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Summary. The article by mathematical simulation using quantum statistics and Fermi-Dirac
integrals investigated narrowing band gap of silicon. As well as its dependence on the
temperature and carrier density effects on the change in the carrier density in the conduction
band. Particular attention is paid to the determination of the equilibrium concentration of
charge carriers in the conduction band and the influence of the narrowing of the band gap on
it. The narrowing values of the band gap, calculated using the theoretical model, are compared
with the experimental results.
1 INTRODUCTION
The wide use of silicon in numerous technological applications, such as the creation of
nanoparticles and nanostructures [1,2], metamaterials [3], the modification of the surface of
semiconductors by laser pulses, which has aroused special interest in bio- [4] and ITtechnologies [5,6] causes interest in the properties of this semiconductor. Studies of the
melting mechanisms of semiconductors and the properties of high-density electron-hole
plasma remain topical. Numerous experiments [7-12] have shown that in the process of
melting in silicon, covalent bonds are destroyed, with a change in the short-range order,
accompanied by a sharp increase in the concentration of conduction electrons and leading to
the transition of silicon to the metallic state. However, the role and influence of one of the
most important fundamental characteristics of silicon of the band gap on the processes
associated with the phase transition and in the region of higher temperatures have remained
uncovered both experimentally and theoretically.
The notion of a band gap arose within the framework of quantum theory [13-18] in
connection with the need to explain the differences in the physical properties of metals and
semiconductors in solid state physics. The most important property of both metals and
semiconductors is electrical conductivity and its characteristic - carrier concentration. In
determining the carrier concentration necessary to describe all the properties of
semiconductors, the width (energy) of the band gap Eg is of great importance, since it is the
most important characteristic of the energy structure of semiconductors. For use in
mathematical modeling, the band gap should be represented in the form of a temperature
dependence Eg(T) (or baric Eg(P)). In accordance with the concepts of quantum theory, when
a crystal is formed from individual atoms, the interatomic distances decrease, and due to the
action of the Pauli principle, allowed bands arise in which electrons can be located. The
allowed bands are characterized by the density of electronic states. The most "deep" allowed
bands, i.e. energy bands formed by the electrons of the deep-lying shells are the same for all
substances. The uppermost of them - the valence band Ev in semiconductors is completely
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filled with electrons at zero absolute temperature (T=0 °K). The next allowed zone behind it is
not filled with electrons at the same temperature. This band is called the conduction band Ec.
The allowed bands of a crystal are separated by band gaps, the density of electronic states in
which is zero. The band gap largely determines the nature of the chemical bond in the
material. To characterize the filling of electronic bands we introduce the concept of Fermi
energy (level) EF, which separates on the energy scale the filled electronic states of the crystal
from free ones at zero absolute temperature. Depending on the position of the Fermi level the
allowed bands of the crystal can be filled completely or partially by electrons, or remain
unfilled. The location of the Fermi level EF with respect to the edges of these zones
determines the electronic nature and physical properties of the crystal. Indeed, the valence
electrons of the crystal in the filled bands are bound and do not participate in the conductivity.
Electrons can participate in electronic conduction, becoming free, only if they are in an
unfilled zone [16]. Accordingly, substances in which the valence band is partially filled, or the
conduction band and the valence band overlap, are metals. Substances in which the valence
and conduction bands do not overlap at zero absolute temperature (T=0 °K) are
semiconductors or dielectrics [15, 16, 17, 18]. Semiconductors and dielectrics differ in the
value of Eg. Conditionally, dielectrics include substances with a band gap Eg>2-3 eV (1 eV=
1.6021×10-12 Erg = 1.6021 × 10-19 J), to semiconductors with a bandgap Eg <2-3 eV. Wideband (1.0 eV <Eg <2-3 eV) and narrow-gap (Eg <0.1 - 0.2 eV) semiconductors are
distinguished by the width of band gap. Substances with Eg≈0 are attributed to gapless
semiconductors, substances with Eg≤0 (band overlap) to semimetals, the Fermi level in these
substances is located deep in the conduction bands or in the valence band [13, 16, 17, 18].
For semiconductors, including silicon, were carried out experiments to determine the width
of the band gap [19-24], which for Si was determined in the temperature range from 4.2 °K to
800 °K. Experimental studies have shown that the narrowing of the band gap depends not
only on temperature [19-22], but also on carrier concentration [23-24]. However, a number of
limitations of the experimental approach do not make it possible to obtain the necessary
characteristics in the melting temperature range and, therefore, theoretical studies are required
to determine the band gap and the carrier concentration over a wide temperature range.
In this paper, mathematical modeling will be used - a recognized tool for theoretical
studies of problems accompanying the use of silicon in numerous technological applications
[25-30]. In the conditions of temperature increase, the band gap Eg(T) narrows, the carrier
concentration reaches high values of N(T)≈1018 cm-3 and higher, which is confirmed by
experimental studies [7-12], the electron gas degenerates, the values of Eg(T), EF(T), N(T)
become interdependent, the classical Maxwell-Boltzmann statistics becomes unjust, which
greatly complicates the calculation of all quantities. To solve this problem, the use of FermiDirac quantum statistics becomes fundamental. Therefore, the basis of mathematical
modeling is the use of quantum statistics and Fermi-Dirac integrals (F-D) to take into account
the degeneracy of the electron gas.
This article is devoted to the study of the behavior of the band gap with increasing
temperature and carrier concentration and its role in processes associated with a phase
transition in the region of the equilibrium melting temperature of silicon and higher
temperatures. Particular attention is paid to the determination of the equilibrium concentration
of charge carriers in the conduction band and the impact on it of narrowing the band gap. We
consider silicon with intrinsic conductivity under conditions of thermodynamic equilibrium
and electroneutrality in the temperature range 300 °K <T <1.5×Tm.
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2 QUANTUM APPROACH
In the mathematical modeling of the band gap of silicon, using the statistics of electron
gas, the central place is occupied by the law of the distribution of charge carriers over energy
states.
In semiconductors, unlike metals, the number of charge carriers and their mobility depend
on temperature, defects and the presence of impurities. Under thermodynamic equilibrium
conditions at a temperature T=Tlat=Te (Tlat is the lattice temperature, Te is the electron
temperature), the probability of the electron filling the state with energy E is determined by
the Fermi-Dirac distribution law using the Fermi level EF
f ( E, T ) =

