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Summary. Using dynamic and geometry of Moebious mappings we prove Lindeldf type
theorems for much larger class of functions on the unit disk than previously considered class of
meromor-phic functions.

1. INTRODUCTION

In classical theory of boundary behaviour of functions of one complex variable and in the the-
ory of boundary sets the special important place is for the Lindel6f theorem and the Fatou theo-
rem (we refer to [3, 12]) on radial and nontangential boundary values of holomorphicc functions.
The first one concerns the local property of functions, i.e., it is about the existence of non-
tanegntial boundary value in a single point in the domain of a holomorphic function, the second
one is about global boundary behaviour, i.e., it concerns the almost everywhere existence of ra-
dial boundary values of a holomorphic function. Nowadays there exist many proofs of these the-
orems but all of them use classical results of analytic theory of functions (see [3, 12, 13, 23]).
Generalizations of Lindel6f theorems and Fatou theorems goes in many directions. One direction
is for analytic functions by proving ,,stronger* results, i.e., by proving the existence of nontan-
gentail boundary values under weaker conditions then those in the Lindelof theorem (see [17-
19]). The second direction is to consider similar theorems for broader class of functions: mero-
morphic functions, endomorphic mappings, holomorphic mappings of several complex variables,
quasiconformal mappings in n, Rn> 2, harmonic functions and similar [22, 24, 25].

In this paper we prove how one can efficasely use the geometry or dynamic of Mdebious
mappings in order to derive the results on asymptotical behavior of holomorphic functions.

Namely, we prove theorems that give necessary and sufficient conditions and criteria in order
that a meromorphic function on the unit disk has tangential and nontangential boundary values.

2010 Mathematics Subject Classification: Primary: 30D40, 30D45, 37F45; Secondary: 30C25, 37Fxx.
Keywords and Phrases: Geometric and dynamic of Moebious mappings; normal families of functions; The
Lindel6f theorem.


http://doi.org/10.20948/mathmontis-2020-49-1

Z. Pavicevié, J. Susi¢ and M. Markovié

These theorems show that the conditions in the classical Lindel6f theorem and in the theorem of
Lehto and Virtanen, Bagemihl and Seidel, Gavrilov and Burkova on angular boundary values of
meromorphic functions may be relaxed. In the proofs of these theorems we use the Main Lemma
1 and the Main Lemma 2 in the Section 5 (see [18]). These results give the necessary and suffi-
cient condition on a function defined on the unit disk in the complex plane, to has a boundary set
consisted of one point, along the set which is obtain applying cyclic semi-group produced by an
element in the hyperbolic or parabolic Moebius group on the unit disk. More on the topic on
boundary asymptotic properties of functions one may found in [13, 17-19, 22-24].

2. PRELIMINARY NOTATIONS, DEFINITIONS AND RESULTS

By D we denote the open unit disk {z | 2/ <1} in the complex plane C, and with T" we denote
the boundary of D, and D'=Dn{z|Imz>0}, D =Dn{z|Imz<0}, and
D, ={z| |z|<r}, 0<r<1 is the disk with radius r. By P, ip, we denote the diameter and the
radius of D with one endpoint in €. Further, we denote by d(zl,zz):|zl—zz|, 2,2, €C the

Z—-W 1 l+dph(Z,W)

and d (z,w)==Ilo
1-zw n(2.W) 2 g1—dph(z,w)
for the pseudohyperbolic and hyperbolic distance between z and w in the dsik D, respecitvely,
and

, z,we D, stand

Euclidean distance on C,d, (z,w)=

2|Z_W| z,weC;
VLl L
d,(z,w)= .
,2eC, W=
1+|z|2

is the spherical distance on the Rimanian sphere C = Cu{oo} :

It is well known that dhn is the metric in the Poencare model of the hyperbolic geometry on the
disk D introduced by Lobachevsy.

All convergencies in this paper are with respect to the distances introduces above.
The set D, (w,r')={z| zeD,d,, (z,w)<r'}, weD, 0<r'<1, is the pseudohyperbolic disk,

and D, (w,r)={z| zeD,d,(z,w)<r}, weD, r>0, is the disk with respect to the hyperbolic
distance.

2r
r‘=—e2r 1=thr :
e” +1

Lemma 1. We have D,(w,r) =D, (w,r’), where r :%In 1+ r,
—r
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The pseudohyperbolic disk D, (w,r) is the Euclidean disk D(c,R):{ZG D ||z—c|< R} for

—r? 1-|w
Cc= 1—I’2’ and R = #

1-r%|wl 1-r?|w|
Therefore, the boundaries of hyperbolic and pseudohyperbolic disks are the ordinary cycles. The
cycle which lies in D and with T"has one common point is the oricycle D. The radius of D and
arcs in D and in intersection with I" have two points are hypercycles in D.

An arbitrary hypercycle will be denoted by H, an arbitrary oricycle will be denoted by O. We
denote by H’,0 [0, ), the hypercycle which connects the points —e'’ and e'; we denote by
u

—_e“9| u e(—oo,oo)} is

0, 6 €[0,27), the oricycle which is tangent to T in e”, and O’ :{
u—i

%}

We will also consider the family of all hypercycles with two common points in T".

i0

the oricycle {z

1
z——¢
2

The hyperbolic distance between a point z, zeD, to the curve y, y<D, s
dh(L}/):iWT;dh(Z’W)-

For y=H’, one can prove that dh(z,H‘)):min d, (z,w) and that dh(z,Hg) does not depend

weH?

on z if ze H,where H is ahyper-cycle from the family of all hypercycles which is defined by
the hypercycle H? (see [10]). Also one can prove (see [10]) that there exists unique point w, in
H“ such that

dh(z,H9)=er3dh(z,w)=dh(z,wo). (1)
From above, by “symmetric thinking”, it follows that for we H?there exists unique point z, in

H such that
d,(w,H)=mind, (w,z)=d, (w,2,) ()

zeH

And this distance does not depend onwe H”.
From (1) and (2) it follows that for any w e H? and ze H there exists unique points w, e H’

and z, e H such that

d, (w,H)=d, (z.H")=d, (W2,). 3)
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Having in mind all the preceding, the equality (3) define the hyperbolic distance between hyper-
cycles H”and H. Notation: d, (H‘g, H).

From the all given above we have:

Lemma 2 (see [10]). The set of points in D such the hyperbolic distance between the hypercycle
H is the hypercycle which belongs to the family of all hypercycles defined by the hypercycle H.

From Lemma 2 we obtain:

Lemma 3 (see [8, 14]). Theset A, (6,r)= U D, (ae“g, r), r €(0,+), is a domain in the disk

ae(—l,l)

D bounded by two hyper-cycles H?(r) and H?(-r) such that their hyperbolic distance to the

Zio
2

radius P, is equal to r, and which contains the points —th re'( ] and th re'(zﬂgj and contains
the points —e'’ and e (see the Figure 1).

Lemma 4 (see [10]). Let r be the hyperbolic distance of hyper-cycle H® from the diameter P, of

the disk D. The angle « between H? and P, is equal to :%—arctg 27

If h(6,01) and h(6,a,), —%<a1 <a, <%, are arcs in D that with the radius p, of the disk D with

endpoint in point e make angles «, and «,, then the domain in D which is bounded by these
arcs and by the circle D, :{z|‘z—ei9 = r} is the Stolz angle with vertex at €. This domain is

denoted by A(6,¢4,a,). By A(6,a) we denote the Stolz angle with boundary h(6,«) and

h(6,~), —%<a<%. We denote it by A(6,a,,a,). With A(6,a) we denote the Stolz angle

with boundary h(6,«) and h(6,-a), —%<a<%, ie.,

A(@,a):{z‘ zeD, |arg(e‘9—z)|<a, 0<a<%}.

Threfore, the Stolz angle is the domain which is an usualty geometic object (see Figure 1).
From Lemma 4 we obtain:

Lemma 5. For every «, —%<a<%, there exist r, re(0,+), 1, r,e(0,1), such that
{z‘ |y—e“’|<rl}mA(t9,a)c{z‘ |y—e“’|<r1}mAH (6,r). For every r, r (0,+%), there exists

a, —%<a<%, such that A, (6’, r)cA(H,a).
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Figure 1 Figure 2

If d,(z,7)=infd,(z,w) and if y =0, then dh(z,O‘g):ngdh(z,w) and d, (z,H") do not
wey wel

depend on z €O, where O is the oricycle from the family of all oricycles generated by O”. One

can also prove that (see[10]) there exists only one point w, in O%such that

dh(2,09):migdh(z,w):dh(z,wo). Analogy one may define the distance between two ori-

weO

cycles from the same family of ori-cycles in the following  way
d, (He, H)=dh (w,H)=d, (z, H”). It may be shown that there exist unique points w, e 0’ and

2, €0 suchthat d, (H’,H)=d, (w,H)=d,(z,H")=d, (W,.2).

Now, we have the following statements:
Lemma 6 (see [10]). The set of points in D for which the hyperbolic distance is constant from the

oricycle O is the orycycle in the family of all orycycles defined by the oricycle O.

From lemma 6, we have:

Lemma 7 (see [14]). The set A, (6,r)= ) D, (L_eig,rj, r €(0,+), is a domain in the

Ue(fooyoo)

disk D which is bounded by two ori-cycles O’ (—r) and O’(r) such that the hyperbolic dis-

u o .
——e"’|ue (—oo,oo)} is equal to r, and that pass

tance between them and the oricycle O,’ ={
u+i

throughout €', —th re' and th re" (see Figure 2).
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3. FRAGMENTS OF THE GEOMETRY OF MOBIOUS MAPPINGS

The Mdbious group on the unit disk D is the group of all conformal automorphisms of the
unit disc D, i.e., G =G(D)={e‘912;_a| aeD, z¢C, 0o, 27z)}.
—az
The set

io
H3={gz=g:(z)—%

= - is fixed,
. Z|ae( 1,1)}, 96[0,72')

stand for the hyperbolic subgroup of G with fixed points e and —e'’,

o alf
Pg’:{gf=gf(z): (u+i)z—ue

—(u-i)+ue™z
is the parabolic subgroup of G with fixed pointe'?,

lue (—oo,+oo)}, 6 [0,27) is fixed,

and finally

(1—|zo|ei9)z -7, (1—e“’)
7,(1-€")z+e |z,

Eg_{ Zy :gzo(z):

| o<[o, 2;;)}, z, € D is fixed,

is the elliptic subgroup of G with fixed point z,.

