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Summary. Valuable collections such as semiopen, ⋆-open, semi*-I-open etc. have been 
handled in the most of the research areas of the topology for many applications. In the present 
paper, a new topological collection, namely semi⋆-open sets, containing topology and ⋆-
topology is introduced and studied. Basic investigations of semi⋆-open subsets are discussed. 
 
1 INTRODUCTION 

In 1963, Levine introduced the collection of semiopen sets [18]. In 1990, Janković and 
Hamlett studied the concept of ⋆-topology [16]. In 2012, Ekici and Noiri introduced the 
notion of semi*-I-open sets [10]. After the basic papers, many papers related to main subjects 
have been occured in the topology and furthermore, these collections have been handled in the 
most of the research areas of the topology, [1]-[7], [12]-[14], [19,20], etc. In the present 
paper, a new topological collection, namely semi⋆-open sets, containing topology and ⋆-
topology is introduced and studied. Main investigations of semi⋆-open sets are discussed.  

A topological space will be denoted by (,) and cl(R) and int(R) denote the closure and 
the interior of Rℜ, respectively, in this paper.  

Suppose that I is a nonempty family of sets in a set . Consider the following two 
conditions: (a) If PI and RP, RI, (b) If RI and PI, RPI. If these two conditions are 
satisfied, I is called an ideal on ℜ [17]. 

Suppose that (,) is a topological space and I is an ideal on . The following is called the 
local function of R (with respect to I and ): (.)⋆:P()→P(), R⋆{Ɩ: RP∉I for each P 
such that ƖP} [17]. 

cl⋆(R)RR⋆ is a Kuratowski closure operator [16]. In [16], a new topology called ⋆-
topology was introduced. It is generated by cl⋆ and denoted by ⋆ [16].   

 
Definition 1.1 A set R in an ideal space (,,I) is said to be 

(a) -I-open [15] if Rcl(int(cl⋆(R))). 
(b) semi-I-open [15] if Rcl⋆(int(R)). 
(c) semi*-I-open [10] if Rcl(int⋆(R)).  
(d) semi*-I-closed [10] if X∖R is semi*-I-open.  

 
Lemma 1.2 ([10]) Let (,,I) be an ideal space. Each semi-I-open set is semi*-I-open.  
 
Definition 1.3 ([8]) A set R in an ideal space (,,I) is said to be 
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(a) β∗-open if Rcl(int⋆(cl(R))). 
(b) β∗-closed if X∖R is β∗-open. 
(c) pre∗-open if Rint⋆(cl(R)).  

 
Theorem 1.4 ([8]) Let (,,I) be an ideal space and R. If R is a -I-open set, then R is 

a β∗-open set.  
 
A set R in a space (,) is called semiopen [18] if Rcl(int(R)). 
 

2 A NEW TOPOLOGICAL OBSERVATION CONNECTED WITH TOPOLOGY 
AND ⋆-TOPOLOGY: 𝐬𝐞𝐦𝐢𝐈

⋆-OPEN SETS 

In this section, the collections of semi⋆-open sets and semi⋆-closed sets are introduced.  
 
Definition 2.1 Let (,,I) be an ideal space and ={}{P: P and there exists a ⋆-

open set E such that P∖cl(E)∈I}. 
(a) If R∈, then R is called semi⋆-open. 
(b) If ℜ∖R is semi⋆-open, R⊂ is called semi⋆-closed.  

 
Theorem 2.2 Let (,,I) be an ideal space and R be semi⋆-open sets for . Then 

∩ ∈ R is semi⋆-open.  
 
Proof. In case R for each , it follows that ∩ ∈ R is semi⋆-open. 

Assume R  for an α . Since R  is semi⋆-open in , then there exists a ⋆-

open set F≠ such that R ∖cl(F)I. Since ∩ ∈ RR , then 

(∩ ∈ R)∖cl(F)⊂ R ∖cl(F)I. This implies (∩ ∈ R)∖cl(F)I. Therefore, ∩ ∈ R is 

semi⋆-open.  
 
Remark 2.3 There exist semi⋆-open sets R and P such that RP is not semi⋆-open 

for an ideal space (,,I). 
 
Example 2.4 Let consider the ideal space (,,I) where ={, , , ϱ, }, ={, {, }, 

{, ϱ, }, } and I={}. In this ideal space, R={} and P={} are semi⋆-open but 
RP is not semi⋆-open. 

 
Theorem 2.5 Let (,,I) be an ideal space. Assume that R is semi⋆-open and PR. 

Then P is semi⋆-open in .  
 