1
⎛
⎛
⎜1 + exp ⎜ E − E F
⎜ k T
⎜
⎝ B
⎝

⎞⎞
⎟⎟ ⎟
⎟
⎠⎠

(1)

where kB - Boltzmann constant. At low temperatures, the valence band of the semiconductor
is completely occupied and, according to the Pauli principle, charge carriers cannot move
inside the valence band. In connection with this, at low temperatures in semiconductors the
concentration of conduction electrons is so small that they behave like a gas of noninteracting
particles, the Fermi energy exceeds the electron energy (E-EF)<0 and the electron gas is
nondegenerate. In this case (1) reduces to the Maxwell-Boltzmann distribution function
⎛E −E⎞
⎟⎟
f ( E, T ) = exp ⎜⎜ F
⎝ k BTe ⎠

(2)

To move free carriers from the valence band to unoccupied conduction band, an additional
finite energy is required and it exceeds the energy of the band gap, which for silicon Eg=1.17
eV for at T = 0 °K [13]. With increasing temperature, hot electrons give off energy to the
lattice, while the width of band gap decreases, and the concentration of free charge carriers in
the conduction band increases, determined by the processes of generation and recombination
of electrons from the conduction band and holes from the valence band, which occur
continuously and in parallel, the electron gas degenerates and (E-EF)> 0. In a state of
thermodynamic equilibrium, these opposite processes must coincide in speed, both in the
whole and in each region of the spectrum. Such a detailed equilibrium exists when the phonon
energy is converted into the energy of electrons and back and in any other process of energy
transformation that can occur in a solid. From the principle of detailed balance it follows that
there is a unique electron energy distribution characterized by a single Fermi level EF for a
material of a given composition at a given temperature T.
As we can see, the distribution function has the necessary minimum information for
describing the processes taking place inside a solid body with an acceptable accuracy.
By integrating the distribution function of the carriers (1), one can obtain many
characteristics of the electron gas. Therefore, in determining the properties of silicon in an
arbitrary degeneracy range from the classical Boltzmann limit to the degenerate Fermi-Dirac,
including the weak degeneracy range (E~EF), a large role is played by the Fermi-Dirac
integrals
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Fj ( ηc ) =

∞

1
εj
dε
Γ ( j + 1) ∫0 1 + exp ( ε − ηc )

(3)

where Γ(x) is the gamma function, j is the index of the Fermi-Dirac integral, c=e for electrons
and c=h for holes, ε is the reduced electron energy (hole), the reduced Fermi level for
electrons
E − EC
ηe = F
(4)
kBT
for holes
E − EF
ηh = V
.
(5)
kBT
1× 10
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Fig. 1. Approximating functions of Fermi-Dirac integrals Fj(η) of order j.

