side of (27) should be considered as a term corresponding to “external”
sources, and the second term should be considered a term corresponding to an “internal” source

of potential energy. Note that the density of the internal source (i)
 

N

 k k vanishes in all

k 1

those cases when, due to chemical reactions, the equality
N

 k kj  0 ,

( j  1, 2,..., r ).

(28)

k1

The fulfillment of this equality for the gravitational field is ensured by the conservation of mass.
Taking into account the condition (i)
  0 , the substantial form of the balance equation for the
potential energy of the mixture takes the form



N
N


d


     k J k   v  f   fk  J k .
dt
 k 1

k 1



(27*)

Equation of the balance of the kinetic energy of the mixture. The derivation of the equation for the balance of kinetic energy is carried out as follows. Let us preliminarily rewrite the
equation of motion of a multicomponent medium (15) in the form
N

N


(

v
)



(

v
v

τ
)


p

  t k k
 kfk ,
k k k
k 

k 1
k 1

(29)

or in substantial form
(k)
N

 d vk 

τ
f



p






  k dt 
 k vk .


k 1 
k 1

N

(30)

Here d( k )/ dt is the total time derivative (substantial differential operator) for the component k ,
which is determined by the relation
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 (..)

d( k ) (..)
d(..)
 k 
 v k  (..)    k
 J k  (..) .
dt
dt
 t

Note that in deriving (30) we used the identity
  (k v k v k )  k (v k  v k )  v k   ( k v k ) 
k

 k (v k  v k )  v k  k / t  k 

(31)

(32)

Now multiplying equation (30) scalarly by v  v k   k 1J k and taking into account definition
(31), as a result we obtain
N 

2
 N
N
 d( k ) v



 d vk / 2 

k  1  v 2   v   p    τ  f 


J


v
  k dt   k  dt
 k k  . (33)
k 
2




k 1 
k 1





 k 1
Finally, for the final derivation of the equation for the balance of specific kinetic energy, we
calculate the substantial derivative with respect to time duK / dt , using equations (11) and (33)

for this; as a result we will have
2
2

N
duK
d  vk  N vk

  k

 k    Jk  
 2   2
dt
dt
k 1

 k 1
(k)
N


1 N
2
 d vk k

     J k v k    J k  

J k   v   p    τ  f  .
2
2

2k 
 dt

 k 1
 k 1


(34)

Mechanical energy balance for a mixture. Let us define the total mechanical energy per
unit mass of the mixture as the sum of kinetic energy uK (x ,t) and potential energy (x ,t ) . Adding (27*) and (34), we obtain the following equation of the substantial balance of the quantity
um(x ,t)
N


dum
2


     J k  1 2 v k   k   
dt

 k 1 


 d( k ) v

N
N


k  f  1  1
  Jk  
(



)(

)
v
v

k
k
kj
jk
k
j   v  p  v  (  τ) .
2
 dt

k 1
j 1
When writing this equation, the transformation was used



1

1

N

2



k 1

2
 k 2  k J k  1 2

N



2
 J k    k J k ( kj   jk ) 
 j 1

k 1
N

N

J
Jj  N


1

1

1
k
 ( kj   jk ) 
    J j k  j ( kj   jk )  
J 
2  k  k
  k  j  j 1
 j 1

k 1


N
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N
 1

(   jk )( v k  v j )  .
J  
(36)
2  k  k  kj


k 1
j 1
The internal energy balance equation for a medium. Subtracting equation (35) from
equation (26 *), we find the internal energy (x ,t ) balance equation in the following form:
N

1



 d( k ) v

N
N  
d
kj
jk


k  f   1 τ   1
   Jq   J k 
(

)
v
v
k
k
k
k 
k
j 
dt
2
 dt

k 1
j 1
N

 p  v   τ k: v k .

(37)

k 1

By the way, we note that the above phenomenological derivation of the balance equation for the
specific internal energy of the mixture (when taken into account in the kinetic energy of diffusion) was not previously known (see the remark on p. 119 in the cited monograph I. Gyarmati[14]).
3. THE PRODUCTION OF ENTROPY IN REACTING MIXTURES
AND LINEAR KINEMATIC CONSTITUTIVE EQUATIONS
If we put in the general balance equation (6) a  S , Ja  Js and, a  S then we obtain the
local equation of the balance of the entropy of the mixture, the substantial form of which will
have the form:
dS
(38)
    JS  S  0 ,
dt
where S (x ,t) and JS (x ,t) are the intensity of the "source" and the flux of entropy, respectively. To find an explicit form for these two quantities, we substitute in the fundamental Gibbs
equation (5), previously written along the trajectory of the center of mass of the physical elementary volume and taking the form

dc
dS d
dv N
T
  p   k k ,
dt dt
dt k 1
dt

(39)

derivatives d / dt , dv / dt and dc k / dt ,taken from equations (37), (10) and (11), respectively. As
a result, we get



N

 
dS


    J q    k J k  / T  
 
dt

k 1
 



r
k 

1  N
T N



T




:


J
A
J
Λ
J
τ
v
 k  k

 q
k
k  j j   S .
T  k 1
T 
T

k 1
j 1


Here the so-called chemical affinity for the j-th reaction is introduced, defined as follows:
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Aj (x ,t) 

N

  k k

( j  1,..., r) ,

(41)

k 1

and thermodynamic forces

Λ k (x ,t )  fk 

N
d( k ) v k
  k 1  τ k  1 2  k 1  ( kj   jk )(v k  v j ) .
dt
j 1

(41*)

It should be noted that in the general case, energy dissipation T S (x ,t)  0 , which is a bilinear
positive definite quantity, is determined by a set of generalized thermodynamic flows
(x ,t)
and the corresponding generalized thermodynamic forces (x ,t )

T S ( ,

)

f



j 1

j

j

,

(42)

where f is the number of independent scalar flows j (x ,t) and forces j (x ,t) [10]. In this case,
thermodynamic flows and forces can be defined, generally speaking, in different ways. It is only
necessary that they be coupled to each other by relation (42). The choice of their type in each
specific case depends on the convenience of considering the problem. A consequence of the absence of interference of flows and thermodynamic forces of different tensor dimensions in an
isotropic system (Curie principle) is the fact that vector phenomena of diffusion and heat conduction can be considered independently of scalar or tensor phenomena. In this work, we will
focus on the derivation of the constitutive relations only for vector phenomena.
For energy dissipation due to diffusion and thermal conductivity, we have the following
expression

T S (x ,t)   Jq  Xq 

N

 Jk Xk ,

(43)

k 1

where

1
(44)
T , Xk (x ,t )  Λ k  T  k , ( k  1, 2,..., N ).
T
T
In order to be able to compare the constitutive relations (derived further by methods of
nonequilibrium thermodynamics) for the thermodynamic flows of diffusion J k (x ,t) and heat

X q (x ,t)  

Jq (x ,t) with analogous relations obtained by gas-kinetic methods (see, for example, [2,3]), we

express gradients of chemical potentials  k (x ,t) through gradients of thermo-hydrodynamic parameters. Considering further the multicomponent medium as a non-ideal system, we write down
the chemical potential  k (x ,t) per unit mass of the component k in the form [20].

 k (T, p,xk )  k (T , p) 
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where k (T , p) is the chemical potential of the pure component k at a given temperature T and
pressure p ; ak  xk  k ,  k (T, p, xk ) , nk , xk  nk / n  activity, activity coefficient, number density and molar concentration of the k-th component, respectively; n 

N

 nk is the total numeri-

k 1

cal density of the system. For imperfect mixtures, activity ak  ak ( p, T , xk ) is determined from
theory or experiment in the same way as function k (T , p) .
If we now use the well-known thermodynamic relations [20]

  k 
  k 
hk

  2, 
 
T
 T T  p
  p T

vk
,
mk

( k  1, 2,..., N ),

(46)

we get

h
  k  k T (ak )p ,T vk
T   

p  k T ,
ak
mk
T
 T  mk
Here,

( k  1, 2,..., N ).

(47)

vk (x , t) and hk are respectively the partial specific volume and specific enthalpy of the k-

th component. Substituting (47) into (44) and (43), we find

T S (x ,t)  q  Xq 

N

 Jk Xk ,

(48)

k 1

where

vk
hk
kT

X k (x , t ) 
T  X k (x ,t ) 
(lnak )p ,T 
p  Λ k ( k  1, 2,..., N ).
T
mk
mk

(49)

Phenomenological relations for flows through forces for a multicomponent medium. In
states close to equilibrium, flows can be represented as linear functions of forces (the main postulate of thermodynamics of irreversible processes):

q (x ,t) 
J
k (x ,t) 


00 Xq 

k 0 Xq 

N



j 1

N



j 1


oj X j ,

kj X j ,

(50)
( k  1, 2,..., N ).

The indices here  ,   1, 2, 3 refer to a rectangular coordinate system. Kinetic coefficients

(51)

kj

( k , j  1, 2,..., N ) are tensors that depend on the defining parameters characterizing the geometric symmetry of the medium. In what follows, we will consider isotropic media with respect to
the full group of orthogonal coordinate transformations. According to the general theory of ten-
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sors [12], the symmetry properties of isotropic media are fully characterized by the metric tensor
g  ; all tensors will be tensor functions of the metric tensor only:


kj  kj g ,

( k , j  0,1, 2,..., N) .

For an isotopic medium in a rectangular coordinate system

1,   ;
g     
 0,   
and the phenomenological equations connecting thermodynamic flows and forces take the form
N

q(x ,t)  00Xq   0 j X j ,

(52)

j 1

N

J k (x ,t)  k 0Xq   kj X j , ( k  1, 2,..., N ).

(53)

j 1

Once linear relations (52) and (53) are postulated, Onsager's theorem gives
kj   jk , ( k , j  0,1,2,..., N) .

(54)

A number of additional relationships follow from the fact of the independence of forces [10]
N

 kj  0,

( k  0,1, 2,..., N) .