Proof. Assume that R is semi⋆-open and PR. Then there exists a ⋆-open set F such 

that R∖cl(F)I. Moreover, we have 
 
   P∖cl(F)R∖cl(F)I. 
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Therefore, P∖cl(F)I. Thus, P is semi⋆-open in .  
 
Theorem 2.6 Let (,,I) be an ideal space. Assume that R is β∗-open and also it is not 

dense in . Then R is semi⋆-open in .  
 
Proof. Let R be β∗-open set. Let R be not dense in . It follows R⊂cl(int⋆(cl(R))). 

Moreover, cl(R)  and thus 
 
   int⋆(cl(R)) . 
 
Put Eint⋆(cl(R)). Therefore, we have 
 
   R∖cl(E)I. 
 
Hence, R is semi⋆-open.  
 
Remark 2.7 Let (,,I) be an ideal space. There exists a β∗-open subset such that it is not 

semi⋆-open in  as it is shown in the following example.  
 
Example 2.8 Let consider the ideal space (,,I) where {, , , ϱ, }, λ{, {, }, 

{, ϱ, }, } and I{}. In this ideal space, R{, } is β∗-open but R is not semi⋆-open.  
 
Remark 2.9 Let (,,I) be an ideal space. The following example shows that there exists a 

semi⋆-open subset such that it is not β∗-open in .  
 
Example 2.10 Let consider the ideal space (,,I) where {, , , ϱ}, {, {}, {, 

}, {, , }, } and I{, {}, {ϱ}, {ω, ϱ}}. In this ideal space, R{ϱ} is semi⋆-open 
but R is not β∗-open.  

 
Corollary 2.11 Let (,,I) be an ideal space. Assume that R is -I-open or pre∗-open 

and also it is not dense in . Then R is semi⋆-open in .  
 
Proof. Let R be -I-open or pre∗-open. Then it is β∗-open by Theorem 2.2 of [8]. So, it 

follows from Theorem 2.6.  
 
Theorem 2.12 Let (,,I) be an ideal space. R is semi⋆-open if and only if R or 

there exist FI and a ⋆-open set J such that R∖Fcl(J).  
 
Proof. Let R be semi⋆-open. Assume that R. Since R is semi⋆-open, this 

implies that there exists a ⋆-open set J such that R∖cl(J)I. We have 
 
   R∖(R∖cl(J))cl(J). 
 
Let FR∖cl(J). Consequently, R∖Fcl(J). 
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Conversely, assume R. Then R is semi⋆-open. Suppose that there exist FI and a ⋆-
open set J such that R∖Fcl(J). This implies that  

 
   R∖cl(J)F. 
 
Since R∖cl(J)F, then R∖cl(J)I. Hence, R is semi⋆-open.   
 
Theorem 2.13 Let (,,I) be an ideal space. R is semi⋆-closed iff R or there exist 

FI and a ⋆-closed set E such that int(E)∖FR. 
 
Proof. Let R be semi⋆-closed. Let consider R. Then we have ∖R. Since 

∖R is semi⋆-open, then there exists a ⋆-open subset J such that 
 
   (∖R)∖cl(J)I. 
 
Let F(∖R)∖cl(J). Then FI and ∖R⊂cl(J)F. It follows that 
 
   (∖cl(J))( ∖F)⊂R. 
 
Let consider E∖J. Then E is ⋆-closed and E. Furthermore, int(E)( ∖F) R. 

Hence, int(E)∖FR. 
Conversely, let R. Then R is semi⋆-closed in . Suppose that there exist FI and a ⋆-

closed set E such that  
 
   int(E)∖FR. 
 
We have ∖R (∖int(E))F. Let J∖E. Then J≠ is ⋆-open. Since 
 
   ∖R (∖int(E))F, 
 

then we have ∖Rcl(J)F. So, (∖R)∖Fcl(J). Concequently, ∖R is semi⋆-open in  
by Theorem 2.12 and hence R is semi⋆-closed in .  

 
Theorem 2.14 Let (,,I) be an ideal space. R is semi⋆-closed iff R or there exists 

a ⋆-closed subset E such that int(E)∖RI.  
 
Proof. Let R be semi⋆-closed. By Theorem 2.13, there exist FI and a ⋆-closed set 

E such that int(E)∖FR. It follows that int(E)∖RF. Therefore, int(E)∖RI. 
Conversely, in case R, it follows that R⊂ is semi⋆-closed. Assume that there exist a 

⋆-closed set E such that int(E)∖RI. Let consider Fint(E)∖R. Then F is in I and 
int(E)∖FR. Thus, by Theorem 2.13, R is semi⋆-closed. 
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3 FURTHER INVESTIGATIONS 

In this section, further investigations on the collections of semi⋆-open sets and semi⋆-

closed sets are discussed.  
 