To determine the carrier concentration and the band gap of semiconductors we use F-D
integral with the index j=1/2. The integral (3) with the exception of an integral with order
j = 0 , cannot be calculated analytically. This involves a variety of methods for approximate
calculation and approximation of Fermi integrals [30], among them: expansion in series [3133], numerical quadratures [33-35], recurrence relations and interpolation of tabulated values
[36-38], piecewise polynomials and rational functions [39-41]. In [42,43] Fermi-Dirac
integrals of orders j=-1/2, 1/2, 1, 3/2, 2, 5/2, 3 and 7/2, continuous analytic expressions that
unique for each order were obtained in a wide range of degeneracy -10 ≤η≤ 10. The
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approximating function of F-D integral with order j=1/2 from [42,43] will be used to calculate
the properties of the electron gas of silicon.
Figure 1 shows the dependences of the Fermi-Dirac function of integers j and half-integral
j/2 orders, for different values of η. The dotted lines in the figure show the high-temperature
limit for the nondegenerate (η<0) and low-temperature limit for the degenerate (η>0) electron
gas. It is seen that the use of approximating functions makes it possible to carry out a smooth,
continuous transition from the domain of nondegeneracy to the degeneracy region, which is
very important for obtaining smooth functional dependences of the properties of the electron
gas of silicon.
3 CALCULATION OF THE BAND GAP OF SILICON

The band gap of silicon Eg, like other semiconductors, depends on external parameters
such as temperature, pressure, electric, magnetic, gravitational fields, and others [13-18]. With
increasing temperature and an increase in the concentration of charge carriers, the energy of
band gap tends to decrease [12, 13, 19-24].
Narrowing of the band gap for wide-gap semiconductors was studied by optical methods
and by photoluminescence spectroscopy. The experimental data give an idea of narrowing of
the band gap in the range of carrier concentrations from 4×108 -1020 cm-3 and temperatures of
20-300 K [19, 23-24]. In [10], it was suggested that the width of the forbidden band at the
melting temperature Tm abruptly becomes zero.
In this paper, it is of interest to investigate the influence of the band gap of silicon on
processes associated with the phase transition and in the region of higher temperatures. It is
known that upon melting silicon acquires metallic properties, so the width of the forbidden
band in the vicinity of the melting temperature should become close to or equal to zero. These
arguments form the basis of our assumption about the observance at the equilibrium melting
temperature of the condition
Eg(Tm)≈0, при Tm = 1687°K

(6)

Let us consider the basic mechanisms that affect the temperature dependence of the width
of the band gap.
The first mechanism is associated with the expansion of the lattice when the temperature
rises causing displacement of position relatively the conduction band and the valence band.
The second mechanism is associated with the enhancement of electron-lattice interaction with
an increase in temperature [44-50]. In low-temperature region these effects make a significant
contribution to the change in the energy of the band gap. The temperature dependence of the
width of the band gap at low temperature is nonlinear. In high-temperature region according
to estimates made in Ref. [48], the contribution of these mechanisms is approximately 2025% of total change in the energy of the band gap and temperature dependence is linear
T << θ, ΔE g ∞ T 2 ; T >> θ, ΔE g ∞ T ,

(7)

where θ is the Debye temperature (for Si θ = 640 °K).
At present, empirical and semiempirical dependences are used to describe the temperature
changes in the band gap Eg (T) [44-51]. They usually use linear coefficients (for example,
∂E
∂E
temperature coefficient [48] - α T = − g and baric [56] - α P ≈ − g , here T and P are the
∂T
∂P
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absolute temperature and hydrostatic pressure). The most common is the Varshni
approximation [48], which describes well first two mechanisms of narrowing of the band gap
αT 2
E g (T ) = E g ,0 −
(8)
T +β
where Eg,0 is the band gap at 0 °K, α and β are constants that have been evaluated
experimentally and for silicon are: α=7.021×10-4 eV/T, β=1108K. The constant β is
comparable with the Debye temperature with a coefficient ≈2.5 for silicon [48]. At high
∂E g
temperatures T>>β, it follows from (8), that α ≈ −
, so it is temperature coefficient of the
∂T
width of band gap.
The third mechanism of narrowing of band gap is related to the effects of collective
interactions and operates at sufficiently high carrier concentrations and degeneracy of the
electron gas. The most significant contribution to narrowing the width of the band gap is due
to the exchange interaction which leads to an empirical dependence of the form ΔEg ~
γ×N(T)1/3, where γ is a parameter that has the behavior of a fitting to this experiment. In [5155], the parameter γ is defined in the range 1×10-8 ÷7.3×10-8 eV×cm.
Thermal and quantum mechanisms are taken into account in the relation of [26], which
represents the modification of (8)