(55)

j 1

Thus, ( N  1)2 of the coefficients, there are 1 2 N(N  1) independent phenomenological coefficients ij (i , j  0,1, 2,..., N) .
Diffusive thermodynamic forces. For further purposes, it is convenient to material relations
(52) and (53) for thermodynamic flows q(x ,t) and J k (x ,t) can be written using some other linearly dependent vectors d(ka) (x , t), closely related to X k (x , t) . This can be done, for example, as
follows: put d(ka) (x ,t)  k X k / p  k K / p and define a vector K common for all components k
from the condition
N

 d(ka)(x ,t)  0 ;

(56)

k 1

then, taking into account (49), we obtain
N
 kT
 1
vk
K   ck X k   ck 
(lnak )p ,T 
p  Λ k   p   ck Λk . (57)
m
 
mk
k 1
k 1  k
k 1

When writing (57), the GibbsDuhem relation was taken into account for the case of constant
pressure and temperature
N

N
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N

N

(lnak )p ,T

k 1

k 1

mk

0

 k (k )p,T  k T  k

N

 p  x j (lnak )p ,T
k 1

N

and the property

 nk vk  1 for partial specific volumes vk

(see [10]; p. 225).

k 1

Using (49) and (57), vectors d(ja) (x ,t) can be given the form:

cj
cj
d(ja) (x ,t)  x j (lna j )p ,T  nj vj lnp  Λ j 
p
p

N

 k X k .

k 1

If we now exclude vectors X k (x ,t ) from this formula using expression (49), then as a result we
will have

d(ja) (x ,t)  x j (lna j )p ,T



nj vj  c j
p

p 

N

cj 
 Λ j   k Λ k  , ( j  1, 2,..., N) .

p
k 1



(58)

These vectors are usually called the diffusive thermodynamic forces of the component (see, for
example, [3,6]).
Finally, the vectors d(ka)(x ,t) written taking into account expressions (42) take the following
final form

d(ka) (x ,t) 

(k)
N (   )
1
kj
jk
 d vk
τ
f







(v k  v j )  .
 k
k
k k 
2
p
dt
j 1


(ak )p ,T

 pxk
 nk vk p 
ak



(59)

When writing this expression, we used, following from (30) and (42), the transformation
N

 k Λ k 

k 1

N

N 


N (   )
d( k ) v k
kj
jk









(

)
f
τ
v
v
  k k k dt
k 
k
j   p 
2

k 1 
j 1

N N (   )
kj
jk

  vk k   
k 1

k 1 j 1

2

(v k  v j )  p 

N N (   )
kj
jk



k 1 j 1

2

(v k  v j )  p .

Regarding expression (58) for vectors d(ka) , it is important to note the following. In the case
when the contribution of the kinetic energy of diffusion to the mechanical energy of the mixture
(in this case Λ k  fk ) is not taken into account, and the multicomponent medium is a mixture of
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ideal gases (for which ak  xk , p  k Tn the partial molar volume is also vk  1 / n ), this expression is reduced to the form


N

  fk    j fj 


j 1


widely used in the kinetic theory of multicomponent gases [2,3].
Further, for brevity, in expression (59), we will further use the notation
(ak )p ,T
 a pk  p k
 nk vk p .
ak
x c
c
d k  xk  k k  p  k
p
p

(60)

Substituting now vectors X k  p d(ka)/ k  K into equations (52) and (53) and taking into account relations (55), we obtain the transport equations in the form:
N 
q(x ,t)  00Xq  p  0 k d(ka) ,

k 1 k
N 
jk

J j (x ,t)   j 0Xq  p 


k 1 k

(61)

d(ka) , ( j  1, 2,..., N ).

(62)

We now use property (56) for vectors d(ka) and relations (54) and (55), introduce (by analogy
with the kinetic theory of gases) generalized diffusion coefficients Dik , generalized thermal diffusion coefficients DiT and a coefficient through which the thermal conductivity coefficient 
will be further expressed  . Then
N

q(x ,t)  T  p  DTkd(ka) ,

(63)

k 1
N

Ji (x ,t)  i DTi lnT  i  Dikd(ka) , ( j  1, 2,..., N ),

(64)

where, by definition, it is assumed
  00 / T , DTk  0 k / k  k 0 /  k , ( k  1, 2,..., N ),

(65)

k 1

Dik  Dki  pik / ik , (i , k  1, 2,..., N) .

(66)

According to relations (55) connecting the kinetic coefficients 0k and ik , the generalized diffusion and thermal diffusion coefficients introduced by us are linearly dependent:
N

 k DTk  0 ,

k 1

(1)

N

 k Dki  0 ,

k 1
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Thus, we have 1 2 N(N  1) independent multicomponent diffusion coefficients Dij , which, together with independent thermal diffusion coefficients and the coefficient, will give independent
transport coefficients in accordance with the general Onsager theory (see (52)-(55)). Expressions
(63) and (64) in the particular case of ideal mixtures identically coincide with similar relations
obtained phenomenologically, for example, in the monograph [13].
Thermal diffusion relations. It is known that thermal diffusion is an effect of the second
order of smallness, important only in those cases when there is a large difference in the masses
involved in the transfer of components. For further purposes, it is convenient to introduce new
transfer coefficients to describe the effects of thermal diffusion  the so-called thermal diffusion
ratios k T (x , t) :
N

 Dki kTk  DTi ,

( j  1, 2,..., N) ,

(68)

k 1

N

 kTk (x , t)  0 .

(69)

k 1

Thermal diffusion ratio kTk (x , t) characterizes a measure of the relative importance of thermal
diffusion in relation to ordinary diffusion. Due to the correlation (67(2)), the determinant of the
coefficients of the system of equations (68) vanishes. The only solution to the system of homogeneous equations corresponding to equations (68) is the N -component vector of mass concentrations c   / , but, according to (67(1)), this vector is orthogonal to the N -component vector of thermal diffusion coefficients. Thus, equations (68) have a solution in the form of a certain
vector kT with components kTj (x , t) ( j  1, 2,..., N) determined up to some arbitrary constant
multiplied by  k ; condition (69) ensures the uniqueness of the vector kT .
When using coefficients kTj , expression (64) for the diffusion flux Ji (x , t) can be written in
the form of the following generalized Fick's law:
N

Ji (x , t)  i  Dik  d k  kTk lnT  ,

(i  1, 2,..., N) .

(70)

k 1

We now make the following important remark regarding relation (63) for the heat flux
q(x , t) . The coefficient  cannot be determined as a result of direct experimental measurement,
since the temperature gradient in the gas mixture causes thermal diffusion and, therefore, leads to
concentration gradients. Therefore, even in stationary processes, the vectors d(ka) are not equal to
zero, which means that the heat flux due to the temperature gradient is always accompanied by
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the heat flux due to the concentration gradients. Using relations (64), (66), and (70), it is possible
to express vectors d(ka) in terms of diffusion fluxes and temperature gradient:
N

 DTk d(ka) 

k 1

N
 1

( a)

.
D
k
k
D
lnT
d


J


  kj Tj k
 Tj   j Tj

k 1 j 1
j 1
 j

N

N

(71)

Substituting this expression in (63), we obtain the defining relation for the vector of the reduced
heat flux in the form
N k
Tk J ,
q(x ,t)  T  p
 k
k 1 k



(72)

where (x , t ) is the true (molecular) thermal conductivity coefficient of the multicomponent mixture,
N

(x , t)    k n  kTj DTj .

(73)

j 1`

It is this coefficient that can be directly measured experimentally in a stationary system, since in
the stationary case all diffusion fluxes J j (x , t) are equal to zero when the gas as a whole is at rest.
Finally, it follows from (70) and (72) that the contribution of the effects of heat conduction and
diffusion to expression (43) for the rate of entropy appearance is
(vektor )



N N





(S)    ln T  p   Dkj d(ka) kTk  ln T  d(ja) kTj ln T  0 .
2

k 1 j 1

(74)

From the condition that one of the terms can be equal to zero, while the others are not equal to
zero, it follows that the coefficient of thermal conductivity   0 , and for the coefficients of multicomponent diffusion, the inequality
N

N

  Dkj y k y j  0

(75)

k 1 j 1

for any vectors y j satisfying the condition  y j  0 . From the properties of a nonnegative defij

nite matrix of coefficients Dkj , one can indicate the following Sylvester conditions: Dkk  0 
non negativity of all elements of the matrix Dkj on the main diagonal Dkj Djk  Dkk Djj ; (each
minor of a nonnegative definite matrix Dkj containing elements of its main diagonal as its own
main diagonal must also be nonnegative), etc. Within the limits of these limitations, the diffusion
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coefficients Dkj vary in a very wide range of values in accordance with the degree of connection
between the processes of heat and mass transfer.
4. STEFAN-MAXWELL RELATIONS AND HEAT FLUX
FOR MULTICOMPONENT NON-IDEAL MEDIUM
The use of constitutive relations (64) for diffusion fluxes J k (x , t) in the general multicomponent case is extremely difficult, since in the literature, with rare exceptions, there is no practical
information on the generalized coefficients of multicomponent diffusion Dkj (x , t) , and the existing experimental data refer mainly to diffusion coefficients in binary gas mixtures

kj (x , t ) .

At

the same time, the gas-kinetic theory of mixtures gives extremely cumbersome formulas connecting the diffusion coefficients Dkj (x , t) with binary coefficients kj (x , t ) for various pairs of
mixture components. These formulas are usually difficult to use when solving specific problems.
In addition, the system of diffusion equations obtained after substitution J k (x ,t) from (64) into
balance equations (11) turns out to be unresolved with respect to the higher derivatives. As is
known, the numerical implementation of such systems is fraught with certain difficulties. Therefore, when analyzing diffusion processes in multicomponent gas mixtures, a different formulation of the problem is often advantageous, when constitutive relations (64) for diffusion flows
J k (x ,t) are used in a form that is resolved with respect to diffusion thermodynamic forces
d k (x , t) through flows J k (x ,t) . Such an inverse transformation can be written in the form of the

so-called generalized StefanMaxwell relations, which, instead of generalized coefficients of
multicomponent diffusion Dkj (x , t) , include molecular diffusion coefficients in binary gas mixtures

kj (x , t ) .

Generalized StefanMaxwell relations. For the phenomenological derivation of the StefanMaxwell relations, let us solve equations (61) and (62) with respect to generalized thermodynamic forces
T
,
0  Xq  
T

i

 Xi   p

d(i a)
i

, (i  1, 2,..., N)

(76)

through flows q(x ,t) and J k (x ,t) (1, 2,..., N) . In relations (61) and (62), only N independent
equations, since
N

 Jk  0 ,
N

k1
N

 k 0  0 ,  kj  0 ,
k1

(77)
( k  1, 2,..., N ).