Theorem 3.1 Let (,,I) be an ideal space. Suppose that R, int⋆(R) and RI. Then 

R is semi⋆-open.  
 
Proof. Let R, int⋆(R) and RI. Then 
 
   R∖cl(int⋆(R)))I. 
 
Thus, R is semi⋆-open.  
 
Theorem 3.2 Let (,,I) be an ideal space. If there exists a ⋆-open set P such that P and 

P is dense, each set in  is semi⋆-open.  
 
Proof. Let P be ⋆-open and dense such that P. Let R. In case R, it follows 

that R is semi⋆-open. In case R, it follows that R∖cl(P)I. Therefore, R is semi⋆-open.   
 
Definition 3.3 Let (,,I), (,,J) be ideal spaces and ℓ: → be a function. 

(a) If ℓ(R) is ⋆-closed for each ⋆-closed set R in , ℓ: → is said to be ⋆-closed [9], 
(b) If ℓ(R) is ⋆-open for each ⋆-open set R in , ℓ: → is said to be ⋆-open [11].  

 
Theorem 3.4 Let (,,I), (,,ℓ(I)) be ideal spaces and ℓ: → be a bijection, ⋆-open 

and continuous function where ℓ(I){ℓ(I): I∈I}. ℓ(R) is a semi⋆-open set for a semi⋆-open 
subset R.  

 
Proof. Let R be a semi⋆-open subset. In case R=, it follows that ℓ(R)  is semi⋆-

open in . Assume that R. Since R is semi⋆-open, there exists a ⋆-open set F such 
that R∖cl(F)I. We have ℓ(R∖cl(F))ℓ(I). Then ℓ(R)∖ℓ(cl(F))ℓ(I). This implies  

 
   ℓ(R)∖cl(ℓ(F)) 
    ℓ(R)∖ℓ(cl(F))ℓ(I). 
 

and furthermore ℓ(R)∖cl(ℓ(F))ℓ(I). Since ℓ(R)∖cl(ℓ(F))ℓ(I), ℓ(R) is semi⋆-open.  
 
Corollary 3.5 Let (,,I), (,,ℓ(I)) be ideal spaces and ℓ: → be a bijection, ⋆-closed 

and continuous function where ℓ(I)={ℓ(I): II}. ℓ(R)  is a semi⋆-open subset for semi⋆-
open R.  

 
Proof. Follows in view of Theorem 3.4.  
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Theorem 3.6 Let (,,I) be an ideal space. R is semi⋆-closed in  iff R or there 
exist FI and a ⋆-closed set E such that int(E)RF.   

 
Proof. Let R be semi⋆-closed in . By Theorem 2.14, R= or there exists a ⋆-closed 

subset E such that  
 
   int(E)∖RI. 
 
Put Fint(E)∖R. This implies F∈I and furthermore, int(E)RF. 
Conversely suppose that R or there exist FI and a ⋆-closed subset E such that 

int(E)RF. This implies 
 
   int(E)∖RF. 
 
Since FI, then int(E)∖RI. Concequently, by Theorem 2.14, R is semi⋆-closed in .  
 
Theorem 3.7 Let (,,I) be an ideal space and let ={}{P: P≠ and there exist a 

⋆-open subset F and an element G of I such that Pcl(F)G}. Then R is semi⋆-open 
iff R∈. 

 
Proof. Follows in view of Theorem 2.12.  
 
Theorem 3.8 Let (,,I) be an ideal space and let R be semi*-I-open. Then R is semi⋆-

open in .  
 
Proof. Let R be semi*-I-open in . In case R, it follows that R is semi⋆-open in . 

Let R. Since R is semi*-I-open in , then Rcl(int⋆(R)). Assume Fint⋆(R). This implies 
that F is ⋆-open in . Also, we have F and R∖cl(F)I. Consequently, R is semi⋆-open in 
.   

 
Corollary 3.9 Let (,,I) be an ideal space. Suppose that R⊂ is semiopen or ⋆-open in 

. Then R is semi⋆-open in .  
 
Proof. Assume that R is semiopen or ⋆-open in . This implies that R is semi*-I-open 

in . Thus, by Theorem 3.8, R is semi⋆-open in . 
 
Remark 3.10 Let (,,I) be an ideal space. The following implications hold for R: 
 
 

semiopen → semi*-I-open → semi⋆-open 
       ↑     
semi-I-open   ↑   
       ↑     
    open  →        ⋆-open   
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Remark 3.11 The above implications are irreversible as shown in the below examples. 
The related papers have the other examples.  