αT 2
E g (T , N ) = E g , 0 −
− γ ⋅ N 1 3 (T )
T +β

(9)

where α, β are the constants that coincide with the corresponding constants from (8), the
constant γ=1.5×10-8 eV×cm, N(T) is the concentration of charge carriers in the conduction
band, and T is the temperature. In this paper, two values of the fitting parameter γ were
chosen. The first - γ = 8.35 × 10 −8 eV×cm - was chosen from the condition that the width of
the band gap should be zero at equilibrium melting point Eg(Tm)=0. The second value γ=4.2×10-8 eV×cm was chosen as a half of first one.
4 CARRIER CONCENTRATION AND FERMI LEVEL

In metals the carrier concentration is constant and can be characterized by a definite value
of the electrochemical potential (Fermi energy), the value of which can be obtained from the
experimental data [17]. In semimetals which have a band gap Eg≤0, the Fermi level is located
in conduction band or in valence band, and the carrier concentration is about 1018-1020 cm-3,
several orders of magnitude lower than typical for metals of 1022 cm-3. With increasing
temperature, the number of carriers in semimetals increases, and the electrical conductivity
increases [18].
In semiconductors, unlike metals, the carrier concentration and their mobility depends on
the temperature and on the presence of defects and impurities. For any semiconductor, the
most important characteristic is the concentration of electrons Ne in the conduction band or
holes Nh in the valence band. For an intrinsic semiconductor that does not contain impurities,
the equality of the concentrations Ne=Nh is observed.
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The temperature dependences of the carrier concentrations in the conduction band and
holes in the valence band are determined by integrating the distribution function of the
carriers (1)
N e (T ) = N C F1

2

(η e )

(10)

N h (T ) = NV F1

2

(η h )

(11)

where F1 2 ( ηe ) , F1 2 ( ηh ) - the Fermi-Dirac integrals (3) of order j=1/2 for electrons and holes,

ηe and ηh are the reduced Fermi energy EF(T) for electrons (4) and holes (5), NC and NV are
the density of states in the conduction band and valence band
⎛m k T ⎞
N C = 2 ⎜ e B2 ⎟
⎝ 2π= ⎠

(

where me = M 2 3 ml ⋅ mt2

)

13

32

⎛m k T ⎞
, N V = 2 ⎜ h B2 ⎟
⎝ 2π= ⎠

32

(12)

- the effective mass of the density of states of electrons in the

conduction band, taking into account the contribution from the total set of ellipsoids M - the
number of equivalent energy minima in the conduction band (for silicon M=6) [14, 18], ml, mt
are respectively longitudinal and transverse masses, mh is the effective mass of the density of
states of holes in the valence band.
Since in thermodynamic equilibrium the probability of filling all electronic states with any
energy can be expressed using a single normalization parameter-the Fermi level EF, then the
temperature dependence of EF(T) is necessary to determine the carrier concentration and other
properties of silicon. The position of the Fermi level is determined from the condition of
electroneutrality.
Taking into account (10) and (11), the electroneutrality condition takes the form

NC ⋅ F1 2 ( ηe ) = NV ⋅ F1 2 ( ηh )

(13)

Equation (13) is greatly simplified when approximating expressions are used for integrals
F1 2 ( ηe ) , F1 2 ( ηh ) [27, 28]
⎛

7

⎞

F1 2 ( ηc ) = exp ⎜ ∑ ai ηic ⎟
⎝ i =0

⎠c =e , h

(14)

where ai - coefficients of the polynomial [42,43]. The use of a continuous analytic expression
approximating F-D integral allows us to calculate carrier concentrations and energy of the
Fermi level with an arbitrary degeneracy degree of the electron gas.
Taking (14) into account, equation (13) takes the form

⎛ 7
⎞
⎛ 7
⎞
NC ⋅ exp ⎜ ∑ ai ηie ⎟ = NV ⋅ exp ⎜ ∑ ai ηih ⎟
⎝ i =0
⎠
⎝ i =0
⎠

(15)

Formulated equations (9) - (15) represent a mathematical description of the interrelated
variables EF(T), N(T), Eg(T,N) that vary with temperature, the derivation of which in this
paper was carried out from a numerical solution of equations using a computational procedure
consisting of 2 nested iteration cycles. At one step in temperature [Ti,Ti+1], the sequence of
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calculations looks like this. In the inner cycle, the energy of the Fermi level EF(Ti+1) is
determined from the condition of electroneutrality (15) of the intrinsic semiconductor using
the iterative Newton method [57]. In the outer cycle, taking into account the new value
EF(Ti+1), the values are determined by the simple iteration method. The procedure is repeated
until complete convergence.
The results of the calculations are shown in Figures 2-6.
5