(78)

k1

Therefore, we omit the last equation from system (62) and write relations (61) and (62) in the
form
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q  00 q 
J j   j0 q 

N 1

N 1

 0k (

k 1

  jk (

k 1

k

k

N) ,

(79)

N) ,

( j  1, 2,..., N  1 ).

(80)

Solving system (80) with respect to ( k  N ) ( j  1, 2,..., N  1 ), we find
j

N 

N 1

  jk (Jk  k 0

k 1

0 ), ( j  1, 2,..., N  1) ,

(81)

where the elements of the inverse matrix  jk satisfy the relations
N 1

1, i  j ,
i  j.


 ik kj  ij  0,

k 1

(82)

The symmetry of the coefficients ij implies the symmetry of the coefficients ij :
ij = ji , (i , j  1, 2,..., N  1) .

(83)

From relation (79), using (81), we find


N 1 N 1


q  0 0    0 k kj  j 0 


k 1 j 1



0

N 1  N 1



j 1  k 1



   0 k kj  J j .

(84)

Multiplying each of the equations (81) by ci and summing them from 1 to ( N  1) , we find

 N 1


(85)
 c j jk k 0   J k   c j jk  ,
N  0 
k 1 j 1
k 1
j

1


N 1  N 1

N 1  N 1





c





c



   j jk ik  J k , ( i  1, 2,..., N ). (86)
i
0   j jk
ik k 0


k 1  j 1
k 1  j 1


The force can be found from expression (84). Equations (85) and (86) represent the sought inversion of relations (62).
In order to write these equations in the form of generalized Stefan - Maxwell relations with
symmetric coefficients, we add to equations (84), (85), and (86) equation (77), respectively multiplied by the constants a0 , aN and ai (i  1, 2,..., N  1) , and determine the free parameters a0
N 1 N 1

N 1

and ai from symmetry conditions for the coefficients ik  ki . For this, it is necessary to put
N 1 N 1

a0   

k 1

 c j jkk 0 ,

j 1
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ai  aN 

N 1

 ckki ,

(i  1, 2,..., N  1) .

(88)

k 1

Then we get
N



q  00 0 

0 k Jk ,

(89)

k1

 i  i0 0 

N



ik J k ,

k 1

(i  1, 2,..., N) ,

(90)

ik are

where the coefficients

00  0 0 

N 1 N 1

  0 kkj j 0 ,

k 1

(91)

j 1

N 1 N 1

0 N = N 0 = a0   

k 1

0 i = i 0  a0 

N 1



k 1

(92)

j 1


N 1





c

 0k  ki  j jk  ,
k 1
j 1



N 1

0 k ki 

ik = ki  aN 

 c j jk k 0 ,

N 1

 c j  ji   jk   ik ,

( i  1, 2,..., N  1 ),

( i  1, 2,..., N  1 ),

(93)

(94)

j 1

Ni = iN  aN 

N 1

 ckki ,

(95)

k 1

NN   aN ,

(96)

and the identity
N

 ck

1

k 0  0.

(97)

ik (i , k  0,1,..., N) are

determined to within a constant aN , which, generally speaking, can be chosen arbitrarily. Here we define it, assuming the flows
Ji (x , t) (i  1, 2,..., N) are arbitrary.
Thus, the coefficients

Let us rewrite relations (89), (90) in the form
0 

i 

i0
00

q

1

q

00

N


k1

N 

i 0 0k

k1 

00

 

0k J ,
k
00


 ik  J k ,
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Using identity (56), notation (76), and the arbitrariness of vectors J k (x ,t ), taking into account
(97) (99), we obtain
N

 ck

k 1

ki  0, (i  1, 2,..., N) .

(100)

Substituting the coefficients (94) and (95) into these relations, we find aN :
N 1 N 1

aN   

k 1

 ckc jkj .

(101)

j 1

Thus, the constants in (94)-(96) are completely defined in terms of the elements of the symmetric
matrix of phenomenological coefficients ij and the elements of the symmetric matrix ij inverse to it (see (83)).
Let us now bring expressions (90) to the form of the so-called generalized StefanMaxwell
relations for multicomponent diffusion. For this we read from (90) the corresponding equality
(100) multiplied by Ji /ci , then we find

 i  i0 0 

N

 k

k 1





ik w k  wi , (i  1, 2,..., N) ,

(102)

or in more familiar notation

d(i a) 
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i k



p
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i i 0 T
, (i  1, 2,..., N) .
p T

(103)

It remains to show that
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i0
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Using (92)-(97) and identities (101) for this, we find
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N 1

 N 1

k 1

 j 1



 0 k   c j jk  ik   

i0 .

(105)


Substituting (104) into (103) and using notation (65) for the thermal diffusion coefficients,
we finally find
d(i a) 









N  
N  
k i ik w  w  T
k i ik D  D ,
k
j
Tk
Ti
p
T
p
k 1
k 1





(i  1, 2,..., N) , (106)

which completely coincides for the case of ideal mixtures with the classical StefanMaxwell relations [6].
di 

N

nk ni







N

w k  w j  lnT 

2
k 1 n ik
if we identify the binary diffusion coefficients



nk ni



(107)
DTk  DTi ,
2
n
k 1
ik
ik of the kinetic theory with the expression

ik  k T / mi mk n ik .

Note that these coefficients are considered independent concentration

(108)

xk and there is no need to

calculate them from the properties of molecules. You can use the experimental values measured
on binary mixtures [7].
As noted above, very convenient parameters of thermodiffusion processes are thermal diffusion ratios kTk , which we define here through the phenomenological coefficients k 0 by the
formula
(109)
kTk   k k 0 / p .
Then, by virtue of (97), equality (69) holds. In addition, using transformation (105), as well as
definitions (108) and (109), it is easy to obtain the following system of equations
N



ni nk
2
ik n

k 1

 DTi  DTk   kTi (x ,t) ,

( i  1, 2,..., N  1 ),

for finding thermal diffusion ratios kTi through binary diffusion coefficients

ki and

(110)
thermal

diffusion coefficients DTi . Thus, the thermal diffusion ratios kTk introduced earlier by formulas
(68) and (69) completely coincide with the coefficients (109).
Finally, using formulas (108) and (110), we rewrite the generalized StefanMaxwell relations (103) for non ideal mixtures in the following final form:
N



ni nk

i 1 n

2

 vi  v k   kTk lnT  d(ka) ,

( k  1, 2,..., N ) ,

(111)
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This form of the StefanMaxwell relations, intended for finding the rates of relative diffusion, is
most convenient for solving hydrodynamic problems, since the transfer coefficients ki (x ,t ) and
kTk (x ,t) have much simpler expressions for practical calculation than the multicomponent diffu-

sion coefficients Dik (x ,t ) and thermal diffusion coefficients DTk (x ,t ) .
There is an interesting interpretation of the Stefan–Maxwell relation (111) as an equation of
motion for a separate component of a non ideal mixture (see, for example, "Note I" in the monograph by Chapman and Cowling [1]). In this case, collisions between the molecules of the k-ith
and i-th components lead to a force acting on each substance and tending to eliminate the relative
velocity ( vi  v k ) . Substituting (112) into (111), we obtain
k

N
d( k ) v k
 a pk    τ k   k fk   ik ni nk  vi  v k  
dt
i 1

1

N

2

 (ki  ik )(vi  vk )  k n kTi T ,

(113)

i 1

where ki  k T / n ki , and the parameter ki (x ,t ) (at least roughly) does not depend on the
proportions of the mixture [1]; the penultimate term describes the change in the momentum of a
component k during chemical reactions.
It should be noted that, in contrast to the analogous equation of motion obtained in the approximation of equal acceleration (when d( k )v k / dt  dv / dt ) by the methods of kinetic theory
in the monograph cited above, system (113) is a system of hydrodynamic equations of a nonideal
mixture with genuine inertial forces.
Full heat flux in ideal multi-component environments. From relation (89), taking into account (109), the expression for the reduced heat flux q(x , t) follows

q  00 0 

N



k 1

N

0 k J k  T  p  kTk w k ,

(114)

k 1

where by the formula

  00 / T
(115)
the so-called true thermal conductivity coefficient was determined, which is related to the previously introduced coefficient by the ratio
N

N

k 1

k 1

    k T  kTk DTk    k T 
N

Indeed, by virtue of (82), (91) and the transformation
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Hence, when using definitions (65), (109) and (115), expression (116) follows.
Thus, the total heat flux in multicomponent media can be written as



N 1

N

Jq  T  p  kTk k 1J k 
k 1

(117)

N

 hk Jk

(118)

k 1

in full agreement with the kinetic theory of gases [3].
Determination of multicomponent diffusion coefficients in terms of binary diffusion
coefficients. We now obtain algebraic equations that allow calculating multicomponent diffusion
coefficients through binary diffusion coefficients. It is easy to check that the relation
N



k 1; k  j





ji
kj ( k ij  ik )  i   c j , ( j , i  1, 2,..., N) .

(119)

Indeed, by virtue of (65), (66), (94), and (97), we have
N
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 N 1  N 1
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   j   kj ik  kNN    j   cl   lk ki    kj ik  



 l 1  k 1

 k 1

 k 1
 N 1 ki

  j   ck    ji   i ( ji  c j ) .


 k 1

When using the notation (66) and (108) for the quantities

ik  p/mi mk n

2

(120)
ik

and

ik  i k Dki / p , relations (120) can be rewritten in the form of the following equations
N



nk ni

 Dji  Dki    ji  ci , (i , j  1, 2,..., N) ,

(121)
n
k 1; k  j
ik
suitable for determining the multicomponent diffusion coefficients of a mixture
Dij (i, j  1, 2,..., N) through binary diffusion coefficients ik (i , k  1, 2,..., N) . Equations (121)
2

are linearly dependent (since their summation over leads to identity), therefore, one more equation should be added to them, namely (67(2)).
Then equations (121) and (67(2)) can be given the following form:
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N nn 
 i k
(122)

 i l  Djk  n2 ( ci   ji ) (i , j  1, 2,..., N) ,
ik
il
k 1 
l 1

k i 
l i

which is very convenient for practical calculations of multicomponent diffusion coefficients
Djk (x ,t) .