Since the hyperbolic distance is invariant with respect to g € G and from the definition of the
groups HJ and P and sets Py, A, (6,r), O,"and A, (8,r) we have the following statements:

Lemma 9. (i) A, (6,r)= o, g(D,(0,r))= o, g (D, (0.thr)), r € (0,+)

(ii) Ap(e,r)zg:égg(Dh(O,r))z U, g(D,, (0,thr)), re(0,+x).

gePp
The set A, Ac D, is the stabilisator of the group H] if g (A)=A, forevery ge HE.

Lemma 10. For every g e Hj we have g(P,)=P,, i.e., the diameter P, is stabilisator of the
group HZ.

Lemma 11. For every geH? and re(0,+x) we have g(AH (9,r))=AH (6,r), ie., the set
Ay, (6,r) is also the stabilisator of the group H_ .

Lemma 12. For every g € PJwe have g (009) =0,’, i.e., the ori-cycle O, is the stabilisator of

the group P?.
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Lemma 13. For every g e By and r e (0,+») we have g(A, (0.r))=A,(0.r), i.e., A,(6,r)
is the stabilisator of the group PY.

For geG(D) denote 9"(2Z)=9 (9((9(2)) ), go(z)=i, i is the identity and
0" (2)=(97) ()=07 (g7 (--(97(2)--) ), new.

Lemma 14 (see [2] on p. 73).
(i) Let geHJ. For fixed points e“and —e“there holds g"(z) —>e" and g™"(z) > -¢€",

n—o0

where we mean uniform convergence on compacts sets of the disk D.
(ii) Let g e PY. Then for fixed point €' we have g"(z) — €', where we also mean the uniform

n—o

convergence of compact subsets of the disk D.

Therefore, the point €' is an attraction point for g € H?, and —e"is repulsive point for g, i.e. it
is an attraction point for g™*. If g e PY then the attraction point forg e P?.

ForgeH;, and 0e[0,7) fixed, g=#i,denote HgH:{g”|neZ}. The set H; sa with
composition operation is the cyclic subgroup of the group HZ. IfgeP/, then the set

Pg" = {g” |n € Z} with composition of functions is the cyclic subgroup of PY.
Let A, (0,r)= uzg”(Dh (O,r)), re(0,+w).

Further, from the property of invariance of the hyperbolic distance with respect to geG we
have:

Lemmals. A (6,r)=u

nez

(Dh(g”(o),r))’ r E(O,+oo).

Lemmal6. Let geH,, g=#i. For every r e(0,+) there exists r e(0,+) such that
Ay (0. r)cA (0,n),and A (0,r)= A, (6,r) forevery re(0,+x).

Proof of lemma 16. Let g e H) be arbitrary and let it be fixed and g#i. Let zeA, (0,r).
There exists ae(0,+x) such that z e Dh(aeig,r). Since ael? e P, and g"(0)e P, for every
neZ, there exists N € Z such that ae” is between g" (0) and g"**(0) or is equalt to one of
that points. Let 0<M =d, (0,g(0))=d,(g"(0),9"*(0)), neZ. Then we have
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d, (9" (0),z)<d,(g"(0),ae")+d,(ae”,z)<d,(g" (0),g""(0))+d,(ae”,z) <M +r

Therefore, for every ze A, (0,r) there exists N e Z such that dh(gN (O),z)< M +r,where M

and r are independent on z and N.

Since Ay (0,M +1)= U (D, (g"(0),M +r)) (by Lemma 14) and

D, (9" (0),M+r)cA (6,M+r), weobtain zeA (6,M +r). If we take r, =M +r, it fol-

lows A, (0,r)cA,(6.1).
r)

Now A, (0,r)= A, (0,r), re(0,+x) follows from Lemma 9 and Lemma 15. []

Lemma 17. Let gePy, g=#i. For every r e(0,+w) there exists r e(0,+») such that
Ap(0,r)cA (0,r),and A (O,r)c A, (0,r) forevery re(0,+wx).

Lemma 17 may be proved in a similar way as Lemma 16, instead of diameter P, one has to
take the oricycleO” .

We  will  further  consider the  domains:  Au(6,r)= | D, (ae”,r)  and

ae[0,1]

A (e.r)= U Dh(ae“",r), re(0,+0), we call them the hypercyclic domains in D and

ae[—l,O]

A, (6.r)= U Dh(L_eig,rj and A, (,r)= U Dh(L_eig,r], re(0,+0), which will
ue(0,+%) U+l ue(—0,) U+l

be called the oricyclic domains in D.

Lemma 18. Letg, e HS, g, =i, for which e is an attraction fixed point. Then for every

r € (0,+o0) there exists r, e (0,+w) such that Uga( (0,r))cAn(6,r) Uga( (0,r,))-

Lemma 19. Letg, eP/, g, =i, for which e is fixed attraction point. Then for every

r €(0,+o0) there exists r, e(0,+e) such that Ug (D, (0, r))cA (6,r) Ugu( (0,1,)),
u>0, and Ugu”(Dh(O,r))cAo (6,r) cOg (D, (0,1,)), u<o.
n=0 n=0

Lemma 18 and lemma 19 may be proved in a similar way as Lemma 16.
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4, CLASSICAL RESULTS FOR ASYMPTOTIC AND ANGULAR LIMIT VALUES OF
ANALYTIC FUNCTIONS AT APOINT

For AcD, Kmrz{ei‘g}, we denote by A the closure of the set A, and

C(f,A,em):{a)‘a)eQ, (z,)c A limz, =e", Iimf(zn)za)} is the boundaty set of a

n—o0 n—oo

function f:D — Q corresponding to the point e allong the set A. It is known that
C(f,Ae”)=C(f Ae")
The symbol ¢n Sk ¢ denotes the uniform convergence on the set K < D, of the sequence (¢,)

of functions ¢ :D —>C, neN, to ¢:D —C.

If A:A(ei‘g,a) is a Stolz angle in the disk D with the vertex at the point e'’, then

C(f,ale",)e") is the boundary set of the function f along the angle Ale”,a). If for every
a,0<a< % C(f,ale”,a)e”)={w}, the e is the Fatou point of f, and w € Q is the unique
nontangential boundary value.

We always denote by » the simple Jordan curve in the disk D with endpoint in e'. If
C( f ,y,ei"):{a)}, weQ, then  is an asympthotic boundary value of the function f in the
point e'’along the curve y.

We give now the classical assymptotic results and nontangential of analytic functions.

Theorem of Lindelof (see [12, 23]). If f:D—>C is a bounded analytic function. If
C(f.7.6")={w}, weC, then C(f,Al" a)e”)={o} , ie, e is the Fatou point of

function f.

There are many proofs of the Lindel6f theorem. A proof based on maximum principle of analytic
functions may be found in [23].

One generalization of the Lindelof theorem is given by Lehto and Virtanen in [11]. The used
results from normal function theory and results in harmonic function theory and harmonic meas-
ure.

For a family of functions 3={f ‘f :0 —>@} we say that it is normal family on a domain O,

O c C, if for every sequence (fn) in that familty 3 there exists a subsequence (f) which
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convege uniformly on compact subsets of O to a function f :O — C. This is normality in the

sense of 3 of Montel. The family of functions J= { f ‘f :0 —>E} is normal in the point z €O

if itis normal familiy in a neiborhoud of z.

It is well known that a family of functions <= { f ‘f :0 —>E} is normal family in the domain O

if and only if it is normal in every point in the domain O (see [16, 20]).
If 0cC, i.e.if weO, then the family of functions 3={f‘f :0 —>E} is normal in the point

oo if we have normality of the family I :{f (ij | fe S} in 0. The family of functions
4
J= {f ‘f :0 %E} is normal on O if it is normal in every point of the domain O. The theory of

normal functions is well exposed in [16, 20].

If f :D— C is a bounded analytic maping, then the family {f og| g eG} is normal family of
functions on the disk D.

Theorem of Lehto and Virtanen (see [11]). Let f:D— C be a meromorphic function. If
{f °g|g eG} is normal family of functions on the disk D and C(f,y,eig)z{a)}, weC,
then we have C(f,A(e"”,a)e” )= (o}, ie., e” isthe Fatou point of the function f.

For the proof of the theroem Lehto and Virtanen used the results from harmonic function theory

and harmonic measures (the theorem on two constants) and the propery of the normal
meromorphic functions (see [3, 11]).

A meromorphic function f:D —C for which the family {f og| g eG} is normal family of

functions on D is the class of very well understood normal meromorphic functions N which
contains the Bloch class of holomorphic functions denoted by B.

In the following theorems proved by Bagemihl and Seidel [1], it is proved the existence of angu-
lar boundary values under weaker asymptotical conditions then these in the preceding theorems.
But these theorems are based on the theorems of Lehto and Virtanen.

Theorem of Bagemihl and Seidel 1 (see [1]). Let f:D— C be a meromorphic function. If

{f og| g eG} is a normal family of functions on the disk D and if for every ze D we have

f(z)2zw,weC, and if there exists a sequence (z,),z,eD, neN,such that:
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limz, =", d,(z,,2,.,)<M, neN, ilimf(z,)=0, ®cC, then C(f,Ale",a)e")=1{w} for

n—o nN—oo

everya,0< a < % , i.e., e'’is the Fatou point of the function f.

Theorem of Bagemihl and Seidel 2 (see [1]). Let f:D— C be a meromorphic function. If

{f og| g eG} is a normal family of functions on the disk D and if there exists a sequence

(2,), 2, €D, neN, such that limz, =¢”, limd,(z,2,,)=0, ilimf(z,)=w, @<C, then

n—o n—o

C(f,ale”,a)e”)={w} forevery o, 0 <o < % i.e., e isthe Fatou point of function f.

Bagemihl and Seidel [1] constructed an analytic functions in order to show that the condition
concerning the hypervbolic distance d, (z,,z,,,) in Theorem 5 and Theorem 6 is not possible

n?! Tn+l

to remove.

In the following theorem proved by Gavrilov and Burkova in [8], it is proved the existence of
angular boundary values for the broader class of meromorphic functions then the class in the
theorem of Lehto and Virtanen. In [Gavrilov and Burkova 11] it is given an example of mero-

morphic function for WhiCh{ fog’

9l e Hg} is normal on D but the family{f og| g eG}is not

normal on D.