MODELING RESULTS

Figure 2 shows the temperature dependences of the band gap calculated for the FermiDirac distribution (9) with both values of the parameter γ (curves 1, 2) and for the MaxwellBoltzmann distribution (curve 3). In the temperature range from 300 ° K to θ, where the
influence of quantum mechanisms is weak, the width of band gap is equally well
approximated by all the dependences and completely coincide with the experiment [22].
Above the Debye temperature, the contribution of collective interaction mechanisms to the
width of the forbidden band becomes appreciable, which is reflected in the behavior of the
dependences. The width of the forbidden band, calculated with the Maxwell-Boltzmann
statistics (curve 3), depends only on the temperature remains positive longer than others. The
condition Eg(T)=0 for this dependence is satisfied at T=2400K, and at the melting point Eg(Tm)=0.5 eV. The dependences calculated with Fermi-Dirac statistics (curves 1, 2), which
take into account the effect of temperature and carrier concentration, narrow more strongly.
For the value of parameter γ=4.2×10-8 eV×cm, Eg(T)=0 at T=2000 K, Eg(Tm)=0.248 eV. For
the value of parameter γ=8.35×10-8 eV×cm, the width of band gap at temperature T>Tm
becomes negative.
Figure 3 gives a clear picture of the shape and velocity of the narrowing of the band gap
Eg(T,N) and the position of the Fermi energy level EF(T), calculated with quantum statistics,
relative to the edges of the valence EV(T) and conduction EC(T) bands and intrinsic Fermi
level located in the middle of the band gap. With increasing temperature the Fermi energy
EF(T) deviates from its own level toward the edge of the valence band EV(T), which is
determined by lower effective mass of the density of states of the valence band. For silicon,
the ratio of the effective masses of the electron and hole states is mde/mdh=1.89. Because of
this, the degeneracy of the hole gas (ηh=0) occurs earlier than the degeneracy of the electron
gas (ηe=0) (Fig. 5).
Beginning with T=1000K the carrier concentration and the width of the forbidden band,
calculated with quantum and classical statistics begin to differ: for Fermi-Dirac –
N(T)=1.5×1018 cm-3, for Maxwell-Boltzmann - N(T)=9.1×1017 cm-3, Eg(T,N)=0.81 eV.
Obtained data corresponds to appearance of a weak degeneracy, to which the values ηh≈-4
correspond (Fig. 5).
The region of strong degeneracy arises when the curves EF(T) and EV(T) (Figure 3), which
corresponds to ηh=0 and to the values T=1600K, N(T)=1.1×1020 cm-3 (Fig. 4), Eg(T,N)=0.083
eV for Fermi-Dirac distribution and NM-B(T)=3.8×1019 cm-3 (Fig. 4), Eg(T)=0.48 eV for
Maxwell-Boltzmann.
The same picture, with a certain shift to higher temperatures, is observed with degeneracy
of the electron gas. Weak degeneracy: ηe≈-4, T=1090K (Fig.5), N(T)=4.5×1018 cm-3,
Eg(T,N)=0.61 eV (Fig. 3, 4), strong degeneracy: ηe≈-0 (Fig.5), T=1920K, Eg(T,N)=-0.28 eV
(Fig. 3, 4).
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Fig. 2. Temperature dependence of the width of band gap of silicon. The calculation was carried
out using: 1 - quantum statistics with γ=8.35×10-8 in (10); 2 - quantum statistics with γ=4.2×10-8 in
(10); 3 - Maxwell-Boltzmann statistics and Varshni relation [48]. Experimental data are marked by
unpainted circles [22].
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Fig. 3. Temperature dependence of edges of the conduction band EC(T) and the
valence band for various degrees of narrowing of band gap: (1), (2) - γ=8.35×10-8
eV×cm, (3), (4) - γ=4.2×10-8 eV×cm; (5) is the temperature dependence of Fermi
energy EF(T).
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As the fitting parameter decreases by a factor of 2 γ=4.2×10-8 eV×cm, the width of the
forbidden band vanishes Eg(T,N)=0 (Fig. 3) at a temperature T=2000K with a concentration
N(T)=2.05×1020 cm-3 (Fig. 4).
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6 CONCLUSIONS