 
Example 3.12 Let consider the ideal space (,,I) where ={, , , ϱ}, ={, {}, {, 

}, {, ϱ}, {, , ϱ}, } and I ={, {}, {ϱ}, {, ϱ}}. In this ideal space, R={, ϱ} is 
semi⋆-open but R is not semi*-I-open. Meanwhile, {} is semi*-I-open but it is not semiopen.   

 
Example 3.13 Let consider the ideal space (,,I) where ={, , , ϱ}, ={, {}, {, 

}, {, , }, } and I={, {}, {ϱ}, {, ϱ}}. In this ideal space, R={, ϱ} is semi*-I-
open but it is not ⋆-open.  

 

Acknowledgements: 1. The Author would like to thank the Referees. 2. This work was 
supported by Çanakkale Onsekiz Mart University The Scientific Research Coordination Unit, 
Project number: FBA-2017-1340. 

REFERENCES 

[1] M. Caldas, “On quasi semipre--closed sets in topology”, Jordan Journal of Mathematics and 
Statistics, 8 (4), 281-291 (2015). 

[2] I. Dochviri, “On some types of separation axioms and pre-compact bitopological spaces”, Tr. 
Tbilisi Univ. Mat. Mekh. Astron., 32, 65-76 (2000). 

[3] I. Dochviri, “On semicompact and precompact bitopological spaces”, Bull. Georg. Acad. Sci., 161 
(3), 403-406 (2000). 

[4] E. Ekici, “On an openness which is placed between topology and Levine's openness”, Jordan 
Journal of Mathematics and Statistics, 9 (4), 303-313 (2016). 

[5] E. Ekici and T. Noiri, “⋆-extremally disconnected ideal topological spaces”, Acta Mathematica 
Hungarica, 122 (1-2), 81-90 (2009). 

[6] E. Ekici and T. Noiri, “On subsets and decompositions of continuity in ideal topological spaces”, 
Arabian Journal for Science and Engineering, 34 (1A), 165-177 (2009). 

[7] E. Ekici and T. Noiri, “Properties of I-submaximal ideal topological spaces”, Filomat, 24 (4), 87-
94 (2010). 

[8] E. Ekici, “On ACI-sets, BCI-sets, β∗-open sets and decompositions of continuity in ideal 
topological spaces”, Creative Mathematics and Informatics, 20 (1), 47-54 (2011). 

[9] E. Ekici, “On I-Alexandroff and Ig-Alexandroff ideal topological spaces”, Filomat, 25 (4), 99-108 
(2011). 

[10] E. Ekici and T. Noiri, “⋆-hyperconnected ideal topological spaces”, Analele Stiintifice Ale 
Universitatii Al. I. Cuza Din Iasi (S. N.) Matematica, LVIII (1), 121-129 (2012). 

[11] E. Ekici and S. Özen, “Rough closedness, rough continuity and Ig-closed sets”, Annales Univ. Sci. 
Budapest., 55, 47-55 (2012). 

[12] E. Ekici, “On A∗-sets, CI-sets, C∗-sets and decompositions of continuity in ideal topological 
spaces”, Analele Stiintifice Ale Universitatii Al. I. Cuza Din Iasi (S. N.) Matematica, LIX (1), 
173-184 (2013). 

[13] E. Ekici and Ö. Elmalı, “On decompositions via generalized closedness in ideal spaces”, Filomat, 
29 (4), 879-886 (2015). 

[14] T. R. Hamlett, D. Janković and D. Rose, “Countable compactness with respect to an ideal”, Math. 
Chronicle, 20, 109-126 (1991). 

[15] E. Hatir and T. Noiri, “On decompositions of continuity via idealization”, Acta Math. Hungar., 
96, 341-349 (2002). 

16



Erdal Ekici 

[16] D. Janković and T. R. Hamlett, “New topologies from old via ideals”, Amer. Math. Monthly, 97, 
295-310 (1990). 

[17] K. Kuratowski, Topology, Academic Press, New York, Vol. 1, (1966). 
[18] N. Levine, “Semi-open sets and semi-continuity in topological spaces”, Amer. Math. Monthly, 70, 

36-41 (1963). 
[19] M. Mirmiran, “Weak insertion of a contra-continuous function between two comparable contra-

precontinuous (contra-semi-continuous) functions”, Mathematica Montisnigri, XLI, 16-20 
(2018). 

[20] T. Noiri and V. Popa, “Between ∗-closed sets and I-g-closed sets in ideal topological spaces”, 
Rend. Circ. Mat. Palermo, 59, 251-260 (2010). 

 
 
 
 
 
 
Received July 19, 2018 

17