A construction is based on the theorem which says that for a meromorphic function f:D —C

the family { fo g| ge G} is normal on the disku D if and only if the disk D does not contain the

so called P-sequences for the function f, dok je{ fog’

gl e Hg} is normal family on the disk D

if and only if in the domain A (0,r)c A, (0,r), r €(0,+x), does not exist the P-sequences

for the function f.

A sequence(z,), z,€D, Iim|zn|:1, is a P-sequence for a function f:D—C if for every

subsequence (znk )k y and for every ¢, O<e&<1, the function f on U Dh(znk,g), takes
€ keN

inifinity many times all velues in C, except possibly at most two (see definition, Gavrilov[6]).

In the sequel we will need the following theorems concerning the P-sequences:



Z. Pavicevié, J. Susi¢ and M. Markovié

Theorem on P-sequences 1 (see [6, Lemma 1]). Let (zn) be a P-sequence for a meromorphic

N—oo

function f:D —C. If for a sequence (z,)c= D we have limd, (zn,zn') =0, then the sequence

(z,) is P-sequence for f.

Theorem on P-sequences 2 (see [26]). Let f : D — C be a meromorphic fuction on D and let
(z,) = D a sequence such that Iim|zn|:1and lim f (z,)=c for some a ceC. Further, let

n—oo nN—o0

=l,|imdh(zn,zn'):0, and (f(z,))does not

n—oo

!

Zn

(zn')cDbe a sequence such that lim

n—w

sonverge toa cas n— . Then (z,)and (zn')are both P-sequences of the fuction f.

Theorem of Gavrilov and Burkova (see [8]). Let f:D—C be a meromorphic function. If
{fog!

Cc(f,ale”,a)e”)={w} for every o, 0 < < % i.e., e isthe Fatou point of the function f.

gs € Hg} is a normal family on the disk D and C(f,7,e”)={a}, weC, then

A proof of theorem of Gavrilov and Burkova goes in the same way as the, by using the result
from harmonic function theory as well as using properties of harmonic measure, as in the proof
of theorem Lehto — Virtanen.

In [1] are given theorems that are analigies to the theorems of Bagemil and Seidel for
meromorphic functions on D i.e., functions for which {f og’
D.

9’ e Hg} is normal on the disk

5. MAIN RESULT

The main lemma 1. For any function f : D — C, any compact set K, K = D, and any mapping
g,€H?, g, =i, the following conditions are equivalent:

i)  fo(@a)"3k C;
i) C(f,Og;‘(K),emj:{c}.
n=0
Proof of mainlemma 1. Let ceC.
1)= ii). From i) we have

(V& >0)(3N, =N, (£))(¥n= N,)(vzeK)(|f o 97 (2) - <) 4)
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ie. fLQ g;(K)]c{w6<c| w-c|<s}.

From lemma 8 we have

(V6 >0)(IN, =N, (5))(¥n=N,)(vzeK)(|9 (z)-e"| <), (5)
ie., [We Q g;‘(K)j|z—ei9|<5. (5"

Let (z,) be any sequence in [ Jgi (K) for which limz, =e”. From (5), ie., from (5') we

n—w
n=1

obtain

(3N, =N;((z,),N,))(vn= NS)[ZH e [] g;(K)]. (6)

k=N,
o0

If N, <N,, then we have O g5 (K)<= [J 97(K), from this and from  (6) it follows that

a
n=N, n=N,

z,e|Joi(K) for every n>=N, Having in mind now (4) it follows that

n=N,

(Vn=N,)(|f(z,)-c|< &), which means that lim f (z,)=c.

n—w

If N, <N,, then from the sequence(z,), except z,, ...,z , remove those that are in the set

N
ng(K), there are only finite many of them. Therefore, there exists N, such that
k=1

z, € 0 gQ(K) for every n>N,. Now, according to (4) we obtain (Vvn> N3)(|f(zn)—c|<g),

n=N;

i.e., in this case we also have lim f (z,)=c.

n—o

n

Therefore, for every sequence (z,) in | Jg;

that C(f,Og;(K),emJ:{c}.

1C:

(K) we have lim f (z,)=c, do we may conclude

n—o

n=0

ii )= i). From ii) we have v(zn)cog;‘(K) A limz, =€e“ = limf(z,)=ci.e,
n=0 n—w nN—oo

(Vg>0)(35:6(g))(VzeOgQ(K)j(|z—e‘9|<§:|f(z)—c|<5) (7)
n=0
Since ga"3k €', for §>0 the exists N =N (&) such that for any n>N and every zeK

holds

gg(z)—e"’|<5, ie.,
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092(K)C{ZED| |Z—ei9|<5}. (8)

From (7) and (8) it follows that f(@ g;(K)JC{We(C| |w—c|<g},and therefore

(Vn=N)(Vze K)(| f (gg (z))—c|<5), i.e., fo@a)" 3« cC.

If c=0eC, the proof goes in the same way as in the case ¢ € Cinstead of the Eucilean metric
we have to take the spherical distance. [ ]

Main lemma 2. For any function f:D —C, and a compact set K, K = D, and any mapping
g, €PY,g, =i, the following conditions are equivalent:
i) fo(gu)" 3 c, ceC.

i) C(f,UgS(K),ewj:{c}.
n=0
Main Lemma 2 may be proved in the same way as Main Lemma 1.

6. APPLICATIONS
For g,eH?, g,=#i, for which ¢"
H;, ={od

: H i0 0 _ n
tion point e, and Py _{gu

is an attraction fixed point

neNu {0}} a e (-11) is fixed, is the hyperbolic semigroup of G with fixed attrac-

ne Nu{0} } U e (—oo,+0) is fixed, is the parabolic semigroup

of G with attraction fixed point e

6.1. Angular boundary values of meromorphic functions

Theorem 1. Let f :D — C be a meromorphic function. If

(fooaehy}={f-a

neNu{0}}, ae(-11)

(a is fixed), is normal family of functions on the disk D, y is simple Jordan curve with one

endpoint in e and y = Au (6,r) and C(f,7,€”)={c}, ceC, then
c(f,A(e" a)e”)={c} f z,
(f.4(e",@).e”)={c} for every a,0<a<

i.e., €' is the Fatou point of the function f.
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Proof of Theorem 1. Since{f °Q,

neNu{O}}, ae(-11), a is fixed, is a normal family of
functions on the disk D, there exists a sequence (f oggk) which uniformly on compact sete

convegre to a meromorphic function ¢ on D_rl 1e., fo@a)x 3D ¢

Since y = Au (6,r), the sets y g} (D, \D,), 0<r<r <1, neN, are made of two simple
curves. By 7. Wwe denote one of them Then we have y ny.,.,=9, and
[rk =g (yk)}m[l“m:g;"“l (ym)]:@, neN, since the Moebius transforms g. are

a
bijections
For every me N let us select a sequence (z['), z{ T\, such thatlimz; =z;' € D,, (0,1;) and

2y #2) for i= j. We will show that o(z')=c, ceC , forevery meN.

For every me N there holds
dg (go(zg‘),c)s dg (go(zg“),go(z,i“))+d5 (go(zL“), f, (z&”))+ds ( f, (z,ﬁ“),c). (9)

Let & be any positive real number. Since of coninuily of ¢ we have d, (go(zg‘),go(z;")) <%, if k
is enough big.

Since the sequence (fnk) converge uniformly on compact sets of the disk D to @, we have

ds (@(2), f (z))<§ for every z e D, and enough big k.

Since z"eD, we have d ((p(z?), f, (zlﬂ“))<% Since z'el, it follows that
o, (20)=w ey, <y and lim w’ =e".

Since c is the asymptotic value of f snd since mg fo, (WQ‘): lm fogp, (zﬁ):lm fo, (z?)zc,
for enough big k we have d ( o (z{f),c) <% foreveryme N.

From (9) and obtained inequality it follows that dg ((p(zg“),c)<g for every m. Since ¢ is any

number, we have ¢(z;')=c for every m.

m

Since the sequence (zo) isin D, and i D, has an accumulation point, from the unigness
theorem we have g =c.

Therefore, we have proved that any sequence in the family {f °g,

neNuU{0}} which is

uniformly convergent on compact sets in D, is convergent to the constant c.
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Now we will show that any sequence in the family { fog,

ne NU{O}} converge uniformly on

compact sets of D the the constant c. Assume conctrary, that thereexist a sequence postoji ( f,),
fe{foq]

Then there exists a number ¢>0 such that for every keN we have n, eN and z, € D, such

n eNu{O}}, which uniformly on compacts does not converge to the constant c.

that ds(fnk(znk),c)z‘s. Since tha family {fog;‘

neNu{O}} is normal, f,  has a

subsequence f, - which uniformly on compact sets of D converge, according to the preceding
consideration it follows that it converge to the constant ¢, which is contrary with the assumption
ds(fnk(zf‘),c)Zg. This contradiction shows that every sequence in {f g, neNu{O}}

uniformly on compact sets of D converge to the constant c. Having in mind the Lemma 1 it

follows that C(f,Ug;‘ (K),e‘gj = {c} for every compact set K, K < D, and form Lemma 5
n=0

and Lemma 18 we have that C( f ,A(H,a),e”) ={c} for everya, —%<a <%, i.e., the function

f in the point €' has angular boundary value c¢. []

In [27] it is proved that {f g,

ne Nu{O}}, ae(-11) is normal family on D if and only if in

the domain KH (9, r), r (0,+o0), does not exist P-sequences for f.

Theorem 2. Let f:D—C be a meromorphic function. If {f og! neNu{O}}, ae(-11),
where a is fixed, normal family of functions on the disk D and if for a sequence

(z,)< An (6,r) holds limz, =e“and lim f (z,)=c, ceC, then for any sequence (r,) for

n

which limr =0 and ODh(zn,rn)clH (6.r,) for r1>0,C(f,ODh(zn,rn),eigj:{c}.
n—o n=1 n=1

Theorem 2 follows directly from theorem on P-sequences which is formulated in the Section 4
and the criteria for normality formulated above of the familiy of functions

{1‘09;1 neNu{O}}, ae(-11)on D.