-

-

-

-

-

-

Under the conditions of thermodynamic equilibrium, the degeneracy of charge
carriers in silicon with intrinsic conductivity begins at a temperature which is
considerably below the equilibrium melting point. This requires the use of quantum
statistics and Fermi-Dirac integrals calculation technique when determining the
properties of solid-state silicon.
The width of the band gap and its variation is one of the most important fundamental
characteristics of silicon, which affects substantially on the concentration of electrons
and holes and, therefore, all properties and characteristics of a solid-state
semiconductor.
Concentrations of both types of carriers indicate their strong degeneracy in the
temperature range T=1600÷2500K. Taking into accoun quantum effects allow one to
vanish the width of the forbidden band at the point of equilibrium melting point or its
vicinity. However, the concentrations are in the range N(T)=4.2×1020÷ 1021 cm-3,
which is typical for semimetals with a negative band gap [18], but several orders of
magnitude lower than the values typical for metals 1022÷ 1023 cm-3.
The thermodynamic equilibrium melting of pure crystalline silicon occurs in two
stages. First, the melt acquires the properties of a semimetal with growing with a
temperature number of carriers, and then reaching a certain temperature
T>Tm~3000K, the molten silicon acquires metallic properties with a constant
concentration of electrons and holes.
The above analysis is very important for a better understanding of the processes of
nonequilibrium heating and melting of pure crystalline silicon, for example by
ultrashort femtosecond laser pulses [7]. Under the condition =ωL > Eg (T ) , where

=ωL is the energy of the quantum of laser radiation, in solid silicon due to
photoeffects, the electron and hole concentrations can reached the values N(T)≈1022
cm-3 without the lattice reaching the melting temperature, but with the achievement
of metal properties. In the physical literature, this phenomenon was called premelting or softening of the lattice up to the melting. However, these concepts are
given without proper quantitative characteristics.
The acquisition of metallic properties by a semiconductor (silicon) depends on
specific situation, in particular, related to the certain mode of action, and can occur
before melting, at the moment of melting or after the melting.

This work was supported by RSF (project № 15-11-00032).
REFERENCES
[1] U. Zywietz, A.B. Evlyukhin, C. Reinhardt, B.N. Chichkov, “Laser printing of silicon
nanoparticles with resonant optical electric and magnetic responses”, Nat. Commun., 5, 3402 3405 (2014).
[2] A. Mene´ndez-Manjo´n, S. Barcikowski, G.A. Shafeev, V.I. Mazhukin, B.N. Chichkov,
“Influence of beam intensity profile on the aerodynamic particle size distributions generated
by femtosecond laser ablation”, Laser and Particle Beams, 28, 45–52 (2010).

59

O.N. Koroleva, V.I. Mazhukin and A.V. Mazhukin

[3] L. Shi, T.U. Tuzer, R. Fenollosa, F. Meseguer, “A new dielectric metamaterial building block
with a strong magnetic response in the sub-1.5-micrometer region: silicon colloid
nanocavities”, Adv. Mater., 24, 5934−5938 (2012).
[4] E. Stratakis, A. Ranella, and C. Fotakis, “Biomimetic micro/nanostructured functional
surfaces for microfluidic and tissue engineering applications”, Biomicrofluidics, 5 (1), 013411,
(2011).
[5] A. Mathis, F. Courvoisier, L. Froehly, L. Furfaro, M. Jacquot, P. A. Lacourt, and J.M.
Dudley, “Micromachining along a curve: Femtosecond laser micromachining of curved
profiles in diamond and silicon using accelerating beams”, Appl. Phys. Lett., 101 (7), 071110
(2012).
[6] M. K. Bhuyan, F. Courvoisier, P. A. Lacourt, M. Jacquot, R. Salut, L. Furfaro, and J. M.
Dudley, “High aspect ratio nanochannel machining using single shot femtosecond Bessel
beams”, Appl. Phys. Lett., 97 (8), 081102 (2010).
[7] K. Sokolowski-Tinten and D. von der Linde, “Generation of dense electron-hole plasmas in
silicon”, Phys. Rev. B, 61 (4), 2643-2650 (2000).
[8] Ia.B. Magometov, G.G. Gadzhiev, Z.M. Omarov. “Vliianie temperatury na
termoelektricheskie parametry kremniia”, Fazovye perehody, uporiadochennye sostoianiia i
novye materialy, 1-3 (2009).
[9] S. Nakamura, T. Hibiya. “Thermophysical properties data on molten semiconductors”,
International Journal of Thermophysics, 13 (6), 1061–1084 (1992).
[10]
C. J. Glassbrennert and Glen A. Slack, “Thermal Conductivity of Silicon and
Germanium from 3K to the Melting Point”, Phys. Rev., 134 (4a), A1058-A1069 (1964).
[11]
D.R. Hamilton and R.G. Seidensticker, “Association in Melted Semiconductors”, J.
Appl. Phys., 34 (9), 2697-2699 (1963).
[12]
P. J. Morin and J. P. Maita, “Electrical Properties of Silicon Containing Arsenic and
Boron”. Phys. Rev., 96 (1), 28-35 (1954).
[13]
L.S. Stilbans, Semiconductor Physics, M.: Sov. radio, (1967).
[14]
S. M. Sze, K. Ng. Kwok, Physics of Semiconductor Devices, John Wiley & Sons,
(2007).
[15]
A.H. Wilson, The Theory of Metals, Cambridge, (1953).
[16]
C. Kittel, Introduction to Solid State Physics, 8th Edition, John Wiley & Sons,
(2005).
[17]
J.S. Blakemore, Solid State Physics, 2nd ed., Cambridge University Press, New York,
(1985).
[18]
Neil W. Ashcroft, N. David Mermin, Solid state physics, Saunders College, Vol. 1,
(1976).
[19]
G.G. Macfarlane, T.P. McLean, J.E. Quarrington, and V. Roberts, “Fine Structure in
the Absorption-Edge Spectrum of Si”, Phys. Rev., 111 (5), 1245-1254 (1958).
[20]
J.R. Haynes, M. Lax, and W.F. Flood, “Analysis of intrinsic recombination radiation
from silicon and germanium”, J. Phys. Chem. Solids, 8, 392-396 (1959).
[21]
A.M. Emelianov, “Opredelenie izmenenii shiriny zapreshchennoi zony
nepriamozonnykh poluprovodnikov po spektram kraevoi liuminescentcii”, Pisma v ZHTF, 35
(6), 9-16 (2009).
[22]
V. Alex, S. Finkbeiner, and J. Weber, “Temperature dependence of the indirect
energy gap in crystalline silicon”, J. Appl. Phys. 79 (9), 6943-6946 (1996).
[23]
Joachim Wagner, Jesus A. del Alamo. “Band - gap narrowing in heavily doped
silicon: A comparison of optical and electrical data”, J. Appl. Phys., 63 (2), 425-429 (1988).
[24]
Diego Olego and Manuel Cardona, “Photoluminescence in heavily doped GaAs. I.
Temperature and hole-concentration dependence”, Phys. Rev. B, 22 (2), 886-893 (1980).