In the particular case of a mixture consisting of three components, equations. (122) allow
one to find the following expressions for the coefficients of multicomponent diffusion
2


2
2
n2  n1n3m3 23 31  n1n2m2 12 23  2  3  12 31 
,
(123)
D11 

n1 23  n2 31  n3 12
2n12 


2
2
n  n3m3 23 31  m2 (1  2 ) 12 23  m1(2  3 ) 31 11 

.
(124)
D12 

n1 32  n2 31  n3 12
2 

Expressions for the remaining coefficients can be obtained from (123) and (124) using the appropriate permutation of the indices.
It should be noted that relations of the type (111), (119), and (121) were first obtained in the
kinetic theory of gases of monatomic gases in the first approximation of the ChapmanEnskog
method in the well-known work [21]. Here, their phenomenological conclusion is given, and
thus the universal character of this kind of relations is established.

CONCLUSION
We have already noted that in the literature, when determining the internal energy balance
equation, they usually proceed from the law of conservation of the total energy of the mixture.
This is apparently due to the fact that the balance equations for mechanical energy are usually
derived earlier; and thus, it is possible to derive the equation for the balance of internal energy,
using only them. In other words, until recently, the literature was limited to mechanical balance
equations for energy quantities containing only the kinetic energy of the center of mass 1 2 v 2
and not including the kinetic energy of diffusion.
At the same time, the balance equations for the total specific kinetic energy of the system
1

2

 k k v k

2

can be written directly only when it can be derived from the balance equations

for the total momentum of the system. However, such a direct conclusion was not known until
recently. In this work, we managed to overcome this difficulty and, as a result, obtain the correct
balance equation for the correct value of the local internal energy for multicomponent systems.
Taking this equation into account, the generalized Stefan – Maxwell relations were thermodynamically derived, which are, in fact, a system of hydrodynamic equations of a mixture with
genuine inertial forces. In addition, it was possible to obtain thermodynamically a number of algebraic relations for the transfer coefficients, connecting, in particular, the thermal diffusion relations with the coefficients of thermal diffusion and multicomponent diffusion, true and partial
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coefficients of thermal conductivity, multicomponent and binary diffusion coefficients, which
indicates their universal character. The results obtained are intended for modeling liquid multicomponent non-ideal media, as well as gas-dust mixtures with a finely dispersed dust component.
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Summary. An approach to numerical simulation of three-dimensional electrical and
thermal fields in high-temperature superconductors is described. In such a semiconductor, the
phenomena of superconductivity are observed at high temperatures above the temperature of
liquid nitrogen. The absence of a generally accepted theory of superconductivity leads to the
need to study physical processes in semiconductor structures using mathematical simulations.
The main attention is paid to the calculation of temperature and electric current distributions
in large-size mesas with a self-heating effect. An efficient algorithm for solving the equations
describing these distributions is constructed. The basis of the algorithm is an adaptive
multigrid method on structured Cartesian grids. The adaptability is based on the Chebyshev
iterative method for constructing the smoothing procedures at each grid level and for solving
the coarsest grid equations. The adaptive technique allows us to realistically simulate the
anisotropic phenomena. The functionality of the algorithm is demonstrated along with an
example of solving an anisotropic model problem with discontinuous coefficients.
1

INTRODUCTION

This paper is devoted to a problem of numerical simulation of three-dimensional electrothermophysical processes in Bi-2212 semiconductors. In such a high-temperature
semiconductor (HTS), the phenomena of superconductivity are observed at high temperatures
above the temperature of liquid nitrogen, 77 K.
The absence of a generally accepted theory of superconductivity leads to the need to study
physical processes in semiconductor structures using three-dimensional numerical
simulations. In the Bi-2212 the superconducting and dielectric layers form anisotropic
structure with Josephson mechanism of the electric current through non-conducting zones.
The self-heating effect of the Bi-2212 is intensively studied; see for instance [1–5]. In the past
decade, significant progress has been achieved by the high-temperature superconducting
modelling community [6] to develop computational models for scientific investigations and
for constructing of practical engineering devices [7–14].
As a result, numerical simulation has been recognized as a powerful instrument for
investigating the electrical and thermal behavior of superconductors, and of HTS in particular.
For development of robust computational technique, we consider a mathematical model
that takes into account the nonlinear electrical and thermal interactions. The electrical and
thermal processes are modeled by a system of two coupled nonlinear differential equations for
the temperature and the electric field potential. Physical fields in superconductors are
anisotropic and of different scale nature. This is because the coefficients of thermal
2010 Mathematics Subject Classification: 35K05, 65M55, 82D55.
Key words and Phrases: Numerical simulation, High-temperature superconductor, Self-heating effect.
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conductivity and the electrical resistivity are highly anisotropic. These coefficients depend on
the temperature and the spatial coordinates. We take into account some typical formulas for
these coefficients and their temperature dependences.
Due to nonlinearities some local features can be created by current-conducting hot
channels. It is evident that efficient numerical models are needed to simulate these complex
anisotropic phenomena accurately, and a coupling of the temperature and electrical current is
critical. Calculations of such phenomena require the use of detailed three-dimensional grids
with the large number of nodes, up to 109 for complicated HTS devices.
The computational model introduced here is enabling us to model anisotropic phenomena
realistically. We numerically compute temperature and electrical current distributions in
mesas by solving jointly the non-linear heat conduction and potential equations with the
adaptive multigrid method.
For spatial discrete approximation we use a conventional seven-point discretization on
non-uniform Cartesian grids. As a result of discretization and linearization, the initial
boundary-value problem is reduced to a multiple calculations of the systems of the discrete
elliptic equations.
For solving these discrete equations we propose to apply the adaptive multigrid method. A
detailed presentation of this algorithm, which is a version of R.P. Fedorenko classical method
[15– 17], can be found in [18–23]. The adaptive multigrid is based on the Chebyshev iterative
method which is used for constructing smoothing procedures at each grid level and for
solving the coarsest grid equations.
This adaptation procedure exploits the power method for an optimal Chebyshev
polynomial. Convergence of such a power method is based on the property of Chebyshev
polynomials to grow rapidly outside the segment of least deviation from zero. This approach
provides an automatic adaptation during multigrid iterations.
Experimental and numerical researches of Josephson structures are carried out in Russian
and foreign scientific centers. In the Keldysh Institute of Applied Mathematics such a study is
being carried out on the initiative of Prof. V.M. Krasnov, an employee of the Laboratory of
Experimental Physics of Condensed Matter, Stockholm University. He deeply involves in
investigation of HTS structures, see [5, 9–13].
The paper is organized as follows. In Section 2 we introduce the mathematical model. In
Section 3 the finite-volume discrete model is presented. In Section 4 we describe application
of the adaptive multigrid method in relation to the considered problem. In Section 5 we
demonstrate the efficiency of the adaptive multigrid method as standalone solver for the heat
conduction equation with the constant highly anisotropic coefficients. The results of selfheating mesa computations are presented in Section 6. Some conclusions are given in the last
section.
2

MATHEMATICAL MODEL

Inside a solid body, which is the parallelepiped  = {( x1, x 2 , x 3 ) : l  x  l ,  = 1,2,3} ,
for simplicity, consistent temperature and electric potential stationary distributions are
searched. We denote a point ( x1, x 2 , x 3 ) in three dimensional space 3 as x , and as well as
( x, y , z ) .
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We use non-stationary formulation of the problem: in the parabolic cylinder
r  (t, x)  G  [t0 ; t f ]   ,   3 : the unsteady system of the coupled equations to find
steady–state distributions T ,  is considered
с(T )

T
   k (T ) T     (T )  ,
t


     .
t

(1)

Here k (T ) is the thermal conductivity tensor, с(T ) is the volumetric heat capacity and
 (T ) is the electrical conductivity tensor. Tensors k (T ) and  (T ) are assumed to be
diagonal with the elements  xx ,  yy ,  zz and  xx ,  yy ,  zz respectively. These elements are
given functions of temperature and coordinates. We specify time interval as [t0 ; t ] ,
t0  0, t   . In (1) the expression     reads as an inner product of vectors from
. For an inner product in the space of grid functions we use a notation (, ) .
At any time t  t0 , the functions T ( r ) and  ( r ) satisfy to a boundary condition (BC) on

3

the boundary  of the parallelepiped (on six faces x = l ,  = 1,2,3 ). A conventional
combination of BC types is possible.
For the temperature, either the Neumann condition T n = 0 at all boundaries is set, or
the Neumann condition is defined on the horizontal faces of the parallelepiped and the
Dirichlet condition rest T  TВ is set on the vertical faces. The Dirichlet condition simulates
constant cooling at some given temperature TВ , for example, TВ  10 K .
For the potential  , the Neumann condition  n = 0 at the vertical faces is set, and a
constant potential is maintained at the horizontal faces, upper and lower ones, i.e., the
Dirichlet conditions are specified.

 (t, x1, x 2 , l3 ) = 0.5U0 ,

 (t, x1, x2 , l3 )  0.5U0

(2)

with a given value U 0 . One can take U 0  1 V, for example.
At t  t0 , the initial conditions  (t0 , x1, x 2 , x 3 )  0 , T  T0 , where 0 , T0 are the given
functions or given constants, for example, T0  TВ , 0  0 . One can take the linear
distribution of the potential along the vertical coordinate z 3 :

0 





U0
U
z 3  l3  0

2
 l3

l3

It is impossible to solve the equation for potential and for temperature independently,
because the electrical conductivity    (T ) depends on the temperature significantly, and
the intensity of heat release in a unit volume, i.e. the heat source q     (T )  , is
nonlinear function of T ,  . The function q(T , ) simulates the heating of a substance by an
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electric current flowing in the sample. The presence of the time derivatives in the system (1)
means that the stationary solution is computed by a time-stepping procedure.
For a model problem of HTS, the resistivity components  xx ,  yy ,  zz , Ohm  m , can be
given in the form
 300 
,
 150  T 

 xx   yy  0 exp 

 zz  a  xx .

(3)

The diagonal elements of the electrical conductivity tensor  xx ,  yy ,  zz , Ohm1·m1 ,
have the form  xx  1  xx ,  yy  1  yy ,  zz  1  zz . The components of the thermal
conductivity tensor  xx ,  yy ,  zz , W m1K 1 , are set for the model case in the form

 xx   yy  k0T ,  zz   xx k1 with some empirical parameters k0 , k1 . The empirical
formulas for the electrical and thermal conductivities are presented in Section 6.
The volumetric heat capacity c(T ) , J (m3K ) , of a superconductor is set as a function of
temperature T and density  : c(T )  c0  T 2  ,

c0  103 . This function is determined by

the specific heat cm , J /  kg  K  , and density  : с(T )  cm (T )   for the superconductor

Bi-2212, one can take the density   6  103 kg m3 .
The dependencies (3) are of a model nature. In the vicinity of the critical temperature
Tcrit  85 K of the superconducting transition, the actual behavior of electrical conductivity,
thermal conductivity and heat capacity is more complicated.
After finding the steady-state solutions T ,  we compute the electric field E =   and
the electrical current density vector
J =  E =  .