Theorem 3. Let f:D—C be meromorphic function. If {f °g,

neNu{O}}, ae(-11)
where a is fixed, is normal family of functions on the disk D and if for a sequence

(z,)< An (6,r) holds: limz, =€”,  limd,(z,,2,,)=0 and limf(z,)=c, ceC, then

n—oo n—oo n—w

C( f ,A(e‘e,a),e”):{c} for every o,0< « <%, i.e., e isthe Fatou point of the function f.
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Proof of Theorem 3. Let x,=2d,(z,,z,,). Then we have limx =0. If
D, (z,.%,)=1{z| d,(z.2,)<x,}, then ~ form  Theorem 2 follows  that

(f UD %) j {c} ceC. Since the curve (poligonal line)
y= € cUDh %), we have C(f,7.e”)={c}. Since it is possible to chose r>0,

n=

such that UDh %)< Aw (6,1), from Theorem 1 we conclude C( f ,A(e“",a),e‘@):{c} for

n=1

every a,0<a < % i.e., ' is the Fatou point of f. []

Theorem 4. Let f:D—>C be meromorphic function such that f(z)=c, ceC,zeD. If
{fog]
holds: limz, =€ and lim (92(0))=c, ceC, then we haveC(f,A(eig,a),e“g):{c} for

n—oo

neNu{O}}, ae(-11) , ais fixed, normal family f functions on th disk D and if

every o,0< a < % i.e., €' is the Fatou point of f.

Proof of Theorem 4. Form normality of meromorphic functions {f og;|Nne NU{O}} and the

condition lim f (g“ (0)) =c, ceC, from Hurwitz theorem (see [20]) fogu"=k ¢ for every com-
pact set K< D. If we take K=D (0 r) 0<r<1, then from the Main Lemma 1, Lemma 5 and
Lemma 18 we have C(f,A(e'g,a),e“g):{c} for every a,0<a<%, i.e., e is the Fatou

point of f. []

6.2. Tangentialy oricyclic boundary values of meromorphic functions

If for every re(0,+w) holds C(f,io (0,r),e‘9j={a)}, weC, then we will call o the
upper oricyclic boundary value of f in the point e'’. On the other hand, if for every r e (0,+0)

holds C(f,ZO (e,r),e“’):{a)}, weC, weC, then we will call » the lower o oricyclic

boundary value for f in the point €. If C( f ,AO (6, r)uZ0 (6, r),e"’) ={w} then we call se w

the oricyclic boundary value of f in the point "

Theorem 5. Let f :D—C be meromorphic function. If
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{foglgep/|={foq

u is fixed, normal family of functions on the disk D and if for a sequence (z,) < Ao (6,r) holds

neNu{O}}, ue(0,),

limz, =e“and lim f (z,)=c, ceC, then for every sequence (r,) for which limr,=0 and

n—0 N—ao

ODh(zn,rn)cgo(e,rl) fora r >0, C[f,ODh(zn,rn),e”]:{c}.

n=1 n=1

n—o0

Theorem 57 Let f : D — C be a meromorphic function. If
{f og| g engu}:{f og) neNu{O}}, ue(—»,0),

where u is fixed, normal family of functions on the disk D and if for a sequence (z,) ZO (6.r)

holds: limz, =e“and lim f (z,)=c, ceC, then for every (r,) for which limr,=0 and

n—oo nN—w

[th(zn,rn)cg0 (6,r) for r,>0, C(f,ODh(zn,rn),e”j:{c}.

n=1 n=1

n—oo

U [27] it is proved that {f og,

ne NU{O}}, Ue(—o0,0) isnormal family on the disk D if and

only if in the domain ZO(G,r)Ao (6.r), re(0,+x), does not exist P-sequences for the

function f. On the other hand, the family {f g,

neNu{O}}, ue(0,+0) is normal on the

disk D if and only if in the domain Ao (6.r), r e(0,+x), does not exist P-sequences for the
function f.

Theorem 5 and Thorem 5’ follows directly from theorem on P-sequences 1 which is formulated
in Section 4 and the above formulated criterion for normality of the family of functions

{fogj neNu{O}}, U e (—0,0) {fog|geng}:{fogj neNu{O}}, Ue(-,0).

Theorem 6. Let f :D — C be a meromorphic function. If

{fog|gePg9u}={fogu“ neNu{O}}, ue(0,0), u is fixed,

is normal family on the disk D, » a simple Jordan curve with one endpoint in e' and

y<ho(0,r) and C(f,7.€")={o}, weC, then C(f,lo(&,r),e”]:{a)} for every

re(0,+x), i.e., @ is the upper oricyclic boundary value for the function f in the point e'.
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Theorem 67 Let f:D—> C be a meromorphic function. If
{f og| ge ng}:{f og! neNu{O}}, ue(-,0) ,uis fixed,
is normal family of functions on the disku D, y is simple Jordan curve with one endpoint in e'

and y <A, (6,r) and C(f,}/,eig):{a)}, weC, then C(f,go(e,r),e”j:{a)} for every

re(0,+x), i.e., @ is the lower oricyclic boundary value of the function f in the point e'.

Theorem 6 and Theorem 6’ may be proved using the Main Lemma 2 and Lemma 19 in the same
way as Theorema 1 is derived from the Main Lemma 1 and Lemma 18.

Theorem 7 and Theorem 7' may be proved using Theorem 6 and Theorem 6’ in the same way as
Theorem 3 using Theorem 1.

Theorem 7. Let f : D — C be a meromorphic function. If

{fog|lgepl}={fog

neNu{O}}, ue(0,+x) , uis fixed,

is a normal family of functions on the disk D and if for a sequence (zn)clo(e,r) holds:

n—oo nN—oo nN—o0

limz,=¢“, limd,(z,2,,)=0 and limf(z,)=c, ceC, then C(f,io(e,r),e‘gj:{a)}

for every r €(0,+x), i.e., @ is the upper oricyclic boundary value of function f in the point e,

Theorem 7/ Let f :D — C be a meromorphic function. If

{foglgePl}={foq]

neNU{0}}, ue(—0,0) , uis fixed,

is normal family of functions on the disk D and if for a sequence (zn)cZO (6,r) holds:

nN—o0 n—o

limz, =€, limd,(z,2,,)=0 and limf(z,)=c, ceC, then C(f,Ao(H,r),e‘9)={a)} for

every re(0,+x), i.e,, @ isthe lower oricyclic boundary value of the function f in the point e,

Theorem 8. Let f:D—C be a meromorphic function such that f(z)=c, ceC,zeD.
{foglgerl}={foq]

and if limz, =¢"“ and lim f (gS(O)):C, ceC, then we have C(f,io (e,r),eiejz{a)} for

n—oo

ne NU{O}}, ue(0,+w) , uis fixed, normal family of functions on D

every r € (0,+0), i.e., @ is the upper oricyclic boundary value of the function f in the point e'.
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Theorem 8% Let f:D—C be a meromorphic function such that f(z)=c, ceC,zeD.
{fog|geng}:{fogS
the disk D and if limz, =e" and lim f (gg1 (O))zc, ceC, then C(f,ZO (9,r),e‘9)={a}} for

nN—o0

ne NU{O}}, ue(—»,0) , uis fixed, normal family of functions on

every r e (—=,0), i.e.. o is the lower oricyclic boundary value of the function f in e,

Theorem 8 and Theorem 8’ may be proved using the Main Lemma 2 and Lemma 19 in the same
way as Theorem 4 is derived from the Main Lemma 1, Lemma 5 and Lemma 18.
7. CONSTRUCTION OF ONE EXAMPLE

We will construct an example of meromorphic function f:D—>C for which
{fog]

{fog!
the work [8].

ne NU{O}}, a e(—l,l) , a is fixed, is normal family of functions on the disk D, and

g9 € Hg} is not normal family of functions on D. This construction is similar as one in

mp, =1 limd(z,,z.,)=0

. I -
Let Zk = ,Dke ) pk > O’ k € Nv be SUCh that k—)wp and k—o0 The elemEntS

of the sequence (z) are in the set P,nA . (-6,r). Let a sequence (&, ) be a such one that we
have:

0<&,1 <& limgk:O; D(z,6)ND (71, 6.,) =D, keN; lim( sup d(zk,zm)jzo;
% 2\ zeD(z &)

S <

k=1

Let a =&, keN, and f(z)=Y a (z-z) . The function f is meromorphic on the disk D,

k=1

with the poles in z,, ke N.. Since f(z,)=oo, |f(zk+g)|<M, keN, andlimd, (z,,z, +¢£)=0

n—oo

Z A 1 _G,r A gar .
from Theorem 2 on P-sequences it follows that ( ")C 9 ( )C ( )IS P-sequence of f.

9’ e Hg} is not normal family of functions on the disk

Therefore, we may conclude that{ fog’
D.

Since for every z',2" e D\O D(z,.¢,) we have |f(2')-f(z")|<|z/ -2,
k=1

> & =C <+ and
k=1

since A, (6,r), r>0, contains finite number of points z,, and since A, (6,r), r>0,is invariant set
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with respect to g7, neN, it follows that limsup f(z)|:cf (r)<o, 0<r<1. Therefore, for

Ag(0.r)>2>€"

every r,0<r <1, the function f is bounded on O, "NA_ (0,r), where O, :{zH|z—e‘9|<1—r}

so we have that {f g,
35, Montel’s theorem).

ne Nu{O}}, ae(-11) is normal family on the disku D (see [20], p.

CONCLUSION

In this paper it is given a new approach in deriving theorems from the theory of asymptotical
behavior of analytic functions. Namely, our theorems are proved using some results from the
dynamic and the geometry of Méebious mappings and classical uniqueness theorem for analytic
mappings, but in the preceding time these theorems were proved by using the approach and the
results from the theory of harmonic mappings and harmonic measure theory.

The Main Lemma 1 and the Main Lemma 2 prove that the necessary condition for a function
f:D—C to has the angular or oricyclic boundary value in e is that the following two
families of functions

{tog]

neNu{O}},ae(—l,l), {f°9|gepgf}={f°gﬂ

neNu{O}}, ue(-x,0),

are normal on the disk D.

The constructed example in Section 7 shows that the angular boundary values exist for broader
class of meromorphic functions then the class considered in the theorems of Lehto-Virtanen and
Gavrilov-Burkova. We have proved theorems of type of Bagemihl-Seidel for broader class of
functions.

From Theorem 6 and Theorem 6’ it follows that the upper and the lower oricyclic boundary val-
ues of meromorphic function f:D—>C in € are equal w, weC, then f has tangential —
oricyclic boundary value @ in €. In general case it is possible to occur that one of these

boundary values exists but the other not. This may be proved by an example which may be
constructed in a similar way as the example in the Section 7.