60

O.N. Koroleva, V.I. Mazhukin and A.V. Mazhukin

[25]
V.I. Mazhukin, V.V. Nosov. U. Zemmler, “Issledovanie teplovykh i termouprugikh
polei v poluprovodnikakh pri impulsnoi obrabotke”, Matematicheskoe modelirovanie, 12 (2),
75-83 (2000).
[26]
Henry M. van Driel, “Kinetics of high-density plasmas generated in Si by 1.06-and
0.53-pm picosecond laser pulses”, Phys. Rev. B, 35 (11), 8166-8176 (1987).
[27]
A. Lietoila and J.F. Gibbons, “Computer modeling of the temperature rise and carrier
concentration induced in silicon by nanosecond laser pulses”, J. Appl .Phys., 53(4), 3207-3213
(1982).
[28]
J.K. Chen, D.Y. Tzou, J.E. Beraun, “Numerical investigation of ultrashort laser
damage in semiconductors”, International Journal of Heat and Mass Transfer, 48, 501–509
(2005).
[29]
A. Rämer, O. Osmani, and B. Rethfeld,” Laser damage in silicon: Energy absorption,
relaxation, and transport”, J. Appl. Phys., 116, 053508(1-12) (2014).
[30]
J.S. Blakemore, “Approximations for Fermi-Dirac integrals, especially the function
ℑ1/2(η), used to describe electron density in a semiconductor”, Solid-State Electronics, 25
(11), 1067-1076 (1982).
[31]
P. Van Halen and D. L. Pulfrey, “Accurate, short series approximations to FermiDirac integrals of order -1/2, 1/2, 1, 3/2, 2, 5/2, 3, and 7/2”, J. Appl. Phys., 57, 5271-5274
(1985).
P. Van Halen and D. L. Pulfrey, Erratum: "Accurate, short series approximation to FermiDirac integrals of order -1/2, 1/2, 1, 3/2, 2, 5/2, 3, and 7/2", [J. Appl. Phys., 57, 5271 (1985)],
J. Appl. Phys., 59 (6), 2264 (1986).
[32]
F.G. Lether, “Variable precision algorithm for the numerical computation of the
Fermi-Dirac function Fj(x) of order j = −3/2”, J. Sci. Comput., 16, 69–79 (2001).
[33]
Bernard Pichon, “Numerical calculation of the generalized Fermi-Dirac integrals”,
Comput. Phys. Com., 55, 127-136 (1989).
[34]
W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P. Flannery, Numerical
Recipes: The Art of Scientific Computing. 3rd ed, New York: Cambridge University Press,
(2007).
[35]
A.W. Smith, A. Rothary, “Reevaluation of the derivatives of the half order Fermi
integrals”, J. Appl. Phys., 73, 7030–7034 (1993).
[36]
J. McDougall and E.C. Stoner, “The computation of Fermi-Dirac functions”,
Philosophical Transactions of the Royal Society of London. Series A, Mathematical and
Physical Sciences, 237, 67-104, (1938).
[37]
A. C. Beer, M. N. Chase, and P. F. Choquard, “Extension of McDougall-Stoner tables
of the Fermi-Dirac functions”, Helvetica Physica Acta, 28, 529 - 542 (1955).
[38]