(4)

There are semiconductor structures of different geometric complexity. А description of the
realistic mesa-type Bi2212 can be found in [12].
In this paper, we focus on temperature and current distributions in mesas with a selfheating effect; see [1–7, 11]. It is difficult to experimentally obtain current and temperature
distributions in mesas, therefore high performance computer simulation is required. For this
purpose we develop an algorithm and computer code for numerical calculation of these
distributions by solving the non-linear system (1).
In this paper we present the basic elements of our numerical model for the case of a
rectangular parallelepiped. Below we briefly give a scheme of the adaptive multigrid
algorithm on structured Cartesian grids, see [18–23].
3

DISCRETE MODEL
We consider a model mesa as a parallelepiped  of sizes l x  l у  lz . Typical values are

lx  3, l у  1.5, lz  0.02 and lx  50, l у  50, lz  1 , m , for small-size mesa and

large-size mesa respectively. We map this parallelepiped into the unit cube   [0; 1]3 with
corresponding scale of the coefficients of the governing system.
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In  we introduce a Cartesian grid h  {xn , 0  n  N } with the grid boundary  h .
The grid h is non-uniform in each coordinate direction with the number of cells N x , N y , N z
respectively and depends on a parameter h which characterizes the average cell size. The grid
nodes are denoted as ( xi , y j , zk ) , or (i, j, k ) , where i = 0,..., N x , j = 0,..., N y , k = 0,..., N z .
The grid functions T ,  , the coefficients of equations, residuals of the equations and etc.
are determined at the grid nodes of h . We construct a node-based discrete scheme with
finite-volume method. For this purpose we integrate the original equations over each dual
volume [ xi 1/2 ; xi 1/2 ]  [ y j 1/2 ; y j 1/2 ]  [ zk 1/2 ; zk 1/2 ] associated with (i, j, k ) –node
excluding the Dirichlet type nodes. If a grid index goes beyond values 0, N x , N y , N z , then
such an index takes the closest value from i  0,..., N x , j = 0,..., N y , k = 0,..., N z .
areas of six faces of the dual cell (i, j, k ) are denoted as
Si 1/2, j,k , Si, j 1/2,k , Si, j,k 1/2 and the cell volume is demoted as Vi , j ,k . Evidently that
The

Vi , j ,k  0 for the Dirichlet type nodes. The grid function space U h is defined in the standard
manner with the inner product

(u, w) =

 ui, j,k wi, j,kVi, j,k ,
i , j ,k

and the corresponding grid L2  norm. Here, the sum is taken over all grid nodes.
On the space U h we introduce the discrete operators LTh and Lh which approximate the
linear differential operators LT     and L     with the second order accuracy
on smooth functions, taking into account the boundary conditions. Here, the coefficients
 ,  are known functions of the spatial coordinates and they are determined by the
temperature from the lower time layer. In 3D space the operators LTh and Lh are constructed
using a finite-volume 7-point discretization. They are self-adjoint with non-negative
eigenvalues. We suppose that some estimates for the bounds of the spectrum min  0 and
mах of each operator are known; these estimates can be calculated in a few simple cases
[24]. In general cases, an estimate for mах is obtained with Gershgorin’s circle theorem for
estimating the eigenvalues of a matrix [25].
We introduce the semi-discrete approximation of the initial-boundary value problem (1) in
an operator form:

T
 LTh  T  f ,
t

(5)


 Lh    g .
t

(6)

c

We assume that the boundary conditions are taken into account with the definition of the
operators LTh , Lh and the right-hand side functions f , g .
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The values of a grid function u at the time layer tm is denoted as um . The transition from
the layer tm to the layer tm 1  tm   can be implemented in different ways. We write the
convenient first order implicit scheme for the system (5) –(6)

Tm 1  Tm



1
1
 LTh  Tm 1  f m ,
с
с

m 1  m 
 Lh  m 1  gm .


(7)
(8)

The right-hand sides in these equations are taking into account the Dirichlet boundary
conditions in nodes adjacent to the Dirichlet type nodes. The grid function f m includes the
heat source

qm  q(Tm ,m )  m   (Tm ) m ,

(9)

which arises from Joule-heating effect.
This implicit linear scheme can be written as a system of two operator equations

 I    C 1LTh  Tm1  Tm   C 1 fm ,
 I    Lh m1  m   gm ,
where I is the identity grid operator, C  c(Tm ) I . We rewrite this system as two linear
systems
Ah uh = f h ,

(10)

Bh vh = gh .

(11)

The operators Ah   1I  C 1LTh and Bh   1I  Lh are N  N –matrices, uh , vh are the
seeking functions, f h   1Tm  C 1 f m , gh   1m  gm are the given grid functions.
Each of the equations (10) and (11) can be solved separately at each time step.
Recalculation of the source (9) at each time step, as well as the coefficients of thermal and
electrical conductivities, couples these equations. For convenience of description, we rewrite
each equation in a compact form
Au = f ,

(12)

where A is a self-adjoint positive definite operator, corresponding to Ah or Bh .
We describe the spatial discretization of the governing equations using their representation
in a more convenient form:


 =1 x
3



u 

 A    A0 u = f .
x 
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Here

are

A0 , A1, A2 , A3, f

the

given

non-negative

functions

of

coordinates

( x1, x 2 , x3 )  ( x, y, z ) . In a discrete model the coefficients A0 , A1, A2 , A3 are calculated at grid
points. To calculate the fluxes, the coefficients A1, A2 , A3 are additionally calculated on the
1
1
1
faces of the dual cells {i  , j, k}, {i, j  , k}, {i, j, k  } , i.e. on the faces passing
2
2
2
through the centers of the geometric mesh cells [ xi ; xi 1]  [ y j ; y j 1]  [ zk ; zk 1] and the
middle of the edges; denote these coefficients as A1i 1/2, j , k , A2i , j 1/2, k , A3i , j , k 1/2 ,
respectively. Each of these coefficients is calculated as the harmonic mean of the
corresponding nodal values.
One considers the discretization of the heat source (9)

q     (T )  


 
 

 1

2

3
 q x  q y  qz .
x
x y
у z
z

(14)

The grid approximation of the function q is calculated at all nodes, except the Dirichlet
type node for the heat equation. In the considered case, the Dirichlet BC is given only at the
faces k  0 and k  N z . For  x in each grid node (i, j, k ) with the index 0  i  N x we
have

x

 ( xi 1, y j , zk )   ( xi 1, y j , zk )
xi 1  xi 1

.

Therefore for such a (i, j, k ) –node

qх

1  xi , y j , zk 

2

  ( xi 1, y j , zk )   ( xi 1, y j , zk ) 

 .
xi 1  xi 1



At the faces i  0 and i  N x we have prescribed the BC  x  0 , therefore qх  0 at
these faces. At the nodes (0, j, k ) and ( N x , j, k ) , the terms q y and qz are written in the same
way. On the edges of the cube, which shares two faces with the Dirichlet and Neumann
conditions, the Dirichlet condition has priority. The discretization of the terms q y , qz is the
same in the interior nodes. At the faces z  0 and z  N z we have prescribed the Dirichlet BC
(2) for the potential and the Neumann BC for the temperature. Therefore the source function
(14) must be computed at these faces. To provide such a procedure we discretize  z by
the convenient three-point difference derivatives with second order of accuracy.
For linear equations the implicit scheme does not require any restriction on time step size.
But in our nonlinear case the choice of the time step size  is limited by an empirical rule: the
growth of the heat source q  q(T , ) must be restricted. We require qm 1  qtol qm for
transition from the layer tm to the layer tm 1  tm   with a given tolerance qtol .
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4

GENERAL SCHEME OF THE ADAPTIVE MULTIGRID METHOD

This section briefly presents the results of the development of the classical multigrid
method [15-18, 21] in relation to the described problem. We assume that the system (12) is
the result of the grid approximation of the boundary value problem for the equation (13).
Various iterative methods are usually used to solve such a system. Size of these systems
N  N x  N y  N z effects on the efficiency of the methods, and a value N can be very large.
Additional difficulties arise from anisotropy, which is also characteristic of the problem under
consideration (1).
For elliptic differential equations the multigrid method [15-17] is theoretically optimal: the
computational complexity of the method grows linearly with an increase of unknowns. Its real
efficiency depends on the implementation of the algorithmic elements. The main elements are
intergrid transfer operators, smoothing operators and procedures for solving the coarsest grid
equations. In this paper, we summarize the main elements of the multigrid method and the
principle of automatic adaptation during multigrid iterations. Detailed information can be
found in [18-23].
Every multigrid iteration step consists of the transition from a fine grid level to the next
grid level up to the coarsest grid and back ( V – cycle). It is convenient to represent the
multigrid method in a two-grid representation, describing the transition from a fine h –grid to
a coarse Н – grid. We rewrite the initial system of discrete equations at a fine grid level as
Ah uh = f h .
On the coarse grid level, a correction system in the form AH wH = g H is constructed. We
construct the operator AH with discretization on the Н –grid. The right-hand side g H is the
constraint of the residual gh  f h  Ah uh on the coarse grid, i.e. g H  R gh . Here P and R
are the interpolation and projection operators, they are conjugate, R  P* . The operator P
can be constructed with the trilinear interpolation. Along with a trilinear interpolation, we use
an approximate solution of the local discrete boundary value problem. Such operators P and
R provide a problem-dependent intergrid transfer and they provide robustness of the
multigrid method for discontinuous coefficient equations, see [18].
In the two-grid representation the error propagation operator can be write as
Q = S p ( I  P AH1R Ah )S p ,

(15)

where I is the identity operator, S p is the smoothing operator. The given two-grid algorithm
is recursively generalized to an arbitrary of grid levels.
Smoother procedure S p plays a key role in the multigrid efficiency. We propose to
construct an explicit iterative Chebyshev smoother providing the ability to adapt during the
multigrid iterations, see [21, 22]. This adaptive smoother can be explained together with the
coarsest grid solver for the linear system AH  y = g H with g H  R  ( gh  Ahuh ) .
For generality we consider a linear system (12) with self-adjoint and positive definite
matrix A . To solve this system, one can apply the explicit Chebyshev iterative method [24]

u j = u j 1   j ( f  A  u
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with an optimal set of parameters {  j } and an initial guess u 0 . Here j  1, ..., p is the
iteration number, and p is a priori defined by the condition to reach a prescribed relative
accuracy  : || rp ||<  || r0 ||, where r0 and rp  f  A  u p are the initial and final residuals.
The number p depends on  and the number   min max according to the formula



 

p  p  ,   ln  1   2  1 / ln 1  

 1    ,

(17)

where 0  min , max are minimal and maximal eigenvalues of A . This well-known iteration
procedure is defined by the Chebyshev polynomial Fp of degree p , that deviates least from
zero on [min ; max ] and is normalized by the condition Fp (0) = 1 . The parameters  j ,
j  1, ..., p are reordered for computational stability [24].
*
*
We use notations min and max for the exact eigenvalues, min
and max
for their
approximate estimates. The values min and max are usually unknown.