For further consideration it remains to consider is it possible to use the approach of this paper in
order to derive results concerning the asymptotic behavior of harmonic functions on the unit disk
D in the complex plane C.
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Summary. This paper deals with non-self-adjoint second-order differential operators with two
constant delays. We consider four boundary value problems D; ;,i = 0,1,k = 1,2

=" () + q1(0)y(x — 1) + (—1)'q2 (X)y(x — 75) = Ay(x), x € [0,7]
y'(0) —hy(0) =0, y'(m)+ Hyy(m) =0,

where g <17, < g < 2t, <1 <m, hHy H, € R\{0}and 1 is a spectral parameter. We assume

that q,, q, are real-valued potential functions from L,[0, ] such that q; (x) = 0,x € [0,7,) and

q,(x) =0, x € [0,7,). The inverse spectral problem of recovering operators from their spectra has
been studied. We prove that delays t,, T, and parameters h, H;, H, are uniquely determined from the
spectra. Then we prove that potentials are uniquely determined by Volterra linear integral equations.

1 INTRODUCTION

The theory of differential equations with delays is a very important branch of the theory of
ordinary differential equations and has been studied in detail in [1] and the references therein.
For a number of results relating to the inverse spectral problems for classical Sturm-Liuville
operators we refer the reader to [2], while some aspects of the direct and inverse problems for
operators with a delay can be found in [3] - [13]. While there are a number results about both
direct and inverse problems for operators with one delay, there are just a few results related to
the operators with two or more delays (see [14]-[18]). The motivation behind this paper is to
initiate further research in the inverse spectral theory for differential operators with delays. In
what follows, we always take i = 0,1 and k = 1,2. In this paper we consider the boundary
value problems D;

—y"(x) + g1 ()Y (x — 11) + (~Digy )y (x — 73) = Ay(x), x € [0, 7] @
¥'(0) — hy(0) = 0, @
y'(1) + Hey(m) = 0 3)

where = < 7, <> <27, <7, <7, hH;, H, € R\{0} and 4 is a spectral parameter.
We assume that q,, g, are real-valued potential functions from L, [0, r] such that

2010 Mathematics Subject Classification: 34B09, 34B24, 34L.10.
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q1(x) =0, x €[0,7,) and g,(x) = 0, x € [0,7,). We study the inverse spectral problem of
recovering operators from the spectra of D; ;. Let (ﬂn,i,k):;o be the eigenvalues of D; , .
The inverse problem is formulated as follows.

Inverse problem: Given (An,i,k)j;o, determine delays 74, t,, parameters h, H,, H, and potential
functions g4, q5.

To solve this inverse problem, we use the method of Fourier coefficients. This method based
on determination of direct relations between Fourier coefficients of the potentials or some
functions containing the potentials, and Fourier coefficients of some known functions.

In Section 2, we study the spectral properties of the boundary value problems D; ;. In Section
3, we prove that delays and parameters are uniquely determined from the spectra. Then we
prove that potentials are uniquely determined by the system of two Volterra linear integral
equations.

2 SPECTRAL PROPERTIES

One can easily show that differential equation (1) under the initial condition (2) and
conditions q;(x) = 0,x € [0,7;) and g,(x) =0, x € [0,7,) is eqgivalent to the integral
equation

h 1r*
yi(x,z) = cosxz + ;sinzx + ;f q1 (O)sinz(x — t)y(t — 74, z)dt +
T1

+ (—1)‘5[2 q, ()sinz(x — t)y(t — 1,,z)dt )

Here and in the sequel A = z2. By the method of steps it can be easily verified that the solution
of integral equation (4) on (t,, 7] is

h &) i@
yi(x,z) = coszx + — smzx + bs.’ (x, Z) + (=1)'bg; (x z) |+

+Z£2(b§? (x,2) + (—1)%5? (x, z)) L D7) t— " b®(x,2) ®)

Zsc

where
X
bgf) (x,2) = f qr (t)sinz(x — t)cosz(t — 1y )dt,

Tk

) X
bs(? (x,2) = f qr (t)sinz(x — t)sinz(t — 13 )dt,

Tk

X
bg) (x,2) = f q, (t)sinz(x — t)bs(f)(t —1,,2)dt,

27,

X
bs(gz(x, z) = f q, (t)sinz(x — t)bg)(t —1T,,z)dt.

2T,
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Denote
Ai (1) = Fi(2) = y;'(m,2) + Hiy(m, 2). 1

From (5) we obtain

hHyy o) (@)
Fuu(z) = (—z += )Slnnz + (h+ Hy)costz + bP (@) + (1P (2) +
hi @ i@ He (@ e
+; bcs (Z) + (_1) bcs (Z) + ~ bsc (Z) + (_1) bsc (Z) +

h .
P (59@ + DL @) +- b + 5B + bR + 35D (2)

where

T
b®) (7 = f 0 (D)cosz(x — D)sinz(t — 1)dt,

Tk

bg) (2) = fﬂqk (t)cosz(x — t)cosz(t — 1; )dt

Tk

Y
b2 = |4z @sinax — 02— 102,

27,

T
bP(2) = f 4 (Dcosz(x — b (t — 1,2 )dt,
27,

T
bg% (z) = f q, (t)cosz(x — t)bs(g)(t —1,,7 )dt.

27,

To simplify further consideration we define so called the transitional functions g; as follows

(ql(t+ )+( 1! qz(t+ 2) te [Tz—ln—TZ—I]
00 = { (~Dig (t+2) e [Zm) u (r -3 m -2,
0,te [O,TZ—Z)U(H—%Z,N] (6)
Let us also define functions K and U® by
KO =g+ 1) | 42(5)ds — 42(0) : 42 (s)ds — ft ” 425 — D, (5)ds,

te [TZlT[ - TZ]: K(Z)(t) = O,t € [01 TZ) U (T[ - TZ,T[],
and

1 Below, instead of the argument (7, z) we write argument (z)
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t T

q2(s)ds — q2(¢)

T

42(s)ds + f 42(s — D> (s)ds,

t+7,
t € [1,,m—1y], UP(t) =0,t € [0,7,) U (1 — 1y, 7]

UD() = gy(t + 1) f

T t+71,

and introduce notations

© = qod P=] ao ( [ (s)ds)dt

Tk T2 2

and functions

1 s

G o(2) = fo Gi(O)cosz(n —20dt, d;s(2) = fo G.(O)sinz(r — 2 )dt,
ky(2) = fo "KO(©) sinz(n - 20)de, ko(z) = fo "KO(©) cosz(n — 20)dt,
1y (2) = fo "UO(@) sinz(n — 20)de, uy(z) = fo "UO@) cosz(n — 20)dt.

One can easily show that folowing relations hold

=T T—T,
f K@ () dt = — ;2)’ f U(z)(t) dt = 152). @)
T2

T2
Using aforementioned tags and relations (7), we can rewrite characteristic functions F; . (z) as
follows

hHy\ . 1,
Fix(2) = (—z + 7) sinnz + (h + Hy)cosmz + 5 (ailc(z) +]i,c(z)) +

h H hH
5 (45D +Ji5(D) + 5 (85@) +15(@) + 55 (016 ~ i)

+ ﬁ (Jas(@ — u5(2)) - % (Joc(@ + k(@) - 57'3 (o) ~ (@)

hH
— 25 (252 T k(@) (8)

where
Jie(@) = JPcosz(n — 11) + (~1)J P cosz(n — 1),
Jis(2) = ]fl)sinz(n —79) + (—1)"]§2)sinz(n —T5)

Joc(@) = JPcosz(m — 21),  Jos(2) = [P sinz(n — 21).
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The functions F, (z) are entire in 4 of order 1/2. Using (8), by the well known method (see

[2]), we obtain the asymptotic formulas for (An,i,k):):() of D
) 1) @ )
Anir =n%+ p- (h+ Hy) + 71r cosnt; + (—1)‘17cosnrz +0(1),n = oo.

Now, by Hadamard's factorization theorem, from the spectra of D, ,, we can construct the
characteristic functions F; .. The next lemma holds.

Lemma 2.1. The specification of spectrum (An_i_k):;o of the boundary value problems D;
uniquely determines the characteristic functions F; , (z) by the formulas

P A i — 22
Fi,k (Z) — T[(Ao,i,k _ ZZ) 1_[% (10)
n=1

3 MAIN RESULTS

Lemma 3.1. The delays 7, integrals jl(k) and sums h + H,, are uniquely determined by
eigenvalues ()ln,i,k):zo.

Proof. Let us consider the sequences

Pnk = %(An,o,k + An,l,k)

and

1
Op = 2 (An,O,l - An,l,l)-

From (9) we obtain the next asymptotic formulas
2 &
Pk =n%+ - (h+ Hp) + %cosnrl + 0(1)

and
2
Op = %cosnrz + 0(1).

Obviously, the delays t,, 7, and integrals ]fl), fz) can be determined from sequences

(pn,k):jzo and (a,)5m=¢ inthe same way as for the operators with one delay (see [13]).
Lemma 3.1. is proved. O

Lemma 3.2. Parameters h and H,, are uniquely determined by eigenvalues (An,o,k)zzo.
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Proof. By virtue of Lemma 3.1., functions J, .(z) and J, ;(z) are known. Since the

2
characteristic functions are uniquely determined by the spectra, putting A = (4";“) into
functions F;, from (10), we can define functions

4m+1>+4m+1 1 (4m+1> Hy +h (4m+1)

F* =F, — _
o,k(m) o,k( 2 5 am+ 1705 )

2 2]0,C
Then, using the form of the characteristic functions F; , from (8), we get

1 4m+1

h== lim ——
2 mos Hy, — Hy

(F*o,z(m) - F*0,1(m))

At the end, we determine H, from h + H,, thus proving Lemma 3.2. O

In order to recover the potential functions from the spectra by the method of Fourier

coefficients, we should transform the characteristic functions (8). For this purpose, we use the

method of partial integration in (8), once in integrals a; ;(z), @; .(z), us(z) and u.(z), and
twice in the integrals k.(z) and k¢(z). This is where the next function appears

t
K®*(t) = LZK(Z)(u) du,t € [, m — Tz].
0,t €[0,72) U (T — 1y, 7]

One can show that following relation holds

T—T, t
T r—

T2

Then we obtain the characteristic functions in the form

Hi.h\ 1/_ Hy
Fir(2) = <—Z + 7) sinnz + (h + Hy)cosmz + 5 a;c(z) + ~ as(z) | —

(020 + Fa, 0@ ) -3 (1@ + @ ) + a0+ Fi o)

]i,C(Z) 2h+Hk 1 Hkh h @) .
St Jis(2) + Z(l - Z_z)]Z.S(Z) + Z(n — 21,)J,” sinz(m — 27,)

+HLh (mr— Zrz)j(z)cosz(r[ —217,)
2,2 2
where

(11)
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and

In order to recover the potential functions from the spectra, at the beginning we define

functions
Ai(z) =

2@

and
Bi(2) =

From (11) we obtain

H, — Hy

V4
Hp — Hy

t
fr Gi(s) ds) cosz(m — 2t)dt,
L2

t
ﬁ Gi(s)ds |sinz(mw — 2t)dt,

L2

2

uz(z) = fn_TZ <ftU(2)(s) ds) cosz(m — 2t)dt,

—T, t
ui(z) = f <j U@(s) ds> sinz(mw — 2t)dt

T2

T—T, t
ki*(z) = f <j K®*(s) ds) cosz(m — 2t)dt,
T2 T2

ki (2) = f i ( f KD (s) ds> sinz(m — 26)dt.