R.B. Dingle, “The Fermi-Dirac integrals ℑ p (η ) = ( p! )

−1

∞

ε η
∫ ε (e + 1)
p

−

−1

dε .”,

0

Applied Scientific Research, 6, 225-239 (1957).
[39]
D. Bednarczyk and J. Bednarczyk, “The approximation of the Fermi-Dirac integral
ℑ1/2(η)”, Phys. Lett., 64A (4), (1978).
[40]
X. Aymerich-Humet, F. Serra-Mestres and J. Millan, “An analytical approximation
for the Fermi-Dirac integral F1/2(η)”, Solid-St. Electron, 24, 981 (1981).
[41]
E. L. Jones, “Rational Chebyshev Approximation of the Fermi-Dirac Integrals”, Proc.
IEEE, 54, 708-709 (1966).
[42]
O.N. Koroleva, A.V. Mazhukin, V.I. Mazhukin, P.V. Breslavskiy, “Approximation of
Fermi-Dirac integrals of different orders used to determine the thermal properties of metals
and semiconductors”, Mathematica Montisnigri, 35, 37-53 (2016).

61

O.N. Koroleva, V.I. Mazhukin and A.V. Mazhukin

[43]
O.N. Koroleva, A.V. Mazhukin, V.I. Mazhukin, and P.V. Breslavskiy, “Analytical
Approximation of the Fermi-Dirac Integrals of Half-Integer and Integer Orders”,
Mathematical Models and Computer Simulations, 9 (3), 383–389 (2017).
[44]
K.P. O’Donnell and X. Chen, “Temperature dependence of semiconductor band
gaps”, Appl. Phys. Lett., 58 (25), 2924-2926 (1991).
[45]
J. Bhosale and A. K. Ramdas, A. Burger, A. Munoz, A. H. Romero, M. Cardona, R.
Lauck, and R. K. Kremer, “Temperature dependence of band gaps in semiconductor: electronphonon interaction”, Phys. Rev. B, 86, 195208 (1-10) (2012).
[46]
M. Klenner, C. Falter, and W. Ludwig, “Temperature dependence of band gaps in Si
and Ge in the quasi-ion model”, Ann. Physik, 1, 34-38 (1992)
[47]
W. Bludau and A. Onton, W. Heinke, “Temperature dependence of the band gap of
silicon”, J. Appl. Phys., 45 (4), 1846-1848 (1974).
[48]
Y. P. Varshni, “Temperature dependence of the energy gap in semiconductors”,
Physica, 34 (1), 149-154 (1967).
[49]
H.Y. Fan, “Temperature Dependence of the Energy Gap in Semiconductors”, Phys.
Rev., 82 (6), 902-905 (1951).
[50]
H.D. Vasileff, “Electron Self-Energy and Temperature-Dependent Effective Masses
in Semiconductors: n-Type Ge and Si”, Phys. Rev., 105 (2), 441-446 (1957).
[51]
V.K. Kononenko, E.V. Lucenko, “Suzhenie shiriny zapreshchennoi zony nitrida
galliia”, Aktualnye problemy fiziki tverdogo tela, sb. docl. Mezhdunar. nauch. konf., Minsk,
(2009).
[52]
S.C. Jain, J.M. McGregor, and D.J. Roulston, “Band-gap narrowing in novel III-V
semiconductors”, J. Appl. Phys., 68 (7), 3747-3749 (1990).
[53]
S. C. Jain And D. J. Roulston, “A simple expression for band gap narrowing (BGN) in
heavily doped Si, Ge, GaAs and Ge,Si, _-x strained layers”, Solid-State Electronics, 34 (5),
453-465 (1991).
[54]
S. C. Jain, J. M. Mcgregor, D. J. Roulston and P. Balk, “Modified Simple Expression
For Bandgap Narrowing in n-type GaAs”, Solid-State Electronics, 35 (5), 639-642 (1992).
[55]
H.D.P. Lanyon, R.A. Tuft, “Bandgap Narrowing in Moderately to Heavily Doped
Silicon”, IEEE Transactions on Electron Devices, ED-26 (7), (1979).
[56]
A.R. Goni, K. Syassen, K. Strossner, M. Cardona, “Pressure dependence of the direct
optical gap and refractive index of Ge and GaAs”, Semicond. Sci. Technol., 4, 246-247 (1989).
[57]
A.A. Samarskii, A.I. Gulin, Chislennye metody, M.: Fizmatlit, (1989).

Received December 20, 2017

62