After running the algorithm (16), we obtain the relation rp  Fp  A r0 for the initial and

*
*
final residuals. To start the algorithm it is necessary to set the bounds min
and max
of the
*
spectrum of operator A . The desired bound max
 max is estimated with the Gershgorin

theorem [25]. As an initial bound of eigenvalue
*
min

*
min

the Rayleigh–Ritz ratio

  Av, v   v, v  can be used, where v is the right-hand side of the linear system of

*
equations. With adaptation any empirical upper estimate min
is appropriate.
*
*
 max  max
The relations 0  min  min
are guaranteed the convergence of the
method (16). The desired estimate is specified during the external iterative process (or
*
*
adaptation cycle). Let min
be a current guess, and new
is its update. The adaptation
algorithm has the following form. One needs to solve a linear system with a prescribed
accuracy  tot , but firstly the lower accuracy value 1   tot we set. For instance,  tot  1010

and 1  102 . We implement one step of the Chebyshev algorithm with the given data
*
*
min
, max
, 1 and obtain   rp / r0

with rp  Fp  A r0 . Here    k is an accuracy

achieving in the current adaptation cycle with the number k  1,.... , and r0 , rp are the initial
and final residuals. Assume that   1 . Then the new update is found as the unique root of
*
 arg( Fp ( )    0) . If the accuracy  tot is
the algebraic equation Fp ( )   , therefore min

*
*
, max
, 1 and with the Chebyshev
not achieved, we pass to a new adaptation cycle with min
polynomial degree calculated by formula (17).
An accuracy    k  1 can be achieved at an adaptation step k . In general this means
*
that the estimate min
is sufficiently accurate. Therefore we can perform the next step with
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*
*
the previous data min
, max
, 1 , or change the accuracy by setting 1   tot (1 ....  k ) .
With this choice, the desired accuracy  tot is achieved in one adaptation step.
This adaptation procedure exploits the power method for the polynomial Fp ( A) which is

an eigenvalue algorithm: for Fp ( A) this algorithm produces a number  , which is the greatest
F
F
. Evidently that max
(in absolute value) eigenvalue:   max
 Fp (min ) . Convergence of
such a power method is based on the property of Chebyshev polynomials to grow rapidly
outside the segment of least deviation from zero.
This adaptation algorithm can be easily integrated into the multigrid method. It provides
*
the efficiency of solving the coarsest grid system by refining the estimate min
and it is well
suited for constructing an adaptive smoother at each grid level, see [21, 22]. The adaptive
Chebyshev smoother serves to reduce the initial residual on the high-frequency part of the
c
c
*
spectrum [min
is unknown in advance and
; max
] . The high-frequency spectrum bound min
is found in adaptation process. Adaptation is turned on automatically if a relation
 = rp / r0   smooth is obtained on some grid level after the smoothing. This means that

the given smoothing accuracy  smooth is not achieved. In this case, we refine the parameters
of the smoothers using simple formulas, see [21, 22]. For example, for the Chebyshev
c
smoother the parameters are updated according to the new boundary min
and the known
*
upper boundary max
.
c
After updating min
at all grid levels, multigrid iterations are continued with new values,
repeating if necessary adaptation (while  smooth    1 ). As a rule, in calculations after
several (2–3) multigrid iterations the parameters of smoothing are stabilized, the specified
accuracy of smoothing ssmooth is achieved, and the asymptotic convergence rate of the
2
multigrid iterations becomes equal to the expected value  smooth
.
The presented technique exploits the explicit iterations therefore this method is suitable for
the efficient implementation on ultra-parallel computers with potential scalability on a large
number of processors.

5 STANDALONE ADAPTIVE MULTIGRID SOLVER
The problem of calculating a HTS structure is characterized by a high difference in the
geometric sizes of the domain, highly anisotropic parameters, and the grid anisotropy can
deliver an additional difficulty.
Firstly we demonstrate the efficiency of the adaptive multigrid method as standalone solver
for
the
equation
(13)
with
constant
highly
anisotropic
coefficients
A1  10000, A2  100, A3  1 , A0  0 in the unit cube  with the Dirichlet boundary
conditions and with uniform and non-uniform Cartesian grids. The convergence rates of the
multigrid iterations are characterized by the relation s = rn / rn 1, where rn 1, rn are the grid
norms of the residuals at two sequential multigrid iterations. The grid of cells 64  64  64 is
taken, the number of grid levels is 3, the grids of the next levels are 32  32  32 and
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16 16 16 . In the experiments, grids are taken up to 20483 cells. We set the smoothing
factor  smooth = 0.5 . So, we try to achieve the condition d = rbefore / rafter   smooth for the
ratio of residual norms before and after smoothing at any stage of smoothing. This goal is
achieved with the adaptive refining of the spectrum bounds. The coarsest grid equations are

solved with relative accuracy ctol = 103 using the Chebyshev adaptive method. Convergence
of multigrid iterations is controlled by condition rm <  tot  r0 with accuracy  tot = 1014 .
We compute this problem for two cases: using uniform and a non-uniform grids. Figure 1
demonstrates on a logarithmic scale the evolution of the residual norm and the convergence
rate s = rn / rn 1, with respect to the number n of the multigrid iterations for a non-uniform
grid. We use the geometric progression of mesh sizes in the vertical direction, so that the cell
sizes in the vertical direction are equal to 0.1 for the lower and 104 for upper boundary of
the unit cube respectively. For the both cases such graphics are practically similar. Adaptation
works equally well. The computational costs are different: for the non-uniform grid CPU time
increases by 25%. In terms of the number of smoothing iterations, the costs are 1100 and
1620 iterations totally. The residual norm during multigrid iterations decreases from the initial
value 107 down to 5  108 . Adaptation is turned on after the second multigrid iteration.

Fig. 1. Multigrid iterations: the residual norm (solid line) and the convergence rate (dashed line)

The convergence rate s (dashed lines in Figure 1) stabilizes during the first 5-7 iterations
at s  0.27 . It indicates that the multigrid asymptotic convergence rate is practically achieved.
2
 0.25 . If we take the relative accuracy
This value is close to the theoretical value s   smooth
of coarsest grid solver as ctol = 109 , the convergence rate s stabilizes at the theoretical
2
 0.25 . The computational cost practically does not increase at the same
value s   smooth
time. For this case one can observe influence of adaptation: the computation time is reduced
by 25%, and the total number of operations for calculating residuals also is reduced. For
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parallel implementation, it is important to reduce the number of multigrid iterations, which
leads to a reduction of global operations like calculating residual norms.
6

RESULTS OF SELF-HEATING MESA COMPUTATIONS

We are adjusting the statement of the considered initial boundary-value problem under the
following assumptions. A computational domain is the unit cube. Since we are seeking for a
steady-state distribution of electrical potential and temperature, we assume the volumetric
heat capacity c(T )  1 . All coefficients  (T ),  (T ) correspond to a conventional
semiconductor microscale structure l x  l у  lz . We map this parallelepiped into the unit
cube and set the input data as
T0  Tb  10, U 0  1,

 xx   yy  0.1  T ,  zz  50   xx ,

(18)

 xx   yy  100  exp   300 150  T   ,
1

 5  10  xx ,

x  [0.375; 0.625] ,

3

 4  10  xx ,

x  [0.375; 0.625].

 zz  

(19)

We focus on discontinuity of the component  zz , see (19). This is an artificial introduction
of a feature in order to demonstrate the capabilities of the method.
The boundary conditions (BCs) of the six faces of the cube can be written in the form:
x  0:
 n = 0,
T  Tb ;
x  1:
 n = 0,
T  Tb ,
y  0:

 n = 0,

T n = 0;

y  1:

 n = 0,

T n = 0,

z  0:

 = 0.5U 0 ,

T n = 0;

z  1:

  0.5U 0 ,

T n = 0.

The initial data at t  t0 :

T  T0 ( x, y, z )  TВ ,   0 ( x, y, z )  U0  z  1  0.5U0 .
We emphasize again this statement of the problem serves to demonstrate the
methodological capabilities of our approach, and not to simulate a specific device. The 3D
typical temperature distribution is shown on Figure 2.
If we take constant values for the heat and electrical conductivities, then a solution of the
governing
system
has
too
simple
an
analytical
representation:
T  0.5 z x(1  x),   U0  z  1  0.5U0 . Using the resistivity components in the form
(3) doesn't make the solutions complicated. To simulate a genuine non-trivial twodimensional solution, we take the input data (18), (19) and in additional define the BC for the
potential  like a “hat” function on the down and upper faces z  0 and z  1 . These
conditions define as

 (t, x, y,0)  0.5 U0  b f ,

 (t, x, y,1)   0.5 U0  b f ,

at the faces z  0 and z  1 respectively. Here the function f ( x ) is given by the formula
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 0.5(tanh (a (x  0.25) ) + 1),
f  
1  0.5(tanh (a (x  0.75) ) + 1),

Here

a, b

are

free

parameters,

 x (t, x, y,0)  b f x  ab  sech 2 (a ( x - 0.25)) .

for

instance

x  0.5,
x  0.5.
a  40, b  0.1 .

Therefore max  x (t, x, y,1)  ab

We
and

have
the

solution becomes two-dimensional one. The plot of the function  (t, x, y,1) with respect to x
is shown on Figure 3. The function  (t, x, y, z ) does not depend on y .