T2

(HZFM(Z) — HF;, (Z)) + 2zsinmz — 2hcosnz — J; . (z) —

sinz(mt — 1)

(Fi'2 (z) = Fi1 (z)) — 2hsinnz — 2zcosnz — J; s(2).

Ai(2) = @0 (2) — 2hG; D (2) — ui(2) + 2hkE (2) + a(2)

Bi(2) = d;5(2) — 2h{; s (2) — ui(2) + 2hkZ*(2) + B(2)

where

and

B(z) =

(2)
a(z) = 27 (h(mr — 21,) + 1)sinz(m — 21,)

P
72

(Z(T[ — 21,)cosz(m — 21,) — sinz(mw — 212)).

(12)

(13)

(14)

(15)
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One can easily show that

limpB(z) =0,

z-0

and
llm a(z) = ](2)(h(n —27,) + 1) (m — 21,).

Putz = m, m € N into (14) and (15) and denote
2 m 2 m+1
Aym,i = p (=D™A;(m), Bym; = p (=1)™*B;(m).

Then we obtain

)
2 4 2
Apmi = EQZm,i hqu)uc u2mc += thmc (16)
2. 4 2 4 2h)?
Bom = —bam,i — Eth}‘r)l,lS —Uzms + —hkoms — L (m(r — 27,)cos2mr, + sinzmr,) (17
where
T ~ T
dym,i = f gi(t)cos2mtdt,  bypy; = f g;(t)sin2mtdt,
0 0
n-2( ot
Upm,s = fr f U@ (s)ds | sin2mtdt,
72
Upm,c = fT U (2)(5) ds | cos2mtdt
72
-7,
k3mc = ( K(Z)*(s) ds> cos2mtdt,.
T
T,
kms = f < K(z)*(s) ds) sin2mtdt.
T2
Denote Ay ; = = lim 4; (m).
’ T m-0
Then we obtain
2 o 2. 4 . 2P (18)
AO,i =—0y; — hq - Euo,c + Ehko,c +

T 0,i,c

Since sequences {Az;,;} and {Bs,,;} belong to the space [,, by virtue of Riesz-Fischer
theorem, there exist functions f; from L, [0, ] such that
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Aoi N
() =—+ amicosZmt + By, isinZmt,t € |0,
) ;’" Agn OS2 By iSin2 [0, 7]
m=1

Now multiplying (18) with % , (16) with cos2mt and (17) with sin2mt, and then
summing-up fromm = 1 to m = oo, we get the system of integral equations

t
G;(t) — 2h fr Gi(s)dty - f U@ (s)ds + 2h f K@*(s)ds + ®(¢) = f;(t) (19)
2

T2

where

2@
®(t) = — L (h(r — 212)+1)Z

2h](2) cos2mt, h](z) sinZmt, |
(n—ZTZ)Z sin2mt — Z 3 sin2mt.

sin2mrt,

cos2mt —

m=1

After summing and subtracting integral equations (19), and then introducing substitution of
variables, we get the system of integral equations

ql(x>—2h£xq1(u>du—fx

T
T2+2

U@ (u —Tz—l)du+ ZthJrr_lK(Z)* (u _1'2_1) du +

ro(e-2) =3(n (- D)+ (- D)) (20)

and

020~ 20 [ 4y() du = —<f0 (x=2)= £ (x- T2_2)> (1)

T2

Finally, we come to our main result.

Theorem 3.1. Let gy € Ly[1;, ], qx(x) = 0 for x € [0, 7y).
If % <7,< g < 21, < 7; < m, then integral equations (20) and (21) have unique solutions
q, € L,[t,, ] and q, € L,[t,, ], respectively.

Proof. Obviously, the integral equation (21) has a unique solution g, on (z,, 7). Then we
i i x @ (-4 x @)=, =4
obtain that integrals fTZ i U (u 2) du and sz i K (u . ) du are known too, as

well as the integral ]2(2). For sums appearing in the function ®, we have
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{ —T,, tE€ (T, T —Ty),
[00] R T[
sinzmt t _
Z 2 cos2mt = 5 T t € (0,72) U (m — 13,7),
m=1 ——Tz, t:TZIt:T[_TZ
4
—t, t e (0, Tz)
T
__t, tE(Tz,T[—TZ)
[e%) ? 2
cos2mrt _ _
Z 2 sin2mt =+ 77Tr t, (Tt —73,m)
m
m=1 Z — Ty, t = Ty,
T
- Z + TZ) t =T — Tz
and
{ (T — 275)¢, t € (0,15)
b - [—
sin2mt, To(m — 21), t € (1,,m—1y)
Z 5 sin2mt = (7 — 27,)(t — m), (m—1,,m)
m
m=1 (r — 275)7,, t=1,
_(T[ - 27'-2)7'—2! t=m— TZ

Then for x € (74,7) we obtain linear integral equation

ql(x>—2hfq1(u)du=f

2+%1
BRILE| (I IVACEE)

which has a unique solution g, on (t4, ). Theorem is proved. O

u® (u _1'2_1) du — ZhL;T_lK(Z)* (u _1'2_1) du

4 CONCLUSION

Inverse spectral problems for classical Sturm-Liouville operators have been studied
completely, while the inverse problems for differential operators with delays have not been
studied enough. The main results for classical Sturm-Liouville operators is presented in [2]
while some of the results for differential operators with delay can be found in
([31.[41.[5].[10],[11],[12],[13]). The class of operators with two delays has been least studied,
but some of the results for this class of operators are presented in ([16], [17]). The motivation
behind this paper is to initiate further research in the inverse spectral theory for differential
operators with delays. We studied the inverse spectral problem of recovering operators from
the spectra of D; . To solved this inverse problem, we used the method of Fourier coefficients.
This method is based on determination of direct relations between Fourier coefficients of the
potentials or some functions containing the potentials, and Fourier coefficients of some known
functions. We studied the spectral properties of the boundary value problems and proved that
delays and parameters are uniquely determined from the spectra. Then we proved that potentials
are uniquely determined by the system of two Volterra linear integral equations.
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Summary. Let 4, X, U be Banach algebras and A be a Banach U-bimodule also X be a Banach
A — U-module. In this paper we study the relation between module amenability, weak module
amenability and module approximate amenability of Banach algebra A @1 X and that of
Banach algebras A,X. Where T: A X A — X is a bounded bi-linear mapping with specific
conditions.

1 INTRODUCTION

The notation of amenability of Banach algebras was introduced by B.Johnson in [9]. A
Banach algebra A is amenable if every bounded derivation from A into any dual Banach A-
bimodule is inner, equivalently if H(4, X*) = {0} for any Banach A-bimodule X, where H (4,
X™) is the first Hochschild co- homology group of A with coefficient in X*. Also, a Banach
algebra A is weakly amenable if H(4, A*) = {0}. Bade, Curtis and Dales introduced the notion
of weak amenability on Banach algebras in [5]. They considered this concept only for
commutative Banach algebras. After a while, Johnson defined the weak amenability for
arbitrary Banach algebras [8].

For a morphism T: B — A from a Banach algebra B to a commutative Banach algebra A.
The notion of module amenability of Banach algebras was introduced by Amini in [1]. Amini
and Ebrahimi Bagha in [3] studied the concept of weak module amenability. In [10] the notation
of module approximate amenability and contractibility as modules over of another Ba- nach
algebra was introduced for the notion of Banach algebras.

M. Sangani-Monfared in [11] defined a product on A X B and obtained the Banach algebra
A Xg B using a character 8 € a(B) , for Banach algebras in a fairly general setting.

Later, S.J. Bhatt and P.A. Dabhi in [6] defined a product on A X B and obtained a Banach
algebra A X1 B for a morphism T : B — A from a Banach algebra B to a commutative Banach
algebra A.

The first and the second authors generalized all these constructions, and de- fined the module
Lau product A X, B for Banach algebras A and B such that 4 is a Banach B-bimodule. They
studied the ideal amenability of A X, B in [4].

T.Yazdan panah in [12] studied the concept of expanded modular of Banach algebra denoted
by A @1 X. He showed that A @ X is amenable if and only if A is amenable and X = {0}. In
this paper, we define a new Banach algebra different from of all above Banach algebras, named
A @1 X in section 2. Then, some required basic properties of the following part are studied. In
section 3, as the main section of paper, we study the relationship between module amenability
of A @7 X and module amenability of A and X. We show that If T(4, 0) = X and A% = A,
then the module amenability of A implies module amenability of A @+ X. Furthermore, it’s

2010 Mathematics Subject Classification: 46H20,46H25.
Key words and Phrases: Banach module, module amenability, weak module amenability,module approximate
amenability, module derivation, Expanded Banach algebra.
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conversly obtained that the module amenability of A @1 X implies module amenability of A
and moreover if T (4, 0) = X, then X also is module amenable. In sectiones 4 and 5 respectively
we study the relationship between weak mod- ule amenability (based as definition in [1] and
[2]) and module approximte amenability of A @+ X and weak module amenability and module
approximte amenability of 4, X.

2 DEFINITIONS AND BASIC PROPERTIES

Throughout this paper it’s assumed that U be a Banach algebra, A be a Banach U-bimodule
and X be a Banach A-U-bimodule. Module actions are assumed as follow too:

AXU - 4;(a, a)—aca,UXA- 4;(, a)— a-a.
XXU-X;(x, a)—xAa,UXX - X;(a, x) — aVx.
XX A-X;(x, a)—xoca,AXX - X;(a, X)—a-x.

Consider the bounded bilinear map T : A X A — X, which has the following properties:
a-T(a,a,,0) =T(aay,0)0a, T(a,a,, 0) =T(aq,0)T(a,,0),
T(a-a, aVx) =a-T(a, x),T(ae°a, xAa)=T(a, X)-a,
Il T(a, O) I=llall foralla,a;,a, € A,x € X,a € .
Module extension A @ X, with the product
(a, x)(aq, 1) = (aaq, a-x; +x0a, +T(aaq,0))
and the norm || (a, x) lI=Il a Il +Il x |l is a Banach algebra denoted by A @+ X.

Definition 2.1 The bounded map D: A — X* with D(a + b) = D(a) + D(b),D(ab) = a -
D(b)+ D(a) b foralla,b€ A, andD(a-a)=a-D(a),D(a-a) =D(a) -a(ad €U, a €
A) , is called module derivation.

Note that X* is also Banach module over A and U with compatible actions under the
canonical actionsof Aand W, a-(a-f) =(a-a)-f,(a€ A, a €U, f € X"), and the same
for right action. Here the canonical actions of A and W on X* are defined by (a - f)(x) = f(x A
a),(a-f)(x)=f(xeca),(a €U, a€A, f€X", x €X)and it’s the same for right actions.
As in [1] we call A- module X which have a compatible U-action as above, a A — U modules,
above assertion is to say that if X is an A — U- module, then so is X*. Also we use the notation
Zy(A, X7) for the set of all module derivations D: A — X*, and Ny (4, X™) for those which are
inner and Hy (4, X™) for the quotient group.

Proposition 2.2 A @ X is a Banach U- bimodule.

Proof. Consider the module actions as follow:
UXADPr X)) - ADr X;a-(a, x)=(a-a, aVx) , and ADrX)XxU->
ADr X;(a, x)ea=(aca, a Ax).Itiseasy to check the satification of the properties. m

Proposition 2.3 IfY is an A-U-module, then Y @ {0} is a Banach A @1 X — U-bimodule.
Proof. Assume that the module actions on Y, are as follows:

UXY->Y;(a, y ) maay, Y XU->Y;(y, &) yea. And AXY ->Y;(q,
y)—a-y,YXA->Y;(y, a) — y.a.Define the module actions as: (Y @ {O}) x U ->Y D
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{0k, O)ea=((yea 0),UXY D{0})>YB{0} ae(y, 0)=(aAry, 0) . And
ADr X)X ¥ S{0}) »Y D {0} (a, x).(y, 0) = (a.y, 0),(Y D{0}) x (A Dr X) -
Y @ {0}; (y, 0)o(a, x) =(y. a, O).We only need to show that the actions are compatible.
Da. ((a, x).(y, 0)) =a. (a.y, 0)
=(aa(a.y), 0)=(a-a) y, 0)
=({(a-a, aVx)-(y, 0) = (a-(a, x)).(y, 0) .

2)(a, x)-(y, 0))ea =(a-y 0)ea
=((@-y)ea, 0))=(a-(y*a) 0)
=@ x) O e+ a0)=(>@x) (0 *a.

3)(a. O, 0))-(a x) =(xAry 0)-(a x)
=((@ay). a 0)=(aa(y. a) 0)
=a. (y.a 0)=a (v, 0)°(a x))
]

Proposition 2.4 Let M @ N be a Banach A @1 X — U-bimodule, then M is a Banach A —
U-bimodule.

Proof. Consider the map Qy : M @ N - M; (m, n) — m and define the module actions
assMXxXU->M;(m, n)—m-a=Qy((m, 0)ea), UXM > M;(a, m)r> aom =
Qu(a-(m, 0 M XA - M;(m, a)— m.a=Qy((m, 0)ec(a, 0))and A X M - 4; (a,
m)—aem=Qy((a 0)-(m,0)) =

Proposition 2.5 Let M be a Banach A — U-module and N be a Banach X — U-bimodule,
M @ N is a Banach A @+ X — U-bimodule.

Proof. Given module actions on M €@ N as follows:

MAON)XU->MBPN;(m,n)-ra=m.a nVa), UX(MPBN)>MEBN,;, «a-
mn=(@em adam),(MPN)XAP; X)) >MBN);(m, n)-(a, x) =(m «a,
n.Tla 0 (AP X)X MG N)->MPN;(a, x)e(m,n)=(a  m, T(a, 0) ®n)

[ ]

Proposition 2.6 Foreach (f, g) EM* @ N*,(a, x) EAD+ X,(m, n) €M P N we

have (f, g) - (a, x) = (f -a, g-T(a, 0)) and (a, x).(f, 9) = (a.f, T(a, 0).9).

Proof.
((f, 9)-(a, x), (m, n)) =((f, 9), (a, x)*(m, n))
=((f, 9), (a>m, T(a, 0) © n))
=(f, aem)+(g, T(a, 0) @n)
=(f.a, m)+(g.T(a, 0), n)
=((f.a, g.T(a, 0 (m, n)))
- Proposition 2.7 If N is a Banach X — - bimodule, then is a Banach A — W-bimodule.

Proof. The module actions are defined as follow:
AXN->N;an=T(a 0)®@nand NXA—->N;nea=nT(a ©@). =
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3 MODULE AMENABILITY

Lemma3.1 D € Zy(A®Dr X, M* @D N*) ifand only if there are D, € Zy (A, M*),D3 €

Zy(X, N*),R € Zy(A, N*) and linear map D, : X - M* such that

1) D(a, x) = (D1(a) + Dy(x), R(a) + D3(x)) ,

) Dyaex)=a-Dy(x),

3) Dy(x 0 a) = Dp(x) - a,

4)R(bd) = R(b)-T(d, 0)+T(b, 0)-R(d) =R(b).d +b.R(d),

5) Do(T(ab, 0)) =0,

6) D3(a.x) =T(a, 0).D3(x),

7) D3(x e a) = D3(x).T(a, 0),

8) D;(T(ab, 0)) = 0.

Proof. Suppose that D € Zy (A @+ X, M* @ N*) then there are d, : A @ X - M*,
d, : A@r X - N*suchthat D = (d4, d,), Set

Dy:A - M*;D,(a) = dy(a, 0),

DZ:X - N*, Dz(x) == dl(O, x),

D3:X - N*;D3(x) =d,(0, x),R:A - N*; R(a) = d,(a, 0).

Now
D(a, x)=(d;, d)((aa 040, x)) =(d;, dia 0)+(dy,
d;)(0,  x)
= (di(a, 0), dz(a, 0)) + ((d1(0, x), d2(0, x))
= (di1(a, 0) +d;(0, x)) + (d2(a, 0) +d»(0, x))
N = (D1(a) + D (x), R(a) + D3(x)), (1)
oW

D((a, x)(m, x")) =D(am, a-x'"+xom+T(am, 0))
= (D;(am) + D,(a - x") + D,(x e m) + D,(T(am, 0)),R(am) + D3(a.x")
+D3(x om) + D3(T (am, 0))), ()
since D is module derivation so

D((a, x)(m, x")) = D(a, x) - (m, x") + (a, x)-D(m, x"
= (Dy(a) + Do(x), R(a) + D3(x))-(m, x")
+(a, x).(D1(m) + Dy(x), R(m) + D3(x"))
= ((Di(a) -m+ Dy(x)) -m+a-D,(x") + D,(x).m, R(a) - T(m, 0)
+T(a, 0).R(m) + D3(x).T(m, 0) + T(a, 0).D5(x")). 3)

In 3,2 Take x = x’ = 0 to get D; € Zy (4, M*),(5), (4) and (8). Take a = 0 to get (3) and
(6). Take m = 0 to get (2), (7). And in a similar way we can get other parameters. Conversely
1S in a same way. |

Corollary 3.2 Let X = {0} and D, D, and R be as in perivious lemma, then D = & 4y if
and only if Dy = 8 and g = 8. Where §,(a) = gT(a, 0) —T(a, 0) - g.
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Proof. Since X = {0} and D(a, x) = (D;(a) + D,(x), R(a) + D(x)) so D(a, 0) =
(D1(a), R(a)) .1fD = 4 then
D(a, 0) =6;4(a, 0)
= 9)-(a 0)—(a, 0)-(f, 9)
=(f'a' g'T(a' 0))_(a'f' T(a' O)g) _
=(ra-a-f, g-T(a 0)=T(a, 0)-g) = (&(a), 64(a)) .

SoD; =6rand R = Eg_ Conversely
D(a, 0) =(Di(a), R(a)
= (6r(a), 64(a))
=(f-a-a-f, g-T(a 0)=T(a, 0)-9)
=(f! g)-(a, 0)-(@, O)(f} g)
=6.g(a, 0) .

Theorem 3.3 The module amenability of A @ X implies module amenability of A.
Moreover if T(A, 0) = X, then X is also module amenable.

Proof. Assume that M, N are Banach A — U-bimodule and Banach X — U-bimodule
respectively. Let D;: A - M* and D,: X = N* be module derivations. By Proposition 2.5, M @
N is a Banach A @; X —U- bimodule. Define D' : A@r X > M* @ N*;D'(a, x) =
(D1(a),D,(T(a,0)). Now

D'((a, x)(m, x")) =D" (am, a.x'+ xom + T(am, 0))

= (D1(am), D,(T (am, 0)))

= (Dy(a).m + a.D;(m), D,(T(a, 0)).T(m, 0) + T(a, 0).D,(T(m, 0)))
= (D1(a), D»(T(a, 0))).(m, x) + (a, x).(D1(m), D,(T(m, 0)))

= D'(a, x).(m, x") + (a, x).D'(m, x)).

Also

D'(a - (a, x)) =D'(a-a, aVx)
= ((D1(a - a), D(T(a - a, 0)))
= ((@-D1(a), a-Dy(T(a, 0)))
=(a-D'(a, x) .