Fig. 2. A typical temperature distribution

Fig. 3. The profile  (t, x, y, z ) along Ox at the point ( z, y )  (1, 0.5)
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In

computations

we

take

a

few

grids

with

Nx  N y  Nz

cells

with

N x  N z  128, 256, 512 . Since the sought solution does not depend on y we set Ny  3 .
A numerical solution which is obtained on the grid 512  3  512 practically does not
depend on the further grid refinement. Therefore we present the results on this most detailed
grid. The parameters of the adaptive multigrid used to solve the implicit discrete system (7),
(8) on each time level can be varied, but the results are given below for the following values:
the four multigrid levels; the relative accuracy of the coarsest grid equations ctol = 103 ; the
smoothing factor  smooth = 0.5 ; the accuracy of the multigrid iterations  tot  106 .
An initial time step size is 1  0.01 . In the time stepping we increase the time step size
with tm1  tm   m ,  m1  (m  1)  m , m  1,2,... . As a result, a steady-state solution is
achieved when m  10 . We control the solution stabilization in time with calculation of the
norm of the grid functions Tm  Tm1  Tm , m  m1  m . The evolution of the norm
of Tm , m is shown on Figure 4. At m  11 the absolute values
max Tm  0.1 ,

max m  3  107 , i.e. the relative error of the time stepping process is

less than 0.01 for temperature and less than 106 for potential. The difference in the errors has
clear explanation: in the heat conduction equation, the source is discontinuous in
correspondence with (19).

Fig. 4. The time evolution of the norm of  m and Tm : 1 and 2 respectively

The Oxz plane distribution of the potential is show on Figure 5. The profiles of the
temperature and the vertical component Jz of the electrical current density vector (4) are
given on Figure 6, 7 respectively. We show the profiles along Ox at the point
( z, y )  (0.5, 0.5) . In the central part of the domain, in accordance with (19), there is no
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Joule heating, the temperature of this zone achieves T  100 K by the heating of this zone due
to thermal conductivity.

Fig. 5. Potential distribution in Oxz plane

Fig. 6. Temperature: the profile along Ox at the point ( z, y )  (0.5, 0.5)
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Fig. 7. The vertical component of the electrical current density vector: the profile along Ox at the
point ( z, y )  (0.5, 0.5)

The presented numerical results prove the efficiency of the proposed approach in solving
problems with anisotropic discontinuous coefficients, which is typical for HTS problem.
7 CONCLUSION
In this work, an efficient approach to the numerical modelling of coupled electric and
thermal fields in high-temperature superconductor (HTS) is developed. The absence of
accurate knowledge of superconductivity leads to the need to study HTS structures using
mathematical simulations. We have modeled heat transport and the resulting spatial
temperature distribution in the presence of Joule self-heating due to electrical current in mesa
material.
We have proposed a numerical technique to study temperature and current distributions in
large-size mesas with a self-heating effect. The robust algorithm for solving the governing
equations is constructed. The key element of the algorithm is an adaptive multigrid method on
structured Cartesian grids. The adaptability allows us to realistically simulate the anisotropic
phenomena that are typical for HTS problems. The numerical experiments show the
robustness of the algorithm as standalone solver for highly anisotropic model problem as well
as a solver for the system of two coupled nonlinear equations for the temperature and the
electric field potential.
In the case of the usage of the multigrid algorithm as a standalone solver the adaptive
approach allows us to achieve automatically the prescribed convergence rate. In the case of
two coupled nonlinear equations the efficiency of the multigrid can be improved by analyzing
and exploiting a convergence history in the solution process. For optimal incorporation of
time-stepping information in the solution process further researches are needed.
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The role of interconnections of thermal conductivity, electrical resistance and the device
geometry are under investigations.
The adaptive method is suitable for the efficient implementation of the computer code on
conformal block-structured grids with potential scalability on ultra-parallel computers with a
large number of processors.
The proposed computational technique can be adopted for solving a similar problem, for
instance a problem of thermal breakdown in solid dielectrics [26, 27].
Acknowledgements. The study was supported by Russian Foundation for Basic Research
(project no. 19-01-00670 A).
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Summary. By constructing the thermal hysteresis of the enthalpy and density of the noble
metals of gold (Au) and copper (Cu), non-equilibrium processes are investigated during the
melting – crystallization phase transformations, i.e. during the solid–liquid transition. Thermal
hysteresis is obtained from the atomistic modeling. The limiting temperatures of superheating
of the solid phase during melting and undercooling of the liquid phase during crystallization
of gold and copper are obtained. The possibility of the formation of highly superheatedundercooled metastable states of solid and liquid phases with rapid heating-cooling of the
studied metals has been confirmed. The results obtained are compared with the results of
alternative calculations.
1

INTRODUCTION

The phenomenon of melting-crystallization of metals, which is a phase transformation of
the first kind, plays an important role in materials science and engineering. In recent years,
extensive experimental [1-10] and theoretical studies combined with modeling of meltingcrystallization of solids [11-21] have significantly expanded the understanding of the nature
of this phenomenon. The processes of melting-crystallization proceeding in a quasiequilibrium way are the most studied [22,23,24]. The trajectory of melting-crystallization
processes in phase space passes through the equilibrium states only in the extreme case of
infinitely slow heating/cooling. In this case, the temperatures of the beginning and end of
melting, as well as the beginning and end of crystallization, will coincide both with each other
and with the equilibrium melting temperature. Changing the heating regimes of the target can
lead to a non-equilibrium behavior of the melting – crystallization processes, manifested in
the phenomenon of thermal hysteresis. Thermal hysteresis is characterized by a mismatch of
melting and crystallization temperatures, as well as thermodynamic characteristics of the
material (enthalpy, density) during heating and cooling. The study of thermal hysteresis has
been carried out by many researchers both experimentally [1-4] and theoretically [17-21]. The
studies were carried out mainly to analyze the dimensional effect and the influence of the
interphase structure on the melting processes [2,4,5,7,17,21], to study the degree of
overheating-undercooling of metals [1-3,18-20], the influence of thermal hysteresis on the
properties of metals [2,17,18].
One of the regimes of thermal action, in which the phenomenon of thermal hysteresis of
metals occurs, is the rapid action of powerful concentrated energy flows on the target. Under
such influence, the melting-crystallization processes become non-equilibrium, and phase
transitions are accompanied by the appearance of metastable superheated-undercooled states
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in the initial phase [20,25]. The magnitude of thermal hysteresis, being a characteristic of the
degree of superheating-undercooling of the condensed phase, is related to the velocity of the
phase front [12, 26]. The magnitude of energy costs during the destruction of long-range
bonds during melting gives an idea of the degree of non-equilibrium of the melting process.
Therefore, the hysteresis properties are of significant interest for the study of non-equilibrium
melting-crystallization. The study of this phenomenon also contributes to solving such a
fundamental problem as determining the limit values of superheating of a solid and
undercooling of a liquid. The experimental approach to the study of thermal hysteresis of
materials, which is traditional, has a number of limitations, primarily in the range of
measurement conditions, especially in the melting region. It is known that experiments on the
study of undercooling of metals [10] are well described in the literature, in contrast to studies
of superheating. Because of this, it is relevant to use the theoretical approach [11-17, 19-21,
26, 27] in the study of melting-crystallization processes, the main tool of which is the method
of molecular dynamics (MD).
This article discusses the features of non-equilibrium melting and crystallization of noble
metals of gold and copper based on thermal hysteresis of enthalpy and density in the
temperature range 0.60 ≤ T ≤ 2.00 kK. Thermal hysteresis is obtained for the metals under
study from the molecular dynamic modeling. The potentials from the “embedded atom
method” (EAM) group developed and tested in [27] for gold and in [28] for copper were used
as interparticle interaction potentials.
2 METHODS AND APPROACHES
In this paper, the thermal hysteresis of enthalpy and density for gold and copper is obtained
based on an atomistic approach. The method of molecular dynamics (MD) has become widely
used for the numerical solution of atomistic models. The atomistic approach is based on a
model representation of a polyatomic molecular system in which all atoms are represented by
material points whose motion is described by classical Newton equations. Atomistic models
are a system of differential equations, for the integration of which initial conditions are set in
the form of values of coordinates and velocities of all particles at the initial time t = 0. The
resulting system of ODE is solved using the finite-difference Verlet scheme [29].
In MD modeling, the choice of the interaction potential between the particles plays an
important role, since the reliability of the results obtained directly depends on it. To model the
properties of the metals under consideration, the potentials from the EAM group were used,
developed and tested for gold in [27], for copper in [28], allowing for a good description of
both the crystalline and liquid phases of the metals under study.
For both metals, the simulation was carried out in the temperature range 0.60 ≤ T ≤ 2.00
kK using the widespread LAMMPS package (large-scale atomic-molecular massively parallel
simulator) [30]. It implements support for many paired and multiparticle short-range
potentials, the ability to record atomic configurations in a text file, and also has built-in
thermostats and barostats. The temperature and pressure for the ensemble of particles were
regulated using a thermostat and a Berendsen’s barostat [31].
In this paper, the enthalpy and density of metals in an isobaric heating and cooling process
involving phase transitions were determined from a series of molecular dynamic calculations
within the framework of a single computational experiment. The computational experiments
planned in a similar way were carried out for both metals. The calculated area was selected in
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the form of a cube, with dimensions of 30×30×30 elementary cells, containing a FCC crystal
of 108,000 particles. Periodic boundary conditions were set in all directions. The particle
velocities were set in accordance with the Maxwell distribution at a temperature of 0.60 kK.
The relaxation procedure preceding the simulation was carried out at a temperature of 0.30 kK
and zero pressure. Next, the sample was heated at a constant rate of approximately V ~ 0.56 ×
1012 K/s. Heating continues to a temperature of 2.0 kK, at which the sample was completely
melted, which made it possible to record the temperature dependences of density ρ (T) and
enthalpy H(T) during heating. At the same time, the sample was prepared for cooling and
subsequent registration of the dependences of density ρ (T) and enthalpy H(T) during cooling.
Cooling, as well as heating, of the sample was carried out at the same constant speed V. The
experiments were carried out at a constant zero pressure P = 0.
During modeling of the changes in a condensed medium, it is important to distinguish its
aggregate state due to long-range and short-range bonds. The order parameter can be used as a
criterion for this. In order to distinguish the type of ordering during the melting-crystallization
phase transition, the order parameter of the heating and cooling was obtained for copper and
gold. The approaches to determining the order parameter used in this paper are presented in
[32].
3