And

D'((a, x) + (m, x) =D'((a+m, x+x"))
= (D1(a +m), Dy(T(a+m), 0))
= (D1(a) + D1(m), D,(T(a, 0)) + D,(T(m, 0))
= (D1(a), Do(T(a, 0)) + (D;(m), D,(T(m, 0))
= D'(a, x) + D'(m, x").

So D' is amodule derivation. Sice A @1 X is module amenable, there exists (f, g) € M* P
N* such that D" = & 5. Thus

D'(a, x) =6;g(a, X)
=(f' g)-(a, x)—(a, X)‘(f, g)
=({rat+tg-T(a 0))—(a-f, T(a, 0)-9)
=(fra-a-f, g-T(a 0)=T(a, 0)-g) .
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Consequently Dy(a) = f-a—a-f ie. Dy =6 and D,(T(a, 0)) = 64(T(a,0)). Since
T(A, 0) =X, Dy(x) =64(x) forallx € X. m

Theorem 3.4 The module amenability of A implies module amenability of A @ {0}.

Proof. Let M @ N be a Banch A @ X — U-bimodule and D:A @ X > M* @ N* be a
module derivation. By lemma 3.1, there are Dy, D,, D; and R such that D(a, x) = (D;(a) +
D,(x), R(a) + D3(x)) . Since here X ={0} so D(a, 0) = (D;(a), R(a)) . Module
amenability of A implies there exist f € M* such that D; = &7 and since N* is an A-U- bimodule
and R is module derivation, there exist g € N* such that R = §,. Thus D = §(5 o). B

Theorem 3.5 IfT(A, 0) = X and A? = A, then the module amenability of A implies
module amenability of A @ X.

Proof. Let M @ N be a Banch A @ X — U-bimodule and D:A @ X > M* @ N* be a
module derivation. By lemma 3.1, there are D;, D,, D3 and R such that D(a, x) = (D;(a) +
D,(x), R(a) + D3(x)) . Since here T(4, 0) = X and A2 = A so D(a, x) = (D;(a), R(a)) .
Module amenability of A implies there exist f € M* such that D; = &5 and since N* is an A —
U-bimodule and R is module derivation, there exist g € N* such that R = §,. Thus D = §f 4.
]

Example 3.6 Let N be the set of positive integers. Consider S = (N, V) with the
maximum operation mV n = max{m, n}, then S is a amenable countable, abelian inverse
semigroup with the identity 1. Clearly Eg = S. This semigroup is denoted by N,,.[*(N,)) is
unital with unit 8;. Since N,, is amenable and I*(N,)) is unital so I*(N,)) is module amenable
(as an 11 (N,) — [*(N))-bimodule. Define T:11(S) x [1(S) » 11(S) ; T(6,, 8y) =
{Sx, 6,=0

1 1 .
Oxvy, 6y # 0. Then I*(N,) @1 " (Ny) is module amenable.

4 WEAK MODULE AMENABILITY

The Banach algebra 4 is called weak module amenable (as an U-bimodule), if Hy (4, X) =
{0}, where X is a commutative U-submodule of A*([2]).

Theorem 4.1 The weak module amenability of A @1 X implies weak module amenability
of A. In addition if T(A, 0) = X then X is also weak module amenable.

Proof. Assume that M, N are commutative U-submodule of A* and X*, respectively. we can
show that M @ N is a commutative U-submodule of (A @4 X)*. Let D; € Zy (A, M) and D, €
Zy(X, N) .Define D : AP+ X > M@ N;D(a, x) =(D,(a),D,(T(a,0))), it is easy to see
that D € Zy(A @ tX,M @ N) . Since A D7 X is weak module amenable there is (f, g) €
M @ N such that D = §f 4y and
(D1(a), Do(T(a,  0))) =D(a, x)

= 6@ x)
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=(f! g)-(a, x)—(a, X)(f, g)
=(fra-a-f, g-T(a 0)=T(a, 0)-g)
= (5;(a), 8,(T(a, 0)))

Hence A, X are weak module amenable. m

Theorem 4.2 The weak module amenability of A implies the weak module amenability of
A Dy {0}

Proof. Suppose that M @ N is a commutative Banach U-submodule of (4 & 7{0})*, and
D eZy(AD {0}, M @ N) . Then M and N are commutative U-submodule of A*. Since D €
Zy(A D {0}, M @ N) , by lemma 3.1 there are D; € Zy (A, M), and R € Zy(A, N) , such
that D(a, 0) = (D;(a), R(a)) . Since A is weak module amenable so there are m € M and
n € N such that D; = §,,,R = §,,, where §,,(a) =a-n—nea=T(a, 0) ©®n—n.T(a, 0)

Now
D(a, x) =(Di(0), R(a))
= (Om(a), dp(a))
=(a-m—aem, T(a, 0) ®@n—n. T(a, 0))
=(a, 0)-(m, n) — (m, n)°(a, 0)
= S(m,n)(a; 0) .

Theorem 4.3 IfT(A, 0) = X and A?> = A, then the weak module amenability of A implies
the weak module amenability of A @1 X.
Proof. The proof is as above theorem. m

Example 4.4 Let S = N, be as in Example 3.6, since 11(S) is [1(S) — 11(S) — module and
11(S) is weak module amenable. Let T: 11(S) x I1(S) = 11(S) have the properties as above
theorems, then 11(S) @ 11(S) is weak module amenable.

5 MODULE APPROXIMATE AMENABILITY

Let A be as above, then A is module approximately amenable (as an U- bimodule), if for any
commutative Banach A — U-bimodule X, each module derivation D: A — X* is approximately
inner.

A derivation D: A — X is said to be approximately inner if there exists a net (x;); € X such
that D(a) = lim;(a - x; — x; - a),a € A([10]) .

Lemma 5.1 Let Dy, R, D3 and D, are such as in the Lemma 3.1, and D(a, b) = (D;(a) +
D,(b), R(a) + D5(b)). If T(A, 0) = X and A*> = A then: D is approximately inner if and
only if D; and R are approximately inner.

Proof. Assume that M is a commutative A — U-bimodule and also N is com- mutative X —
U-bimodule, then M @ N is a commutative A @+ X — U-bimodule. Let D be approximately
inner so there is (f;, g;); € M™ @ N* such that
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D(a, x) =T(da, 0)
=1im((a, x) - (fuo 9 — (i, 91) - (@, X))
=lim((a-fi, T(a, 0)-g)) = (fi- @, g:-T(a, 0)))
=lim(a-fi—fi-a T(a 0)-g; = gi-T(a, 0)),

i.e. D(a) =lim;(a: f; — f; -a) and R(a) = lim;(T(a, 0) - g; — g; - T(a, 0)).
Conversely, let D;(a) =limig(a- f; — fi-a) and R(a) = lim;c;(T(a, 0)-g;—g; -
T(a,0))
Since the index sets (I, <), (J, <) are ordered sets, sotheset A=1X] ={(i, j) : i€,
J €]} is ordered as follows
GH<W HeEst, j<).
For A = (i, j) € Asetty = (fi, g;) . Let € > 0 be given. Since D;(a) = lim;(a - f; — f; -
a) and R(a) = lim;(T(a, 0) - g; — g, - T(a,0)) there are i € I, j, € J such that
1) Foralli 2 ig, | Dy(a) = (a- fi = fi- @) IS 3.
2) Forall j > ji,, | R(a) — (T(a, 0)-g; — g, T(a, 0)) II< §
Now set 45 = (ig, jo) » then for all 1 > A, since D(a, T(a', 0)) = (D;(a), R(a)) , we
have
Il D(a' X) - ((Cl, X) =ty (a! X)) I =l D(CL, X) - ((a' X) : (fu
gp—Uu  gp-(@ I
=l D(a, x)—(a-fi—fi-a, T(a, 0)-g; —g;-T(a, 0)) I
=l (D1(a), R(@)) —(a-fi—fi-a T(a, 0)-g;—g; T(a 0) I
=l ((D1(a) = (a- fi = fir&)),R(a) = (T(a, 0)-g; —g; T(a,0))) I
<IDiy(@)—(a-fi—fi-a) I+l R(a) — (T(a, 0)-g; —g;-T(a, 0)) I
<eE€.
Hence D(a, x) =limy((a, x) - t; — t;(a, x where x = T(a’, 0) i.e. D is approximately
inner. m

Theorem 5.2 If A @ ©X is module approximately amenable then A is module
approximately amenable. Furthermore, if T (A, 0) = X also X is module approximately
amenable.

Proof. In an argument as in the proof of Theorem 3.3 and the application, the usage of above
lemma. m

Theorem 5.3 IfT(A.0) = X and A? = A then the module approximate amenability of A
implies the module approximate amenability of A D1 X.

Proof. Let M @ N be a commutative A @4 X — U-bimodule and D € Zy(A @ tX,M* D
N*) . There are D; € Zy (A, M*),D; € Zy(X, N*),R € Zy(A, N*) and D, : X — N” such that
D(a, x) = (Dy(a) + D,(x), R(a) + D(x)) and since T(4, 0) = X and A2 = A we have D(a,
x) = (D1(a), R(a)) . Since A,X are module approximate amenable, so D; and R are
approximatly inner. Thus by the above lemma, D is approximately inner. m
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Example 5.4 Let S be an amenable inverse semigroup such that the set of idempotents Eg
be equal to S and 11 (S) has approximately unit. Since S is amenable, 11 (S) is module
approximately amenable, [10]. Also 11(S) is [1(S) — 11(S)-bimodule, thus 1*(S) @1 11(S) is
module approximately amenable. Where T: 11(S) x 11(S) — 11(S) is defined by
0y 6,=0

T (6, 63/) = {5xy1 5y =+ 0.

6 CONCLUSIONS

The module amenability of A @+ X implies module amenability of A and The module
amenability of A implies module amenability of A @1 {0}. Also If T(4, 0) = X and A = A,
then the module amenability of A implies module amenability of A @y X.
meanwhile, The weak module amenability of A @4 X implies weak module amenability of A.
On the contrary, if T(4, 0) = X and A? = A, then the weak module amenability of A implies
the weak module amenability of A @+ X.

Considering approximately, if A € 7X is module approximately amenable then A is module
approximately amenable. On the contrary, if T(4, 0) = X and A% = A then the module
approximate amenability of A implies the module approximate amenability of @ X.
For example, we have S be an amenable inverse semigroup such that the set of idempotents
Es be equal to S and I1(S) has approximately unit. Since S is amenable, [1(S) is module
approximately amenable.
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