MODELING RESULTS

The results of MD modeling are presented in Fig.1-4. Fig.1(a,b) shows the thermal
hysteresis loops of the enthalpy of gold and copper, which are represented by the generally
accepted values of the increment ΔH(T) = H(T) – H(0.298°kK). The hysteresis of the density
of copper and gold is shown in Fig.2 (a,b). Figure 3.4 shows the order parameter for the
heating and cooling of copper and gold. The vertical dotted lines in all figures indicate the
equilibrium melting point, which for gold is Tm = 1.332 kK, for copper – Tm = 1.33 kK.
These values of the equilibrium melting point of copper and gold are obtained from molecular
dynamic calculations [33, 34] using the potentials [27,28]. The reference values [35] of the
equilibrium melting point are for gold Tm=1337 K and copper Tm=1356 K. The difference
between the reference values and the obtained values for gold was ΔTm = 0.38% and for
copper ΔTm = 1.96%. The error is quite acceptable for modeling.
Figures 1, 2 also show the temperature of the end of crystallization Tcr, the limit
temperatures of superheating of the solid phase T+ and supercooling of the liquid phase T-,
which are the temperatures of the beginning of melting and the beginning of crystallization,
respectively. These temperatures determine the vertices of the hysteresis contour, which in
Figures 1, 2 is indicated by the letters ABCDEF.
The thermal hysteresis loops (Fig. 1,2) are formed when the heating (red) and cooling
(blue) curves are combined, taking into account the forward (melting) and reverse
(crystallization) phase transitions. The directions of the heating and cooling processes are
shown in Figures 1,2 with arrows. In the considered temperature range, the heating of copper
and gold occurs with the absorption of heat (endoprocess), which is expressed in the
superheating of the solid phase. The most important characteristic of the stability limit of the
crystal lattice is the limit temperature of superheating of the solid phase T+. The maximum
superheating temperatures of gold and copper, normalized by the corresponding equilibrium
melting temperatures Tm, are shown in Table 1.
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Heating

Au
Cu

Tm
[kK]
1.332
1.33

T+

Cooling
θ⁺

1.235Tm 0.235
1.203Tm 0.203

Tcr
[kK]
0.983
0.975

Ref. [20]
θ⁻

T⁻

θ⁺md

θ⁺ns

θ⁻md

0.589Tm 0.354 0.3 0.2 0.44
0.603Tm 0.357 0.21 0.19 0.3

Ref. [37]
θ⁻ns

θ⁺ns

0.25
0.24

0.184
0.174

Table 1. Heating-cooling properties of gold and copper.
As one can see, the value of superheating in gold is slightly higher than in copper. Upon
reaching the temperature T+ (point B in the hysteresis contour in Fig. 1, 2), a superheated
metastable state of the solid phase begins to form, which is characterized by the beginning of
the formation of stable nuclei of the liquid phase and intensive destruction of the crystal
lattice. Therefore, the temperature of the ultimate overheating T+ is the temperature of the
beginning of melting. The formation of a metastable state in both gold and copper is
accompanied by a further drop in the density of the solid phase (Fig. 2). During the melting
process, in the temperature range Tm < T < T+ (line BC of the hysteresis contour in Fig.1, 2),
part of the kinetic energy of the chaotic motion of particles is spent on the destruction of the
crystal lattice. The temperature of the end of melting (Fig. 1, Fig.2) in our calculation, at the
heating rate V ~ 0.56 × 109 kK/s, it practically coincides with the equilibrium melting point of
each of the metals Tm. At a higher heating rate, the difference between these temperatures can
be significant [36,37]. With further heating, the thermal expansion of the liquid occurs.
Relative overheating of the solid phase θ+ = (T+-Tm)/Tm, which is observed in the enthalpy
hysteresis (Fig.1) and the densities (Fig.2) of the metals under study are given in Table 1. For
gold θ+≈0.235, for copper – θ+≈0.203. In [20], the values of relative overheating of gold


 0.3 (md index) and copper  md
 0.21 were obtained from MD calculations with a
 md
9
heating rate V = 10 kK/s and calculated using the classical theory of homogeneous nucleation


 0.2 , for copper  ns
 0.19 . In [38], the
(ns - nucleation in the solid phase) for gold  ns


 0.174 and gold  ns
 0.184
values of the relative overheating of the solid phase of copper  ns
were also obtained. Comparison of the obtained results with the results of alternative
calculations [20, 38] shows a good correspondence. According to estimates [17, 20], metals
can be superheated to the temperature of the beginning of a massive homogeneous
transformation T+ ≈ 1.3Tm, which is also consistent with the results for the metals studied in
this work.
The melting phase transition at a temperature of ~Tm for gold and copper (see Table 1) is
clearly identified by a large difference in the enthalpies of the liquid and solid phases,
representing the specific heat of melting Lm of the metals under study. According to the
results of calculations, the specific heat of melting for gold is Lm ≈ 12.39 kJ/mol, or 43.14%,
for copper – Lm ≈ 12.05 kJ/mol, or 41.46% (Fig.1). The increase in enthalpy is accompanied
by a decrease in density, while the difference in density of the liquid and solid phases is for
gold Δρmelt(Tsl) ≈ 6%, and for copper Δρmelt(Tsl) ≈ 4.8% (Fig.2 (a,b)). The temperature
dependences of the order parameter of copper and gold during heating are shown in Fig.3 (a,
b). With increased heating, the order parameters of the solid phase decrease until the
maximum temperature of superheating T+ > Tm is reached, resulting in the destruction of the
crystal lattice and intensive nucleation of the liquid phase. At a temperature close to Tm, the
order parameter decreases sharply to almost zero, confirming the transformation of a metal
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crystal into a liquid. As one can see, during the phase transition of the 1st kind, the order
parameter changes abruptly.

Fig. 1. Themal hysteresis of enthalpy for a) copper, b) gold.
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Fig. 2. Thermal hysteresis of density for a) copper, b) gold.

Cooling of copper and gold targets, unlike heating, occurs with the release of heat and is an
isoprocess. Crystallization turns out to be much more sensitive to the cooling rate. The
ultimate undercooling temperature T- of the liquid phase, normalized to the melting point Tm,
for gold and copper is shown in Table 1. The ultimate temperature of undercooling is the
temperature of the beginning of crystallization, at which the formation of the first stable
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nuclei of a new solid phase occurs. On the segment DE of the hysteresis contour (Fig. 1,2),
there is a rapid growth of the formed nuclei of the new phase due to the rapid movement of
their boundaries along the undercooled liquid phase, representing the crystallization fronts. In
this case, the crystallization fronts are always undercooled relative to the equilibrium melting
temperature Tm. At the point E (temperature Tcr), the liquid phase completely disappears.

Fig. 3. Order parameter during heaitng of a) copper и b) gold.

Fig. 4. Order parameter during cooling of a) copper и b) gold.

The end of crystallization occurs at the Tcr temperature given for copper and gold in Table
1 (point E in the hysteresis contour in Fig. 1, 2). In our calculation, due to the high cooling
rate V ~ 0.56 × 109 kK/s, the crystallization termination temperature Tcr is lower than the
equilibrium melting temperature Tm, by Tm - Tcr = 0.355 kK for copper, and by Tm - Tcr =
0.349 kK for gold. Too high cooling rate in our calculation led to the fact that the density of
the substance at the Tcr temperature turned out to be less by 1.7% in gold and 1.51% in copper
than the density of the crystal when heated. The density of the new phase despite the constant
increase of it (line EF in Fig. 2) remains less than the crystalline one (the line AB of the
hysteresis contour in Fig. 2). This discrepancy is especially noticeable in copper, where the
density of the new phase is less than the crystalline one at T = 0.6 kK by 1.06%, whereas in
gold this difference is only 0.355%. Figure 4 (a) shows the temperature dependence of the
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order parameter during cooling for copper. The order parameter of copper during cooling is
by ~98.2% less than the order parameter of the crystal during heating (Fig. 3(a)), which
indicates a strong undercooling of the melt, in which non-crystalline types of the solid phase
(vitrification or amorphization) are realized. The order parameter of gold during cooling (Fig.
4 (b)) is about 10 times less than the order parameter of the crystal during heating (Fig. 3 (b)),
which also indicates, although to a lesser extent, a strong undercooling of the melt and the
formation of non-crystalline solid phase species.
Relative undercooling of the liquid phase θ- = (Tm – T-)/Tm, which is observed in the
enthalpy hysteresis (Fig.1) and densities (Fig.2), according to the results of MD modeling for
gold and copper are presented in Table 1. Comparison with the results [20] obtained from MD
calculations and from calculations using the classical theory of homogeneous nucleation, are




respectively for copper  md
 0.3 ,  ns
 0.44 , ns
 0.24 and for gold  md
 0.25 , which shows
a good agreement with the presented results.
The maximum hysteresis value in this work was for gold ΔTHyst = T+ - T- ≈ 0.589Tm and for
copper ΔTHyst = T+ - T- ≈ 0.56Tm, which is consistent with the estimate of the hysteresis width
for metals of 0.66Tm [17].
The resulting thermal hysteresis of enthalpy and density, as well as the order parameter for
heating and cooling of gold and copper, demonstrate the formation of metastable regions and
the non-equilibrium nature of melting-crystallization processes.

4.

CONCLUSIONS

The hysteresis of the enthalpy and density of gold and copper in the range of 0.6 kK ≤ T ≤
2.0 kK was obtained from a series of molecular dynamic calculations within the framework of
one computational experiment. The resulting hysteresis demonstrates the formation of
metastable regions and the nonequilibrium nature of the melting-crystallization processes of
the studied noble metals. The analysis of the thermal hysteresis value at the heating and
cooling rate V ~ 0.56×1012 K/s allowed us to estimate the degree of superheatingundercooling of the condensed phase. The obtained limit temperature of superheating of the
metastable state of the solid phase and relative superheating, as well as the limit temperature
of undercooling and relative undercooling of the liquid phase of both metals are in good
agreement with the results of alternative calculations [17,20,38]. The maximum hysteresis
value for gold ΔTHyst ≈ 0.589Tm, for copper ΔTHyst ≈ 0.56Tm is consistent with the estimate of
the hysteresis width for metals of 0.66Tm [17].
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